DOCOHEHT  EESDHE 


ED  .143  512 

AUTHOR  • 
TITLE 

I^STITqTION 

spons  agency 

pub'date 

NOTE 


Ei)RS  PBTICE 

des.cr:&ptcrs 


IDENTIFIERS 


,    SE  022  989 


Ayre,  H.  GLenn;  And  Others 

Analytic  Geometry.  Student's  Text,  Onit  No.  64. 
Revised  Edition^.  \'  *  - 

Stanford  Qniv.,  Calif.  School  MathematicTfe  Study 
Group.'        ...  -  •  , 

National- Scienc-e' Foundation,  Washington,  D.C. 
65  - 

574p.;  For  related  Teacher's  Commentary,  see  SE  022 
'990;  .Contains  occasional  light  and  JDCxjken  type 

MF-$1.00  HC-$30*13  Jlus  Postage,  V     ^         /  • 

Algebra;  *Ana lytic  Geometry;  JSecUaetric  Concepts;^ 
♦Instructional  Materials;  Mathematics  Education; 
♦Secondary  Educatior;  *Secondary  School  Mathematics.; 
♦Textbooks*  %   \[         *  ^ 

♦SchOQl  Mathematics  Study.  Group  * 


ABSTRACT 

Thi^  te 
geometry  for  secondary 
12th  grade  level.  A  del 
previous  SMSG  texts;  th 
jiumber  propei^ties,  etc. 
distinguishes  this  book 
included  in  the  book  ar 
the  Line;    (3)^  Vectors  a 


{Iethods|^5)   Qi^aphs  and 


Locus  >^PTobl ems;  (7)  Con 
3-Space;  (9)  Quadric  Su 
Al^o  incllided  are  ^n  in 
various  chapters.  (RH) 


xt  proyides 
school  stude 
iber ate  ef f o 
e  usual  lang 
*are  inclu.de 
from  others 
e:    (1)  An^ly 
nd  their  App 
their  Eguat 
ic  Sections; 
rface&y  and 
dex  and  a  3e 


a  one-semesiter  study  of  anial,ytic 
lits.  It  is  designed  for  u^e  at  the 
rt  vafe  made  to  tie  this  text  to 
uage  of  sets,  or djered.  pairs, 
d.  This**fidvc?  is  what 

in  the  field.  Ten  chapters  ' 
tic  Geome'try;   (2)  ^  Coordinates  ^and 
lications;    (U)  Proofs  by  Analytic 
ions;   (6)   Curve  Sketching  and - 

(8)  .  The  Line  and  iThe  Plane  , in 
(10)   Geometric  Transformations.  * 
ctidn  of  s-ppplements  to  the 


ired  by  ERIC  include  ma 


Documents,  acg'u 
materials  not  avai 
to  obtain  the  best 
reproducibility  ar 
of  the  microfiche 
via  the  ERIC  Docum 
responsible  for  th 
supplied  by' EDRS  a 


labfe  from  other  source 
copy  a^vailable.  Nevert 
4  often  encountered  and 
and  hardcopy  reproducti 
ent  .ReproductioD  Servic 
e  quality  of  th.€  origin 
re  the  best  that  can  be 


:«e  3(e 3(e :^  :te 3(e 3(e  :4c 4e  4e :«c  3(e 3(e 3(e:4c :4c :4c :4c  :4c :4c :4c :4c  :4c :4c :4c :4c « 

ny  icformai  unpublished  * 
^•^EEIC  makes  every  effort  * 
hel^ssj^  ilems  of  marginal  * 

this  affects  the  quality  * 
ons  ERIC  makes  available  '  * 
e  (EERS)  .  EDRS  is  not  * 
al  document.   Reproductions  .* 

made  from  the  original.  * 

:4c  :te  :4c  4c  3»c  :4c  :4c  :4c  :«c  34c  :4c  4c  34c  :4c  34c  '34c  :4c  :4c  :4c  :4c  :4c  34c  4c  34c  34c  :4c  4e  <e 


f 


(■  ■ " 


Analytic  Geometry 

^Studenfs  Text 


REVISED  EDITION 


Prepared  by:* 

H.  Glenn  ^yre 

W jlliap  E.  Briggs 

Dianiel  Ccjmiskey 

John  Dyer-Bennet 

Daoiel  J.  Ewy^'  . 

.Sandra  Fotsythe 

James  H.  Hood 

Max  Kramer    •  \ 

Garol  V.  McCamman 
* 

'  Willijim  Wernick  ' 


Western  Illinois  University 
Univei^ty  of  ^lorado 
The  Taft  School,^Watertown,  Connecticut 
Carleton  College,  Northfiefd,  Minnesota 
Fresno  State  Colkge 

Cubberky  fiigh  School,  Palo  Alto,  California 
San  Jfbse  High  School,  San  Jose,  California 
San  Jose  State  College,  San  Jose,  California 
.CooIid^JHi^h  Schiool,  Washin^n,  D?C 
Bvander  Childs  High  School,  New  York,  N^w  York 


Stanford,  California 

Distributed  for  the'School  iilatheinatics  Study  Group 
by  A.  C.  Vroman,'  IdjC.,  367  Pasadena  Avenue,  Pasadena,  California 


ERIC 


Financial  support  for  School  J^^athematics 
Study  Groijp  has  been  provid^  by  the    '  , 
National.Science  Foundatr^  ^ f  0 

Pennission  to  make  verbatim  use  of  material  in  this 
book  must  be  secured  from  the  pireapt  of  SMSG. 
Such  permission  will  be  granted  except  in  unusual 
circumstances.  Publications  incorporating  SMSG 
materials  must  include  both  an  acknowledgment  of* 
the  SMSG  copyright  (Yale  University  or  Stanford 
University,  as  the  case  may  be)  and  a  disclaimer  of 
SMSG  endorsemeift  Exclusive  license  will  nol  be  * 
granted  save  in  exceptional  circumstances,  and  th^ 
onl5^by  specific  aaion  of  the  Advisory  Board  • 
of  SMSG.  .  .  ^ 

C  1965  by  The  B<^d  of  Trustees  ' 
of  the  Leland  Stanford  Junior  Univenity. 
All  rights  reserved. 

Printed  in  the  United  States  of  America. 


PREFACE  '  f 

This. text  aims  at  restoring  what  is,  ,in  a  sense,  a  "lost"  subject.  OSiere 
is  a  widespre^^d  practice  of  including  analytic ^.g^fe try  niaterial  in  the  calcu^ 
lus  4)rogram;  but  vjieh  this  is  accanplished,  Analytic  Geometry,  as  a  course  of  * 
study,  disappears  -and  wha^  remains  of  it  is  the  part  immediately  useful  to  a 
s^tudy  of  cailculus.    You  will  find  a  much  more  varied  selection  of  topics  in 
is  booJt  than  you  would  see' In  a  calculus  ^urse. 

In  a  book  devoted  ±o  the  interplay  between  algebra  and  geometry  you  would 
expect  to  be^*called  upo%  to  exhibit  considerable  dexterity  in  algebraic  mani- 
pulations jas  well  as  to  recall  previous  exp^iences  with  geometric  figures  and 
theorems.    You  will  not  be  disappointed,    It^is  also  assumed  th^t  ^ou  know  the 
elementary  notions  of  trigonoaetry, 

A  deliberate  effort  was  made  to  tie  this  text  to  previous  SMSG  texts;  so, 
you  will  find  the  iisual  language  of  sets,  ordered  pairs,  number  properties, 

.  etc. ,..^tl^^c^',  you  have  had  sonfe  acquaintance.  This  flavor  is  perhaps  what 
distin^^^p  this  book'^froa  others  in  the  field.  For 'exaniple,  the  treatment 
of  coordinate  systems  in  Chapter  2  depends  upon  thei postulates  of  SMSG 

'    Ge  one  try.  ^      '    *     \  ~ 

"/         Here  is' one  word"  of  ^advice.    The  early  chapters  are  fundsmental  to  every- 
thing which  follows.    Study  them  until  they  seem  to  be  old  friends;  dp  hot 
hesitate  to  return  to  thm  iij^r  for  a  fresh  look.    Another  thing  you  might 
TOtch.    The  related  ideas  C5f  vectors,  direction  numbers,  and  parameters  are 
used  extensively  to  simplify  and  unify  the  various  topics.    Look  for  this 
•feature.     ,  • 

^J!he  theorems  and  figures  are  numbered  serially  within  each,  chapter;  e*g«, 
'    Theorem  8-3  is  *he  third  theorem  of  Chapter  8,-"  Figure  5-2  is  the  second  figure 
to  appeal  in  Chapter  5.    If  an  equation  is  to  be  referred  to,  it  is  assigned 
;a  counting  ntmiber,  which  *is  then  displayed  in  the  left  margin.    The  counting 

begins  at  one  for  each  section.    Definitions  are  not  nuihbered  but  may  be  found 
^  by  referring  to  the  ^Iiidex.  ^ 
The  writers  hope  they  have  rec^'eated  the  'befciuty  of  Analytic  Geometry  in*  a 
•new  SMSG  setting,  and  they  further  hope  that  you  will  enjoy  and  profit  by  t|^e 
adventure  you  are  about  to  'undertake. .  Bon  Voyage.  *  ' 
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Chapte^  1  ^  ' 

•ANALYTIC  GEOMETRY  •  ? 

1-1.  JJhat  Is  Analytic  Geometry.?' 

Geometry  has  been  studied  systematically  for  over  tvo  thousand  years. 
Euclid's  Elements^  vhich  was  written  about  300  B.C.;  is  perhaps  t)ie  most  •  ' 
influential  mathematics  textbook  ever  published.    There  are  undoubtedly  many  ^ 
traces  of  it  to  be  found  in  the -text  you,  used  in  yoAir  high  school  course. 

Until'  the  17th  fcentury,  geometry  was  studied  by  what  are  known  as 
synthetic  methods.    The  postulates  dealt  with  such  gecjpietric  notions  as  point', 
line^  atid  angle,  and  little  or  no  use  was  made  of  numbers,  yin  the  Elements, 
for  ^example,  line  segments  do  not  have  lengths.       ,  ^ 

.•^Th'en  in  the  early  part  .of  the  17th  century  there  occurred  the  greatest, 
advance  in  geometry  since  Euclid.    It  was  not  the  vork  of  one  man— such 
advances  seldom,  if  ever,  are.  'Instead,  it  occiirred,  when  the  "intellettual 
cli^te"  was  ready  fo»  it.    Itever  the  less,  there  was  one  man  whose  name  is  so 
•.  universally  associated  with  the  new  geometry  that  you  should  know  it.  That 
>/    maaw^s  Rene  Descartes,  a  PVench  mathematician  and  philosopher,  who  lived 
from;  1596  to  1650.    The  essential'novelty  in  the  new  geometry  was  that  it 
\Jsed  .algebraic  methods  to  solve  geoinetric  problems.    Thus  it  brought  togeiher 
two  subjects  ;diich'until  then, had  remained  almos"S  independent.  . 

The  link  between  geometry  and  algebra  is  forged  by  coordinate  systems. 
In  essence,  a^coorSinate  system  is  a  ,corre spondee e  between  the  pcJints  of  some 
.  •    "space"  and  certeiin  ordered 'sets  of  numbers.    (We  use  quotation  marks  because 
the  space  may.be  a  curve,  or  the  surface  of  a  sphere,  or  some  other  set  of  ^ 
points  not  usually  "thought  6f  as  a  space.)   You  are  already  familiar  with  a  ^ 
number  of  different  coordinal!e  systems,  some  studied  in  earlier  mathematics 
courses,  others  met  wi1ih  in  other  fields,  such  as  geography.    In  elefeentary 
algebra  you ^ introduced  coordinates  into  a  plane^by  drawing  two  mutually 
^perpendicular  lines  (axes)  in  the  plane,  choosing  a  jxDsitive  direction' on  each 
and  a  unit  length  common  to  both,  and  associating  with  each  point  thjs  ordered 
jpair  of  real  nuinbers  representing  the  directed  distances  of  the  point  from  the 
two  axes.    The  location  of  a 'point  .on  the  earth'^  surface  is  oft6n  given  in 

er|c;       .      /  9 


terms  of  latitude  apd  longitude.^   An  arti Uery^pan  sometimes  locates  a  target 
by  saying  how  far  away  it  is^  and  in  >^at  dfMt^vOn  it  lies  with  resj)ect  to 
an  arbitraiy  fixed  direction  established  by  'settT^  up  an  aiming  post.  This' 
is  what  is  called  a  polar  coordinate  system  for  the  plane. 


Artilleryman 


Target 


AiMng  post 


Figure  1-1 

A  point   P    on  a  right  circular  cylinder  could  be  identified  by  means  of 
the  directed  distance    z    and  the  measure  of  the  angle    Q    shown  in  Figure  1-2. 


t  *  ^ 
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If,  instead-^f  one  right  circular  cylinder,  we  consider  all  such  cylinde^ 
with  the  same  axis,  we  can  loqate  any  point  in  space  by  giving  the  radius  r 
of  the  cylinder  on  which  it  lies  and  its    z-    and         coordinates  on  that 
cylinder.    The  result  is  called  a  cylindrical  coordinate  system  for  space. 

'  A  fly  on  a  dougluiut  (a  point  on  a  torus)  could  be  located  by  means  of 
the  measures  (in  degrees,  radians,  or  any  other  convenient  unit)  of  the  a^les 
B      and    ^,    shown  in  the  figure  below.  ^ 


^pecifi^d  by.  givihg  J.ts  vertieal  distance  from  the 'earth's  surface  (or  center) 
and  the  latitude  and  longitude  of  the  point  of  th^earth's  surface  directly 
"below"  the  satellite.  *  "        ^  '  * 


•    ^  Figure  lr3 

The  position' of  an  artificial  satellite  at  a  certain  moment  could  be 


Figure  1-^^ 

The  result  Js  cabled  a  spherical  coordinate  j^stem  for  space. 
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A  coordinate  system  could  be  se^  up  even  for  a  "space"  which  is  quite 
ir3^egular.  'We  may  note  that  your  home  address  is  a  set'  of  coordinates  Ui^h  * 
which  ve  locate  ja  particular  point,  your  home,  relative  to  the  streets  and 
avenues  of  the  town  you  live  in.^   These  streets  aAd  avenues,  v^ich  ^eed  not 
.be  straight,  are  thV' coordinate'  lines",  and  ^he  numbers  of  the  houses  on 
tkem  indicate^  in  some  reasonable  way,  the  positions  along  these  lines. 

Once  a  coordinate  system' has  been  established,  interesting  sets  of 
'points  can  be  represented  by  suitable  conditions  on  their  -  coordjl  nates .  The 
equation        '  v 

,    ^  '        •     *  -     ^2x  ^  y  +  i|  =  o' 

•represents  the  line  through  the  points  '(-^,2)    and    (2,8)  ,  whei-e  we  are  • 
^sing  rectangular  coordinates.    The  inequality  , 

'  ^  .  .x^  +  (y  :  2)^  <  9 

represents  the  sei^^of  points  not  as  f ar' as^  3  'units  distant  from  tO*,2)  ,  in 
other  words,  the  interior  of  the' circle  with  radius    3-   an^  center  (6,2K 

,  The  equation  '       '  .     '  - 

^  -2       2  * 

^  -  y  =  0  ^    .  . 

1    represents  the  two  lines  through  the  origin  making  angles  of    ^5°    and  135° 
•  '    with  the  X-axis,        '  •  *  ' 

By  means  of  coordinate  systems  we  can,  if  you  like,  arithmetize  geometry. 
Problems  about'^geometric  figures  are  replaced  by  problems  about  numbers, 
^  functions,  e(juations,  inequalities^,  'and  so  forth.    Thus  one  can  bring  to  bear 
the  extensive  body  of  knowledge  about  algebra,  tk^onoi^etiy,  and  the,  calculus 
which  has  been  developed  largely  since  the  l^h  century..  (In  this  text  we 
•    shall  use  no  calculus,  but  if  later  you  study  the  subject,  you  -will  see  that 
.it  woHld  have  been,  in  some  places,  rather  useful  to  us.) 

'The  definition- of  analytic  geometry  given  above  is  of -the  sort  found  in 
dictionaries  rather  than  the  port  used  in  mathematics.    It  tells  us  not'howa 
technical ^t^rm  will  be  used  in  the  remainder  of  this  book  but^how  a  non-' 
Uchnical  phrase  is  commonly  used.    As  the  discussion  above  indicates,  both 
the  subject  matter  and 'the  methods  of  this  book  aKe  already  fairly  familiar 
to  you.    You  have  even  put  them  together  in  earlier  coi^ses.    For  exailple, 
you  know  that  the  gra^  (in.  a  plane)  of  an  equation  of  the  form  ^  * 

(1)  '  ^      ax  +  by^  +  c  =  0 

is  a  straight  Itee,  and  tha^t  the  problem  of  finding  the  intersection  pt  two 
lines  in  a  plane  can  be  solved  by  finding  the  Solution  of  a-  system  of  two 


like  ^^1)'. 


equpjtjlons  like  (l)'.    You  also  know  that  the  Incus  of  all  the  points  in  a 

Lane  which  are  as  f ar!,f rom^  a -fixecTline  as  they  are  from  a  fixed  poiht^  not 
on  that  line  (this  is*  cal3!ed  a  parabola)  has  an  equatipn  of  the  form 

2 

-  .  y   =  ifcx  .         »  . 

if  you  choose  the  proper  coordinate  system*    In  this  book  we  shall^take  up 
many  such  problems,  and*  b^  the  time  you  reach  the  end  of  it  you  will  have 
isome  idea  V>f  the  power  of  the  new  method  which  3)escaQ:*tes  and  his  contempo- 
.raries  introduced  into  geometry.  .  ^ 

1-2.  'Why  Study  Analy^:^c  Geometry? 

A  chief  reason  for  studying  analytic-geometry  is  the  power  of  its  methods* 
Certain  problems  carl  be  solved  molt-e  readily,  more  directly,  and  more  simply  by 
such  methods.    This, is  true  not  only  for  the  problems  of  geometry  and  other 
branches  of  mathematics,  but  also  for  a 'wide  variety  of  applications  in  ^ 
statistics,  physics,  engineering.,  and  other  scientific  ^fiStechnical  fields* 

Usjng  algebraic  methods  ttJ^feolve  geomelbric  problems  permits  easy  generali- 
zation.   A  result  £>btain^d  in  one  or  two  dimensions  can  often  b^  extended  at-  v  . 
once  to  three  or  more  dimensions.    It  is-ofSten  ^ust  as  e^asy  to  prove  a  relation 
4.n  space  of    n    dimensions  as  It  would-be  in  space' of  two  or  three  dimensions* 
In  fact^  much  of  the  w^rk  in  higher  dimensions  is  essentially  algebra  with 
geometric  te^rmiilology .  •    ,  • .  . 

Analytic  geometry  ties  toge^er  and  applies  in  a  new  and  interesting 
context  what  you  have  been^  learning  ab©ut  number  systems,  algebra,  geometry, 
and. trigonometry*   .'Jft  should  lead  to  mastery  in  handling  mathematics  you 
hav^  studied  previously*    As' you  fetudy  this  course  you  will  have  many  oppor- 

^tunities  to  use  knowledge  and, methods  that  cpnstitute  your  preseivt  mathematical 
Equipment*    You  will  also  learn  new  methods*    Sometimes  the  new  methods  will 

^  seem  awkward  or  difficult  at  first  when  compared  with  methods  you  have  beeh 
using*    You  shovfeld  keep  in  mind  that  what  you  are  doing  is  learning  about  the 

^  methods  and  how  to  app^ly  them;^*      •  . 

-As  a  studejit,  you  may  at  times*  be  .directed  to  use  a  certain  method  to 
gain  facility  W;ith  it*    Real  problems,  whether  in  mathematics,  science,  or 
industry,  do  not  com^  equipped  with  a  mathematical  setting  and  a  prescribed 
method*    By  the  end  of  this  course  you  should  hav^  a  greater  velriety  of  \ 
mathematical  weapons  'in  your  arsenal,  and  more  powerful  ones*    Ycju  should  be  ^ 
;^ore  able  then -to  select  efflbt^ve  mathematical  weapons  to  attack  problems* 
Thus  another  important  reason  for  studying  analytic  geometry  is  the  value  it 


will  have  for^ou  in  future  courses-^ not  Just  courses  in  mathematics  but  in 
physics,  statistics,  engineering,  and  science  in  general.* 

aere  is  a  current  .trend  to  combine  fenalytic  geometry  and  calculus.  When 
this  occm»s,*much  l^hat  is  of, value  in  the  subject  of  analytic  geometry  is  lost. 
Because  such  a  course  is  primarily  calculus,  only  ^ch  parts  of  analytic  .ge- 
ometry  as  are  immediately  useful  in  the  calculus  are  kept.    By  studying  a 
separate  cour.se  in  analytic  geometry,  you  have  a  better  opportunity  to  under- 
stand  the  ^coherence  of  the  subject,  the  diversity  of  its  methods,  and  the 
wide  variety  of  problems  to  which  it  may  be  applied. 

One  of  the  most  important  reasons  for  studying  an^ic  ^fioni^try  is  to 
gain  mderstanditig  of  the  intei^lay  of  algebra  and  geometry.    Algebra  contri- 
butes to  analytic  geometry  by  providing  a  way  of  writing  relatibnships,  a 
method  not  only  of  proving,  know^M suits  but^So  of  deriving  previously  un- 
known results.    Geometry  contributes  to  algebra  by  providing  a  we^  of  visu- 
alizing algebraic  relations,    mis" visualization,  or  picture*  helps- you  to 
understand  the  algebraic  discussion..  In  the  framework  provided  by  a  coorj/inate 
system,  you  will  do  geometry  by  doing  algebra,  and  see  algebra  by  looking  at  ' 
geometry.    Algebra  And  .gecanetry  are  inteimeshed  ip  andlytic  geometry;  each  * 
strengthens  and  illuminates  the  other. 


Chapter  ?  *     ^  . 

-CO0RDINATES  MB  THE  LINE  . 

2-1.    Linear  Coordinate  Systems,  .  ^ 

In  our  previous  study  of  mathematics  we  ^ave  already  encountered  at 
least  three  major  mathematical  structures,  ^arithmetic,  the  algebra  of  re^  . 
numbers^  and  Euclidean  geometry.    The  great  German  mathematician,  David 
Hiibert  ( l862yl9i*-3) ,  showed  that  all  geometric  problems  could  *be 'reduced  to 
problems  in  algebra.    Our  goal  here  need  not  be  so  drastic.    We  are  not  . 
trying  to  eliminate  the  need  fpr  geometry,  bUt  gather  to  establish  con- 
nections between  algebra  and  geometry.    This  will. enable  us  to  bring  to  beaj: 
on  a  single  problem  both  the  power  of  algebraic  techniques  and  the  structural 
clarity  of  geometry.*  '   ^  *,  , 

It  turns  out  that  we  are  able-^to  effect  these  connections  betweeh 
algebra  an^d  geometry  by  establishing  certain  one-to-one  correspondences 
{)etween  r^al  numbers  and  points  on  a  line,  "iand  between  real  numbers'  and  angles. 

In  bur  study, of  geometry  we  adopted  an  inipor*tant  postulate: 

The  Ruler  Postulate.  ^  The  points  of  ]a  line  can  be  placed  in  corre- 
Spondence  with  the  real  numbers  in  such 'a  way' that" 


(1)  To  every  point  of  the  line  there  corresponds  exactly  one  - 
reeil  number,  ti 

(2)  To*  every 'real  nuiriber  there  ^cJorresponds  exactly  one  point 
of  the  line^  . and 

(3)  ^!Phe  distance  between  two  points  is  the  absolute  value  of 

£he  "difference  of  the  corresponding  numbers.^ 

We  defined  such  a  c(/rrespondence  ^to  be  a  ^coordinate  system  for  the  line.  "^We 

called  the  numb erv 'corresponding  to  ~a  given  point  the  coordinate  of  the  point. 

/  .      •  , 

In  order  to  assign  a  coordinate  system  to  a.  given  lin^e  A/e  adopted 

/ 

another  postulate:  .    ^  , 


4 . 


J 


r 
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The  Ruler  Placement  Postulate,    Given  two  points    P    and  Q 

of  a  ,line,  the  coordinate  system  can  be  chosen  in  such  a 

way'  that  the  coordinate  of    P    is  zerc^t-  and  the  coordinate 

of    Q  'is  positive,     x  '    -  , 

We  found  these  postulates  to  be  extremely  useful  when  we  defined  such  concepts 

as""con^ence  for  segments,  and  order  or  betweenness  for  collihear  points. 

We  shkil  want  to  review  and  extend  these  ideas  in  this  <iext,  for  it  is 

througri  coordinate  systems  that  we  are  able  to  relate  the  algebra  of  numbers^ 

tQ  the  geometry  of  sets  of  points.    We  shall  first  extend  our  notion  of  a 

CQordinate  system. 
f  ^ 

In  our  theoretical  development  of  geometry  we  had  no  need  to  mention 
units;  the  measure  of  d^istance  between  each  pair  of  points  was  always  affixed, 
though  unspecified,  number.    We  did  not  need  to  know  what  these  nunjDers  were, 
but  only  how  the  measure  of  dista^^ce  between  one  pair  of  points,  compare^  with 
the  measure  of 'distance  between  aj  second  pair  of  points.    Was  the  first  nuitiber 
ag  Large  as  the  second?    Was  it  larger?    Was  it  twice  as  large?    In  applying 
our  theoretical  knowledge  to  specific  problems  we  found  that  ve. could  use  any 
units  we  pleased  if  we  were  consi^ent  in  our^, usage  throughout  each  given 
^problem.    If  we  did  a  problem  in  inches  rather',  than  in  feet,  trie  numbers -we 
obtained  were  twelve  times  as  great,  but  equal  distances  were  still,  measv^red 
by  equal  numbers,/  A^greater  distance  had  a  greater  measure,  and  a  shorter 
.distance  had  a  sfgialler  measure,  but  the  ratio, of  these  distances  was  the 
same  for  both  choices  of  unit.    Although  the  measures  of  distance  between 
pairs  of  points  depended  upon  the  choice  of  units^  within  a  given  problems  the 
measures  in  one  unit  were  always  proportional  to  the  corresponding  measures 
ill  another  unit. 


'  What  we  discovered  in  effec^was  that  relative  to  a  given, point  on  a 
line  there        not  just  two  coordinate  systems  f6r,  the  line,  one  oriented  in 
each  direction.    For  each  point  and  eaph  s,en8e  of  direction  on  the  line  there 
tU:  k  coorc^lnate  system  for  the  line  correaponding  to  each  choice  of  unit  for 
measuring  distance.    In  each  of  these  eooajdinate  systems  the  orientation 
corresponds  to  one  sense  of  direction  for  ^the  line  and  the  coordinate^  the 
given  lioii^it  is  zero.    Since  there  are  infinitely,  .many  ^ho'ices  of '  unit,  there 
are  infinitely  many  coordinate  systems  for  each  ppint  and  sense  of  direction 
on  the  linei.    >^  •  -  ■    f  ^  ^   •-^-^  >  y 


In  this  text  we  are  not  attempting  to  develop  a  rigorous  deductive 
system  as  Ve  did  in  geometry.    Rather  we  want  to  develop  and  extend  the 
concepts  and  techniques  which  we  can  use  to  solve  problems.    Our  basic 
technique  will  b^  to  introduce  coo]:^^inate  systems.    It  is  so  important  to, 
utilise  the  freedom  to  choos'e  coordinate  systems  on  a  Ijjcie  that  w^  state  the 
following  guiding  principle:  .  .   *  '  * 


LIKEAH  COORIjlMTE  SYSTEM  PRINCIPLE.    There  exist  ^coordinate 
systems  for  any  line  such  that:     ^  '  . 

(1)  If    P    and    Q    are  any  two  distinct  points  on  the  line 
and    p    and    q    ^e  any  two  distinct  real  numbers,*^ 
there  is  a  coordinate  system  in  which  the  coordinate 
of    P    is    p    and  the  coordinate  of    Q    is    q  . 

(2)  If    P,  Q,  R;  and   *S    are  collinear  points  with 
coort^jjiates    p,  q,  r,  and    s    respectively  in  one 
coordimate'syst^^arfd   p*,  q*>  r*;"and  .s*  respectively 
in  a^se^nd  cooirdinate  system,  If    P   "and    Q  are 
distinct,  and  if    R    and    S    are  distinct,  then 


|p    -  q  j      |r    -  s  I 


DEFlkETION, '  If  .a  coordinatje ' System  on-a  line  assigns  l^he  / 
coordinates    r    and    s    to  the  points  'R    and    S  ,  then 
|r  -  s|    is  the  measure  of  distance  between    R  and 

relative  to  the  coordinate  system.  '  *  - 

\ 

This  nicety  of  expression  is'  necessary  when  we  are  trying  to^^explain  and 
distinguish  concepts  which  are  often  confused.    As  our  understanding  incireases 
we  may  speak  more  colloquially,  and  use  wh€rt:ever  level  of  precision  is  , 
appropriate  to  the  topic  and  setting.    What  is  important  is  that  a  lacH,  of 
precision  should  reflect  our  choice  and  nQt  our  ignorance. 

For  convenience,  and  if  there  is  no  danger  of  ambiguity,  .we  shall  call 
this  the  distance  between    R    and       .  '  ^ 

/ 

We  denote  the  distance  between   R  ^.and    S^.  by    d(R,S)  :  > 


y Wherever 


is  being  cc 
coordihate 

coordinate  on  Aoint  C 


the  context  makes  clear  that  only  a  single  coordinate  system 
i;idered,  Ve  shall  adopt  the  convention  that    a    is  the 


it  of   A  ,    b    is  the  coordinate  of  point   B  ,  '  r;  is^the 

We  shall  call  the  point  with  coordinate  zero 
the  origin  of \tAe  coordinate  system.    The  point  with  coordinate  one  is  called 
the  unit-poiht\  \  .  v 

is\  sometimes  convenient  to  think  of  the  directed  distance  from  R 
to    S  ,  wh^ch  we\  d\ef  ine  to  be  the  number    s  -  r 


in  the  next\ section. 


We  shall  need  this  idea 


We  shall'  alsd  find  it  necessary  to  use  the  notion  of  a  directe'^  segment, 
which  ve  defihe  to W  the  set  whose  elements  are  the'  segment  and  the  ordered 
pair  of  l,ts  eri^poin^s,  or    (:rS,(R,S))  .    We  shall  denote  such' a  directed 

directed  segment    RS    is  said  to  emanate  from   R  and 

terminate  in'  S 


H6wever,  we  shouTd  note  that  directed  .disrtance  is  related 
to  the  choice  of  coordinate  system ^and  a  directed  segment  is  related  to  the 
choice  of  ^rder  *for  ^ts  endpoints.    The'  length  or  magnitude  of  the  directed"*^ 
segment RS.  i^  the  length  of    RS  ,    or    d(R,S).  .    The  ordering  of  the  pair 
of  endpoints    (R,S)    Is  related  to  our  intuitive  nation  of  sense  of 
direction,  from   r"  ti    S  .    We  shail  find  that  this  alliance*  of  the^  concepts 
of  m^nitude  and  sensi  of  directioij  in  directed  segments  is  basic  to  our 
development  of  a  powerful  tool'  of  analysis  in  Chapter  3.  * 

We  conclude  with  lL)  exararples  •  illustrating  some  of  .tfie4d€as  introduced' 
above.  \  * 


^  / 
/ 
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.■  ^  ■       '    h'^i^  '  2-1 

Example  1.    Let  us  perform  a  practiceil  experiment^  Mte  a  ruler  vhich 

  -^'/'^  ^  - 

is  marked  in  inches  and  another  vhich  is  marked  jjai.  centigiet^sj  use  each  of 

these  rulers  to  iheasura  the  distances 'between  the  pairs  "of~  labeled  points  in 

Figure  2-1.    Record  your  results  ^d  compare  them.  '  ' 


Discussion.    If  a  ruler  is  old  or  damaged  at  an  end,  we, prefer  not  to  ^ 
..measure  from  the  end.    When  we  made  the  measurements  required\  above,  w$ 
h^pened  to  place  the  unit  point  of  the  coordinate  system  on  t\ie  inch  ruler 
at    A    and  found  that  in  this  case  the"  coordinates  of   B    &nd    C  were 

3  ^   and    5  g  ^respfectively.    When  we  placed  the  unit  point  at    B  ^  we  found 

the  coordinate  of    C  ^  to'  be    6  ^  .    Since  the  measure  of  distance- .is  the 

absolute  value  of  the  difference  between  the  coordinates,  we  conclUj3ed  that 

,  in  inches    d(A,B)  =  2  |  ;  dCA,C)  =     ^  ,  and    d(B,C)  =  5  |  •    We  made  similar 

.  measurements  ysing*.  a  ruler  marked  in  centimeter  units. 


11 


We  summarized  our  measurements  in  thfe  followipg  table. 

I)istan(»e  -Measure  Measure  in 

in  anches      '  centimeters* 


a(A,B)    .  ^  2!^ 


7.3- 
11.7- 


■  '  ^- 

How  do  these  results  compare  with  yours? 

We  compared  the  measures  to  each  other,  first  }n  inches  and. then  in 
centimeters: 

•     ;       '^(A,B)  ^    g    '  a(A,B)  _  _L3  g2 

'8, 

-  .  P  7         .    '  • 

.•d(A.B)  _      ^  aU.B)  ...  7.3^ 

The  accuracy  of  our  results  cannot  exceed  that  of  our  measuren^nts.  Within 
these  liifii  tat  ions  vfe  found  that  the  ratios  of  corresponding  measures  of 
distance  were  independent  of  the  units. 

^Then  we  cbrapaired  the  measi^rements  in  centimeters  to  those  in  inches  for 
the  same  pairs  of  ipoints  and  for  the  perimeter  of   MBC  : 


'  t..  lis 

d(A,B)  :  -  2.5^  , 


.4   d(A;e)  :       ^  2.53  , 
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,  a(B,C)  :  2.5!^ 

Perimeter  of   AABC  :  ^^'-a  2.5'f  . 
.  13  • 

.  »  *        *  *  t 

Within  the  limits  of  accuracy  which ^we  could  expect,  we 'found  that. the 
corresponding  measurements  in  centimeters  and  in  inches  were  proportional. 

Examsle  2.  A  straight  road  I80  miles  Ipng  connects  town  A  to  town 
B  •  A  driver  leaves  town  A*  for  B  at  the  same  instant  as  another  driver 
leaves  town  B  i'or  A  .  The  drivers  travel  at  the  uni'form  rates  of  speed, 
kh    ft.  per  sec.  and    88    ft,  per  sec.  respectively.    H9W  soon  will  they  meet? 

Discussion^-  In«solving  this  problem  we  must  make  some  decisions  about 
units.    Some  information  is  given  in  terms  of  Mies  and  some  in  terms  of  feet. 
Also  we  eire  not  told  in  what  ur^ts  to  express  the  answer,  ^  Suppose  .we  try*  two 
different  approaches.    We  shall  first  adopt  feet  and  seconds  as  the  units  for 
.'distance  and  time.  ,  . 

(1)    We  must  express    I80    miles  in  f«et.    The  constant  of  pro^ortion^^^ 
aiity  is    5,280    ft.  per  nlile.  •  ' 

f.  Thus  /  ^  ' 

180    (mi.)  (g-)  =  950,i^0  (ft.). 

The  inclusion  of  the  name  o^  the  unit  Tiext  to  the  numbeij  of  units  is 
*       a  common  practice  , in  the  phi'sical  sciences  and  engineering.  Jt 
lu'ovides  an^immediate  reminder  of  the  significance  of ''the  <5alcu- 
lations.    Such  a  practice  is  called  a  mnemonic  (from  the  Greek 
/i^^aa.^ai    meaning  to' remJLber). 

^     ■  ■  / 

%  '     We  let  Jb^^xepresent  the  nuiribejr  of  seconds  which  will  elapse 

before  the  two  drivers  meet.    We  interpret  the  problem  with  the 
^    following  statement  of  equality:  ^  *  * 

Mft  +  8^  =  950,iK)0  , 

f 

^         which  is  equivalent*' to    1    '  .  ^ 

132t  =  950,^0 

and  *  t  =     7,200  .  '  ' 

*  The  drivers  will  meet  in   7^200'  seconds."  ^ 

13  *  / 
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This  result  is  such  a  large  tiuniber.  that  it  may  not  appeal  readily  ta.-ouiu- 
intuitive  sense  of  duration  of  time.    We  might  convert  this  measure  to  ' 
(fiffertent  units  in  the  hope  that*  the  answer  will  be  more-intuiti'vely  meaning - 
ful.    If  we  convert » to.  minutes  by  dividing 'by    60  ,  we  obtain    120  minutes, 
vhich  i's  clearer.    If  we  conrer^;  to  hours  by  ^ivWin^by    60    again,  ..we  .  ^ 
.obtain    2   hours,  which  is  probably  the  most  satisfactory  expression  of  the 
answer.  *  ,  ,  ,    ,    ^  . 

If  we  are  able  to  anticipate  the  relative  size  6f  the  answer,  we  may  be 
able  to  chpose  units  which  will  obviate  the'  need  to 'make  changes  at  the\end. 
In  this  problem  we  might  well  have  realized  that  houi:s  were  .an  appropriate 
unit  for  time.    Wejnight  also  have  glnrplified  the  arithmetic  had  we  used 
miles  as  the^  unit  of  distance.    Our  solution  would  then  have  been! 

(2)    We  convert  the  rates  of  speed  to  miles  per  hour..    The  constants  of  ^ 

proportionality  are  mile  per  foot,    60    seconds  per  minute, 

•  and    60    minutes  ijer  hour.    Thus  we  obtain  ' 

^  sec.    ^5280    ^ftJ^T  =  30    (j^.)  , 


and 


We  let  t  ^represent  the  number  of  hours  whicli  will  elapse 
before  the  two  drivers  meet.  We  interpret  the  problem -with  the 
statement  of  equality,  ^ 

30t  +  6ot  =  180  !  .        *  ^ 

I       '        This  iSi  equivalent!  to         -         '     <      -  -  • 

90t  =  i8o  ' 

or 

_  >      t  =      2  .  • 
The  drivers  will  meet  in    2    hours.  -  ' 

The  first  example 'illustrates  tiie' assertions^  which  led  to  the  formulation 
of  the  Linear  Coordinate  System  Principle.  *  It  also  suggests  that  when  we  * 
change  the  coordinate  system,  we  do  not  lose  th^  notion  of  congruence  for 
segments,  whic^  is  defined  in  the  SMSG  Geometry  on  "the  basis  of  equal  lengths. 
In  the  next  section  we  shall  iipe  tha^  the  concept  of  oipder  or  betweenness  is 
also  preserved  in  linear  coordlhate  systems.       -      -  ,      *  '  %  -        V  %  - 
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The  second  ^ei^2i$le  points  up  the  n^essity  for  us^ng  units  consistently 
throughout  the  solution  of.  a  problem.    It  also  illustrates  the  advantages 
inl^erent  .in  the  freSaom  to  cshodse  the  scale  or  .units  of  a  coordinate  system,  . 

Exercises  2-1  ^  . 

1,  Take  a  shfeet  of  ordinary  lined  paper  and  Use'a  lateral  edge  to  make  a 
"•rulfer"  l3y  assigning  coordinates  to  the  ends  of  the  lines.    Use  this 
ruler  to  "measure"  Figure  2-1,  >Following  the  outline  of  the  diacussion 
in  Exampl^e  1,  compare  your  meas^urements  to  each  other  and  to  the  measure- 

*  mSTTtarlii  Example  1.    Find  the  constants  of  proporticpjality  which  rfelate 
the  Units  of  your  riiler  to  inches  and  tentimeters. 

»•       ,  -  > 

2.  In  Exaaiple  1  it  was  asserted  that  our  results  agreed  withip  the 
limitations  of  accuj^acy  which  might  be  expected.    Show  .that  the  accuracy 

of  our  results  is  consistent  with  the  accuracy  of  our  mee^urements,  -r 

7    'We. obtained    2.53  'rather  than    2«5U    as  the  constant  of'         •  ^ 
proportionality' relatirjg  one  measurement  in  centimeters  to  the  corre- 
sponjJihg  measurement  in  inc'hes.  -Justify  that  this  discrep^oicy  is  not 
significant.     \  ^       .  ^ 

3«    Assume  that  the  earth  is  a  spherg^f  radius    3963    miles.    A  !man  of 

extraordinary  powers  is  able  to  walk  completely»around  the  earth  at  the 
equator.    During  this  trip  his  ^lead  is  always    0    feet  farther  from  the 
center  of  the  earth  than  his  feet  are.    Thiils  the  path  of  the  man's  head 
«  «     is  longer'  than  the  path  of  his  feet.  *  Determine  how  mucfe  longer • 

Try  to  anticipate  the  appropriate  units  folr  the 
cmswer*  <  ^  ^  . 

\.    What  is  the  scale^-of  the  map  on  which  the  "distance"  from  New  York  to 

«\  '         1  '  ' 

^  ^       San*^Francisco  is  shown  by  a  line    7       inches" long?     ^  ^ 

5.  (See  Exercises  3  and     )    A  model  of  the  earth,  or  ^lobe,  has  a  ^24 
inch  diameter.    What  is  the  scale  of  this  model?    How  lo"ng  *on  the 

'.  surface  of  this  mod^l  would  be, the  "line"  from  New„York  to  San  Francisco? 

6.  .  A  bicyclist  starts  along  the  road  at  the  rate  of   8    mile^  per  hour*. 

Two  hours  later  his  friend  starts  after  him  on  a  scooter  at  the  rate  of 
32   kilometers  per  hour.  '    .  '  ^ 

(a)  How  far  apart  are  the  friends  one  hour  later?* 

(b)  How  long  and  how  far  have  th^y  traveled  when  they  meet?' 
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2-2  . 

?•    Two  blcyclists^start  at  the  same  time  from  points    30   miles  apart  and 
•  •     ride  directly  toward  each  other  until  they  meet.    The.  first  rides  at  \ 
miles  p^  hgur,  the  second  at    %  miles  per  hour.    At  the  instant  they 
stctrt  a  preposterous  bee  starts  from  the  first'  bicycle  toward  the  second, 
^  *    flying  at  an^  unvtoying  rat^e  of    ],0    miies  per  hour.    As  sooji  as  he  meets 
the  segond  bicycle,  the  bee*tuAs  back  and  fliesi'to  the  first;  then  back 
t9  the  second,^ ..^  .    He  continues  to  do  so  i^til  the  two  ride's  m6et. ' 

(a)  Hov  long  in  time  and  distance  was  the  first  leg  of  the  bee's  flight? 

(b)  What  was  the  total  length  of  the  bee's  flight  in  time  and  distance? 

2-2.    Analytic  Representations,  of  Points  and  Subsets  of  a  Line. 

—  -■  ^ 

In  this  section  we  confine  oui:  attentioji  to  a  line  08  which  a  coordinate 
system  has  been  chosen.    We  shall  let    "a"  ^stand  for  -the  coordj^pate  of  the 
point    A  ,  "b"    for  that  of   B  ,  and,so  forth.  ,  '  ^  .  '  ^^^^^^ 

We  shall  show  that  the  description  of  betweehness  of  points  ^is  ^jrederved 
^  nn  any  linear  coord;Lnate  system.    We*  shall  also  show  that  conditions  on  points^ 
and  subsets  of  a  line  may  be  represented  by  means  of  relations  involving 
coordinates.  '  ' 


the  coordinate  of   B  " 
realized  that  the 
coordinates  to  deduce  that 
is  between  the  other  two. 


^      .    In  the  S>BG  Geometry  we  defined  the  concept  of  order  for  three  distinct 
collinear  points.    The  point    B    is  between  the  points    A    and    C    if  and 
only  if,  d(A,B)  +  d(B,C)*  =  d(A,C)  .    We  proved  tha^  when   B  ^s  between  A 
and    C  ^either  *a<b<c    or    a>b>c;  that  is 
is  between  the  coordinates  of   A    and    C  .    We  edso 
converse  of  this  theorem  is  true.    Lastly,  we  used 
pf  three  distinct  coll,inear  points  one  and  or^y  one 

If  we  change  ^o'a  coordinate  system  with  a  different  unit,  the  measures 
of  distance  will  change,  but  the  Linear  Coordinate  ^ystem  Principle  assures 
us  that  the  corresponding  new  distances  will  be  prcjjportional  to  the  old.  If 
a,  b,  and    c    are  the  original  coordinated  of  thre|  distinct  collinear  points 
and  .a"*,  b*,  and    0'    are  new  coordinates,  then  | 

*  .  W  -  bM      |b»  -  cM      |a'  -  i'l  -  ^  . 

*   ,  '  '  -   la  -  b|         jb  -  c|  |a 
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If  we  let  the  positive  real  number    k    represent  the  equal  ratios  above,  we 
may  write      ;  ;       /  . 

(l)  |a«  -  b«|  =  k|a  -  b|  ,  |b'<  -  c«|  k|b.-.c|  ,  and  |a«  c' |  =  k|a  -  c| 
Ii^the  original  coordinate  system  w5  denote  the  measures  of  distance  between 


points  by  d(A,B)  ,  d(B,C)  ,  and  d(A,C)  ;  in  the  new  coordinate  system  we 
denote  the  measures  by    d*(A,B)  ,  d'(B,6),  and    d*(A,C)  .    By  (\efinition, 


(2). 

and ' 


d(A,B)"  =  |a  -  bU  «3(B,C)  =  ib'  -  c|      d(A,C)  =  |a,.-  c|  , 

(3)  d«(A,B).=  |a'---'b«|^«f^)  =  |b«  -  c'|  ,  d«(A;c)  =  |a«  -  c«| 
Now  if,  B    is  betwiben  'A-jj  and    C  ,  £hen  by  definition, 

,     ■   •  d(A,B)  +  d(B,C)  =  d(A,C)  .  ,  - 

If  we  substitute  the\qual  quantities  from  ( 2) ,  we  obtaigi 

b|  +  lb  -  cl*=  la  -  c|  -«  . 


which,  eince  -k     0  ,  is^  equivalent  to 
■1       I        *  •  . 

If  we  substitute  the  equal  qi^ntities  <fr6m  (l)  and' (3),  we^  obtain  first 


and  'then 


J 


la«  -  b«|  +  |b«  -  c«l  =  h 


d«(A,B)  +  d»(B,C)  =  d«(A,C)- 


.  Thus^  th?  condition  ^escribing  the  order  of  points  on  a  line  is  independent 
of  the  choice  of  coordinate  system  for  the  line. 

^,  ^        Once  we  have  esta2,li3hed  a  criterion  fol:  djecribing  the  order  of  points 
\/Qn_a  lone,  we  are  able  t9  define  siich  basic  geometrijC  entities  as  segments  and 
rays.^  ^ejrecall  Ibhat '«egmeat;^^^    is  .the  set  which  contains    P,  Q,  and 
all  points  between    P    and    Q  ,  while  .th?7:iay  ^     ^  is  the  union  of  ^PQ  and 
thfe  set  of  all  points    R    ^ilch  that    Q    is  .b^tweeri— J'^  R^-.v-"  ^ 

^    *  .  ,  ^"^-^^^    ^      .  J 

We  described  the  points  between    P    and    Q^  as  interior  po^Ct^^of  th^  , 

segment    PQ  ,    Since  an  interior  point  of  a  segment  divides  the  segment  into 

two  other  segments,  we  sometimes  call  it  an  internal  point  of^  division*  We 

identify  a  point  of  division  of  a  segment  by  stating  the  ratio 'of  the  lengtfe*^ 

of  the  new  segments*      '  '  '  •       '  ^   ^  *^ 


eric: 
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DEFINITION.    A  point  o'f  division   X    is  said  to  divide  the 
^  segment   PQ   in  the  ratio   |   if  and  only  if 

d('P.X)     c     '  ■ 
dtx^Q)  "  d  •  ■  . 

(7 

If  ve  let.  p,  q,  and    v    represent  iJhe  coordinates  of    P,  Q,  and    X  iri 
a  coordinate  system  for  the  line,  we  may  write 

.        Ix-  -  q|  •  .  . 

Since    X   is  between    P    and    Q  ,  we  know  that  either'  p  <  x  <  q  or 

p  >  X  >         Thus  we  may  remove  the  absolute  value  signs  to  write  either  » 

=  \    or  ^  =■§  ,         .  '  ■ 

^  q-xd  x-qd' 

which  imjJli'es  '  ,  ,    *  *  -  ^ 

dx  -  dp  =  cq  -  cx  dp  -  dx  =  cx  -  cq  • 

These  are  both  equivalent  to  ^  - 

*  cx  +  dx  =  dp  +  oq  , 


>  /  c  +  d  ' 


or 


(5)        .     .•  x  =  -4^p.-. 


c  +  d  ^'    c  +,  d 


Since    c    and    d,  are  either  both  pos^ve  or  both  negative,    x    is  always 
defined  in  terms  of        q,  c,  and    d  T  *  ,  • 

Equation  (U)  suggests  the  description  of  ,the  coordinate  of  "the  point  of 
division  as  a  "weighted  average"  of  the  coolrdinates  of  the  endpoints  of  the 
segment.    The  phrase^/Veighted  average"  is  suggested  by  ^the  J)lacement  of  a 
fifl-cruni.    When  two  different  weights  at  tke  ends  of  a  lever  are  in  balance, 
the  fulcrum  is  closer  to  the  heavier  wei^^t  than  to  the  lighter  weight.  In 
^determining  a  point  of  9li vision  the  heavier  "weight"  ;l8  assigned  to  the 
,  coordinate  of  the  closer  point  and  the 'lighter  "weight"  to  the  coordinate  of 
the  more  remote  point, 

Example  1.    Expreas  the  coordinate  .of  tlH  m^dpointof  segment    PQ  in 
terms  of   p.  -and    q     the  coordinates  of. the  endpoints,  ^ 
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SoluUoni    By  "definition  the  midpoint  X   of  a  segment  is-^  interior 

point  equidistant  from  the  endpoints.,    Thus  it  is  a  point  of  division  vhich 
divid^the  siegment  in  the  ratio  one  to  one.    In  this  case    c    and    d  may 
both  bel  one,  and  ve  may  write 

,  or  -  ' 

11 

In  Equation  (5)  above  the  coefficiei^ts  of   p.  and    q^  add  up  to  one. 

d  c  ' 

If  we  let  — r-T  =  a   and  ?  =  h  ,  we  may  write 

c  +  a  c  +  d        '  ^ 

X  =  ap  +  bq     >Aiere    a  >  0* b  >  6  ,  and    a  +  b  =  l»t  • 

It  is  Interesting  to  see  what  happens ^bere  if  .we  omli  the  requirement 
that  both   a   and   b   be  positive.    Our  e^^ition  is  now 

(6)  X  =  ap  +  bq  ,  \Aiere    a  +  b  =  1  . 

If  b  is  zero,  a  is  one  and  Equation  (6)^gives  the  coordinate  of  P  .  If 
a   is  zero,    b    is  one  and  Equation  (6)  gives  the  coordinate  of    Q  • 


R  P  S  •  Q  T  u  y 
H  1  \  1  A  1  I 


••^f  '     Figure  2-2        .  *  ' 

In  Figure  2-2  Ve  have  indicated  several  points  on  lin'e  "^Q  ,  as  well  as  their 
coordinates.    For  convenience  let  us  assume  that    r<p<s<q<t'<u<v  . 

We  have  already  seen  that  if  '  S    is  the  midpoint  of   PQ  ,^    s  =  i  p  +'-|  q  ;  ' 

that  is,  in  Equation  (6)    a  =  b  =  \\  •  Also,    p    and    q    are -determined  by  the 

conditions    a  =  1  ,  b  =  0    and    a  =  0  ,  b  =  1    respectively.    Let  us  suppose 
that   'd(P,Q)  =  d(R,P)  =  d(Q,T)  =  d(T,y)    and  that    U   is  ,the  midpoint  of  W  . 
We  may  determine  the  coordinates   r,  t/  u,  and   v    in  terms  of   p   and^^^  q  . 


EMC.  : 


2-2  _  --^  ' 


,  The  a^iaaigtion  for  order  of  the  coordinates  permits  us  to  remove  the  absolute 
value  signs  and  'vrite: 

P  '  r  _  1     t  >  g     1      .     ^v/^  q  ^  2 


vhicti  inopXy 


— r*"'-  "  r  =  2p  -  q  ,  t  =  -p  +  2q  ;  ,and    V  =  -2p  +  3q  respectively.' 

,  Since   U    is  the  midpoint  of  •  TV  ,  • 

_  ,  ^  ^  11  '  ' 

 '       '  =  2^."^  3q) 

Had;ve  chosen  to  orient  the  coordinate  system  in  the  opposite  directi^m,  we 
I '^J-^^l     -vouid-hav^£obtained  the  same  results.     '  ^ 

In  eyery  case^  above  the  sum  of  the  coefficients  of    p    and    q    is  one. 

-2r       Thls'^'suggests  that  any  point  on  the  line  may  be  represented  by  adopting 

appropri^e  coefficients  in  Equation  (6).    This  is  true,  although  we  do  not 

.  a  variable  is  expressed  by  a  form  similar  to  the  right 

side  of  Equation  {6,),  we  say  that 'it  is  expressed  as  a  linear  combination 

^   :  

of   p  ^and    q  .    We  shall  Rave  occasion  to  develop  this  idea  in  the  next  - 
chapter.    We  may  describe^  iur  conjecture  here  by  saying  that  the  coordinate, 
of  any^  point  on  a  line  may       expressed  as  a  linear  corabinayon  of  the  ' 
coor.dinfLtes  of  two  given  distinct  points  ,on  the  line.  ^ 

_____ '  Z  '  X  k 

Irwview  of  the  restriction  on  Equation  (6),  we  really  need  only  one 
yaffable^fo^  represent  the"". coefficients.    If  we  let    t  =  a  ,  then    b  =  1  -  t 
_     ,  and:36e:5majr.  write  ,  ,        >  .  *  . 

.  -  (T)  X  =  tp  +  (1  -  t)q    where    t    is  any  real  number.       '  ^ 

Thus  the  variable    x'  is  related  to  the  constants    p    and    q   by  a  second 

,      variable    t  .    It  is  clear  what    x   r^resents;  it  is  the -coordinate  of  a 

'point  on  the  line.    We  know  that    t    represents  a  real  number  and  xe  can  ^ee  ' 

that  each  value  of    t    determines  a  ^unique  value  of    x  ,  but  it  is  not 

immedia.tely  q^lear  what    t    names  or  measures.    Our  primary  interest  is  in  the 

^  .        variable    x  ^  our  interest  in  .  t  ,is  definije^  subordinate.    When  we  express 

one  or  moije  variable^  in  terms  of  yet  another  variable,^  we  frequently  say  that 
t  ^ 

we  have  a  parametric  representation.  The  other  variable  is  called  a  p^ameter. 
We  shall  want  to  deveJ.op  this  idea  in  Chapter  5.'  * 


,    In  the  present  case  we  see, that  when    t  =  0  ,  x  =  q* ;  when    t  =  1  ,  ^ 

=  p  ;  and  when    t=^,  x=^+iq.    Thia  suggests  the  explanation  of  the 

role  of   t  .    The  Linear  Coordinate  System  Principle  assures  us  that  there 

exists  another  cooijdinate  system  on  the  lijfi^.PQ    in  which  the  coordinate  of 

**Q   is  zero  and  the  coor(3inate  of    P    is  ohe.  *  A  point  whose  coordinate  is 

represented  by    t    in  the  latter  coordinate  p^stem  is  represented  by    x  in 

the  former  coordinate  system.    The  coOi^dinates  lin  the  two  coordinate  systems 

yB^e  related  by  Equation  (7)* 

*  * 

We  have  developed  several  different  ways  of  describing  a  point  on  a  line 
by  means  of  equations  involving  coordinates.    We  ^call  such  descriptions 
analytic  representations.    We  n<3w  turn  to  analytic  representations  of  subsets 
of  the  lineT    •  . 

In  earlier  courses  you  have  studied  a  number  of  subsets  of  a  line. 

Among  them  are  the  following: 

<^  -     ^      ^  '  , 

AB  ,  th^e  line  through    A   and    B . ; 

•  — >  '  / 

AB  ,  the  ray  whose  ehdpoint  is    A  ^  and  which  contains    B  ; 

AB  ,^  'the  segment  with  pndpoints    A    and  B 

j    It  is  possible  to^  represent  these  and  many  other  subsets  of  4  line 
analytically.    We  consider  a  number  of  exaniples  below,  and  as^  you  to  study 
others  in  the  exercises.    In  what  follows,  when  we^  say,  that   b    ih  betw^jen 
a   and    c    (a  ,  b,  and    c    real  numbers),  He  mean  that  either    a  <b  <  cV  *\ 
or    c  <b  <  8L.,    Then    B    is  between   A    and    C    if  and  oply  if    b    ib  • '  . 
between*^  a  ^  ^and    c  , 

i 

AB    consists  of  all  points    X   with  any  real  coordinate    x  , 
We  can  say  >this  in  the  form 

^=  (X:    X    is  real} 

or  in  the  form 
.     AB  =  {X:         >  0)  .  * 


^  AB  =  {X:    a  <  X  <  ^    or    b  <  x  <  a} 

A^'  =  {X:    b  >  a    and   x  >  a  /^jor    b  <  a    and  '  x  <  a) 


There  are  two  related  pax)blemB  which  crop  up  frequently  in  analytic^  , 
geometry, -one  of  which  is  illustrated  above/  A  set.  S   of  ifeints  may  be' 
specified  by  geometric  conditions,  and  we  may  ask  for  an  aiial^tic  condition, 
satisfied  by  the  coordinate's  of  pointsn^f    S   But  notSy  those  of  any  other 
points.    On  the  other  hand,  we  may  be  ^iven  an  analytic  condition  and  want  io 
know  what  points  have  coordinates  satisfying 'it .    You  have  met  both  these 
problems  before.    The  analytic  cpndition  was  usually  an  equation^  but  yoy 
have  also  considered  inequalities,  and  some  of  the  conditions  considered""  below 
involve  oi^ex  relations.    When  a  set  of  points  consists^f^i;hose  points.* 
whose  coordinates  satisfy  a  certain  condition,  we  call  the  set  the  graph 
(or  locus)  of  the  condition;  we  call  the  condition  a  condition  for  (or  of)  the 
set.    These  ideas  prove  more  interesting  and  more  important  in  a  plane  and  in' 
space,  but  we  shall  discuss  some  examples  on  a  line  and  ask  you  to  work  on 
others.  -  -  -     -i.  • 

» 

Example  1.    The  graph  of    |x|  =  5  ,  which  is  al^6  l;he-^gra^"  of   x      25  , 
is  the  set  of  points  with  coordinates    ±5  • 

 1  A  I— I  I  I  I  t  -I  I  t  I  I 

-**^-7   -6         -4    -3    -2    -I      0      I      2     3     4      5     6  7 


This  illustrates  the  fact  that  there  may  be  different  conditions  for  the  same 
seit  of  points.  (Of  co\;^se  this  raises  the  question  of  whether  the  conditions 
are  reailly  different,  but  at  least  they  were  ekpresseff  differently.) 


Example  2.    To  find  the  graph  of  -jjx.-         9  7  Wobserve  that 
|3x  -  6|  <  9    is  equivalent  to    3|x  -  2|  <  9     ^or  ,  |x  -  ,a|*<  3      The  graph 
is  shown  below, .  ^  ^    .  ^  ^j::^  ^, 

•        ^  ^     ^  ^  , 


^^a^:jz&  -5  -4  -3  -2  -I 


The  use  of  the  absoluteavalue  in  measuring  distance  is  an  aid  in  finding  the 
graph.    Thus,  the  graph  of  the  solution  set  of    |x  -  .2|  <  3    may  lie  interi 
preted  as  "-the  set  of  all  points  of  the  line  whose  distance  from  the  point  . 
with  coordinate   2   is  less  than^or  equal  to*  3 


-    -  .  22 
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Example  3»   Find  an  analytic  condition  for  the  set  of^  points  .shown  below. 

— I — '    0    I  t  «    «  ' 

"7         -8   -4          -2    -I      0     I      2     3  4      8     6-  7 

'iOJhe  heavy  dot  is  a  device  'for  indicating  that  the  right  endpoint  is  in  the 

*  '  i 

set»)   An  analytic  condition  for  this  set  is  '  •  I 

•    ^      -5  <  X  <  If  % 


'  .  Exaigple  J*.  Let  the  coordinates  of  points  0  ,  A  ,^  X  ,  l)e  0  ,  a  ,  x  ,» 
respectively.    Find  all  points    X    such  that    2d(0,X)  +  3d(X,A)  =  i3(Q,A)  .  ^ 

Solution.    For  any  '  X  ,  d(0,X)  +  d(X,A)  >  d(0,A)^ ..    Then^  unless 
d(0,X)  =  d(X,A)  =  0  ,  we  have 

^d(0,X)  +  3d(X,Ay>  d(6,A)  . 

Thus  there  is  no  solution  unless-OL=.X_  =^*A_.  


Exercises  2 

1.  --Represent-graphically::. 

^       '  ^         r  =  \ 

(k) 

|x  -  1.1231  <  '^56 

 ('b>~(  X  -^-3-)^  ^  ^ 

(l) 

|2s  +  2|  <  U 

.     ^   ;(c)    |r  ^31  -2    ^  . 

(m) 

|3x  +  2|  a  1 

(d)    X  +  3  <  7 

(n) 

sin  xrt  =  0 

(e)    5  <  2  -  X 

(o) 

.2  sin  xrt  =  1 

>    '      (f)    |t  +3|  <3 

(p) 

COS  e   >o  • 

.      (g)    x(x  -  1)  >  0   ^  , 

(q) 

|x  -  a|  <  6    ,  \rtiere*  a  =  2.35 

'  ^       (h)  ;(x  -  l)(x^+  2)  <0 

and    5  =  O.Mt 

Ji)  "  x^  +  if  <  -  ifx 
.(;))  '|2y-M  =6  - 

(r) 

|x  -  a|  <    5   ,  \rtiere    a  «  0.44 
and   6   »  2.3$ 

/ 

./          ^^^^  • 

2^2 


2.    Eepresent  analyticaily:  ^ 

(a)    '  t   *   I   '  I   '  \'  4^  I       (f)      1   t   t  I  5  ii  4  I — L 

0  I  \  ^  ^  or    '  ~ 


(b)     111^        f  I  5      t   t        (g)       '    '    '  »  ,i  ^  '    '  ' 

9    1  0  I 


(c)    ' .  '  '  »      I  i  I  i  r  |»  *  (h)      '  »  «  1^,^  *  '   '  '  '  *i 

0     b  7  ^  To       i  ^ 


(d) 


-4  '  '  '  '  I  '  i  '  1  t 


(e)    I   I   I  I 


4  I  I 


(For  Parts  (i)  and  (j)  assume  the 
same  pattern  throughout  the  ]J.ne*  ♦ ) 

0  I 


(J) 


0  TT^ 


3-    Points  ^0  ,  U  ,  A  ,  and   X   have  coordinates   0  ,  1  ,  a  ,  and  x 

respectively.    Find  all  values  of    x    that  sa-tisfy  each  of  the  following 
*         conditions:  * 

(a)  d(0,X)  •=  3d(0,A)  ^ 

(b)  d(0,X)  +  d(U,X)  =  d(0,U)  . 

^  *  /I  \ 

^  If   P  and   Q   have  Ahe  coordinates  given>  and  if '  M  ,  A  ,  and   B  are 


the  midpoint  and  the  two  trlsectipn  points  .of 
in  each  case,  the/coordi nates    m- , ,a  ,  and  .b 

(a)    P  =  3  ,  <l/12     ^  '  : 


(c)^ir=^r  +  s  ,  q  =  r  ^  8 

 T'  4  ^ 

^^d)    p  =  (r  +  t)  .  2  ,  q  =  (r  +  t)  +  1^ 
(e)    p  =t  2r  ,  q  =  3t 


respectively,  find. 


(f)  p  =  2r  +  3s  ,*^*q  =  3r  1  28 

/  N  2  '  2 

Ig)  P     ^    -  r  ,  q     8    -  8 

(h)  p  =  r  ,  q  =  s  . 
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5#    In  the  equation  of  the-  liAe    PQ      ,  , 

V    X  =  ap  +  bq  ,  vhere  ^  a  +  b  s  1  , 

X  ,  p  ,  and   q    are  the  coordinates  of  the  points   X  ,  P  ,  and  Q 
respectively.  '  ^  ' 

Find  the, relative  positions  of   X  ,  P  /  a«4    Q   if  . 

;  (a)    a  =  ,0  '  ^  (d)    a  <0  .  '  , 

'  (b)    a  =  1  ^  (e)    a  >  1  /  * 

^    (c)    0  <  a  <  1  I    .  (f)'  -b.>  1 

6.    In  the  equation  of  the  line  PQ 

♦ 

,     X  =  tp  +  (l  -  t)q  ,  where    t.  'is  real, 

^  » *,  p  ,  and    q    are  the  coordinates, of  the  points    X  ,  P  ,  and    Q  ^ 
respectively.    For  what  value(s)  Ojf    t    is  •  , 

(a)  d(P,X)  =  2d(Q,X)  (c)    d(X,P)  =  2d(P,Q)  ' 

(b)  2d(P,X)  =    d(Q,X)  '  (d)^d(P,Q)=  d(Q,X) 

Exercises  7-lG  are  based  upon  the  following  situation:  j 

'       Points   A  ,  B  ,  .C  ,  -D  ,  and    E    are  on  the  edge  of  an  ordinary    12  inch 

111 

ruler  at  positions  corresponding  to    l,l-g,2-^,i|—  ,  and  9 
respectively.    These  numbers  are  the  inch-coordinates    a  ,  b  ,  c     d  ./  arid    e  , 
of  the  corresponding  points. 

.  7.    Find  the  ratios    (a)   ,|||^    ,    (b)   |[Mj    ,  and  Xo)  .  . 

8.  Express  —  *  ^  » 

(a)  b    as  a  linear  combination  of'  a    and    c  ♦  * 

(b)  ^  Q   as 'a  linear  combination  of    b    an^   ^  ♦  r  ' 

(c)  d    as^a  linear '  combinatiorj  of    c\  and    e*.  ^        ^    '  -  ^ 

9.  Find  tjie  t;ich- coordinates  of  the  trisection  points  of   AC       of  BD 
of  0E\ 

,Find  the  inch-coOrdinates  of  points    P  ,  Q*,  and    R    such  that 

/   '  % 


.  \  d(A,B)  _  2      .  d(B,C)  _  2      '         d(C,D)  '2. 
d(S^  '  3    '    dtcToJ  ~  3  '    ^    Wtj     3  - 
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2-3«    Coordinates  in  a  Plane* 

You  vill  recall  that  the  points  of  a  plane  can  be  put  into  one-to-o;ie  ^ 
correspondence  with  the  ordered  pairs  of  real  numbers  in  the  following  way. 
Any        perpendicular  lines  in  the  plane  are  selected  as  reference  lines  or 
axes.    They  are  called  *the  x-axls  and  the  y-axis%    The  intersection  of  these 
lines  is  called  the  origin  and  denoted  by    0  .    On  each  axis  we  use  a 
coordinate  system  with    0    as  origin.    Normally  the  two  coordinate  systems 
■should  use  -fehe  same^nit§.    It  is  possible  to  use  different  coordinate 
systems  on  the  two  axes,  but  this  introduces  complications/ a  few  of  which 
will  be  considered  in  exercises.    If  ''^^jS^is^jany  point  in  the  plane,  let  "a. 
and   b    be  the  coordinates  of  the  projections  of  .P    onto  the  x-axis  and 
y-axis  respectively.    Then  to    P   we  assign  the  ordered  pair    (eT^b)    of  real 
numbers  (rectangular  coordinates).    The  fitst  is  called  the  x-coordinate  or 
abscissa  of    P  ,  the  second  the  y-c-oordlnatfe  or  ordinate  of    P  .  Conversely, 
if    (a,b)    is  an  ordered  pair  of  real^ numbers,  there  is  a  unique  point  P 
with  abscissa    a    an^  ordinate    b  .    It  is  the  intersection  of  the  line' 
perpendicular  to  the  x-axis  at  the  point  on  that  axis  with  coordinate    a  , 
and  the  line  perpendicular  to  the  y-axis  at  the  point  on  that  axis  with 
coordinate    b  .  ^ 

In  sketches  it  is  customary,  though  not  necessary,  to  show  the  x-axis 
horizontal  with  its  positive  half  to  the  right,  the  y-axls  vertical- with' its 
positive  half  upward.    In  all  sketches  we  place  an  ^x   by  the  end  of'  the  line 
representing  the  positive  half  of  the  x-axis  and  a    y    by  the  end  of  the  line 
representing  the  positive  half  of  the  y-axis.    Jhis  is  essential  when  we  do 
not  indicate  the  coordinates  of  any  points  on  the  a^jes. 


2-3 


We  customarily  reserve  the*letter   0    to  rfepre*?ent  the  origin,  but  do  not 
always  include  it  on  a  sketch,  unless  we  nefer^to  it; 

You  will  also  recall  that  if        -  k^^yVQ)  ^-^  =  (x^^y^^)  }  then  the 

distance  between  the  two  points  is^i 

turn  now  to  the  problem  of"  expressing  the  coordinates  of  any  point 
P  =  (x,y)    of  the  line   L    determined  by  the  distinct  points    P^  (^o'^O^ 
and        =  in  terms  of  the  coordinates  of    P^    and    P^  .    Let  us 

assume  for  the  time  being  that    Xq  /        and    Vq  if  Vi  •  ^ 


p 

"Tx^y) 

(X3_,y3_) 

'  R 

Q 

: 

L 

0 

X 

Figure  2-U 

In  Figure  2-U  ^P^Q  is 'perpendicular  to  the  y-axis,  PQ  and  P^R^,  to  the 
X-^txis.  ^  Then  triangles    P^QP    and    PqRP^    are  similar,  and  hence 


Be  sure  that  you  see  tha-fe'  the  same  equation  holds  if  the  order  of   P^  ,  P^  , 

and    P  is  different, 

\  '      •  ' 

If  the  point    P    is  an  internal  jpoint  of  division  which  divides  the 

segment  in  the  ratio"      ,  then  each  member  of  Equation  (l)  is  equal 

to       ^  ,    and  we  may  write  •  ' 

c  +  d 


X  -  X- 


c  +  d 


and 
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If  we  solve  these  equations  for    x    and  '  y  ,  we  ob.tain 

c  4.  d  ^  ^        c  +  d     ^         '    "  ' 

In  vijjch  the  coordinates  of  the  point  of  division  are  expressed  as  weighted  ' 
averages  of  the  coordinates  of  the* endpoints  of  the  segment.  .  '  4^ 

We  al-e  now  in  a  -position  to  follow  exactly  the  same  development  as  in 
Section  2-2« 

'    -        \  ^ 

If    P   is  the  midpoint  of   P^P^  ,  it  divides  th^segment  in  the  rktio.one 

to  one.    In  this  case  Ve  may  let  -c  =  d  =  1    and  write  ^  • 


2 

c 


TTl        }^  r  TTd  '  '^^  "^^^^ 
=  axQ  +  b:^    and   y  =  ay^X^  ,  where    a>0,b>0,and  a+b=l. 

If  we  omit  the  requirelhent  that    aXmd    b    be  positive,  we  obtain^ 
(3)  X  =  ax^  +  bx^    and   y  =  ay^V^^^  ,^ where    a  +  b  =  1  ./ 

An  airSl^^  similar  to  l^iat  of  Equation  (6)  in  <^e  previous  section,  would 
suggest  that  each  point   P  =  (x,5r)    on   P^    cor^^ponds  to  a  uni(lue  choice 
of  njuribers  f6r    a    and   b    in  Equations  (3)  ,  and  conversely  each/pdir  (a,b) 
in  Equations  (3)  corresponds  to  a  unique  point  on   P^P^  .    Thus  the 
x-coordinate  of  a  point  on  a  line  may  be  represented^  by  a' linear  combination 
of  the  x-coordinates  of  two  given  distinct  points  on., the  Une,.  while  the 
y-coordinate  is  represented  by  the  same  linear  combination- of  the-.'      .  '  . 
y-coordinat'es  of  the  ,Biv en  points*  4  ' 

Lastly,  we  recognize  that,  because  of  the  restriction  on  the  coefficients 
in  Equations  (3),  one  variable  will  suffice.    If  we  let    t  =~b  ,  "tlien 
a  =  1  -  t    and  we  obtain  'i 

X  =tl  -  t)^^'  +  tXj^  y  =  (1  .  t)yQ  +  ty^ 


or 


'  ^where    t    is  real.  ^ 
y  =yo>t(yi  -yg)   ,  ' 


This  is  a  parametric  representation  of  the  point    F  V(x,y)    on  the, line 
PqP^  /where        =  (^^^q^  \  =  ^^'^1^  •'^-As  we.  fihall  see^in  Chapter  5, 

this  representation  is  not  onl^  useful j  for  certain  problems  it  is  essential • 
As  wjp  observed  , in  the  previous  section,  the  parameter    t    represents  the 
coordinate  of    P    in  th^'  linear  coordinate"  sysf«a  with  origin    P-^  and 


unit-point   p*-*^  J  '    '   ^~T^7^  'v 

The  coordinate  system  for  a  plane  ^ich  we  have  described  and  used  above^ 
is  called  a  rectangular  or  Cartesian  coordinate  ^system.>    The  name  "Cartesian" 
comes  from  Descartes,  who  is  credited  with  being  th'fe  first  to  introdttce  the 
theory       algebra  into  the  study  of  geometry^   >  ^  ^  ^'  ^ 


^  .  '    -Exercises  2^ 

.  1,    If  ^  P^  and    Q   have  the  coordinates  given,  and  if 
*  the  midpoint  and  the  twor^isection  points 'of  PQ 


M  ,  A  ,  and  B  are 
respectively,  find 


^the 

coordinates  of    M     A  ,'  and  B 

in  each  case: 

(a) 

P  =  (0,0)  ,  Q  =  (6,9) 

P  =  (2,3)  ,  Qy^,  (8,J.2), 

P  =  (5,12)  ,i=  [6,-1)  ' 

.  '(■<3) 

P  =  (^-3)  ,  Q  =  (-9,10) 

-  (e) 

P  =J.;6^3),  Q  =  (6,3) 

*  (f) 

P  =  (-3?^  Q  -  ("=^7-3)' 

i 

•  (g) 

P  =  (Pi,P2),  '\  =  (.1i»l2) 

P  =  (2s,5t),''Q  =  (s,-2t) 

^  (1) 

P  =  (Ur  +  2s  ,  -3r  +  s)  ,  Q  = 

("^r  -  s  "  ,~^r  ^- -  2s ) 

2,  Let 

P  -  (3c,y).  'be  a  point  on  line 

(v 

►Yq)  and 

(x^,y^)  .    Express  -x^'^^'aT]: 

rnear  combination  of 

and 

and- 

y    as  the  same  linear  combination  of   y^.    and  y^ 

in 

the 

following  cases:          ^  ^ 

(a) 

Pq  =  (2,3)  ,  P;^  =  t6,l) 

{h)l.%  =  (-4,5)  ,       =  (2,-7) 

'  (c) 

Pq  =  (-3,-6)  ,  Pi  =  (-6,4) 

3.    Let    P  =  fx,y)    be  a  point  on  line->          ,^vhere    Pq.=:  (3CQ,y^)  and 
^1  ~  ^^^^i)  *  following  cases  express  co6rdinates  of  P 

a  parametric  representation.    Choose  the.  parameter   t    so  that  • 
(x,y)^  =  Pq    vhen    t  =  0    and    ^x,y)  =  P^    vhen    t  =  1  . 

(a)  Pq  =  (2,3)  ,  \  =  (6,1) 

(fe)    Pq  =  ^-'^'5}  ;  Pi  =  (2,-7)  . 
-(c)'  Pq  =  (-3,-6)  ,  Pj^^i  (-6,4) 

In  the  development  of  Equation  (l)  in  Section  2-3,  we  assumed  that 

-  V  7 

3^  /        and    Vq  ^  y-^  •    If    ^c^  =  x^    ot    Vq  =  V-^  ,  this  eqi^ktion  does 
not  hold,  but  Equation  (2)  in  Section  2-3  does  apply.  Consequently, 
the"  rest  of  the  development  is  valid  •in  either  of  these  ca^es. 
Justify  that  Equation  (2)  applies  when  the  conditions  are^ relaxed. 
(Hint:  ^Show  that  the  problem  reduces  to  the  situation  discussed  in 
Section  2-2. ]  "  ■  "  .  , 

5.  Apply  the  condition  given  by  Equation  (1)  to  decide  whether  the  points 
A  ,  B  ,  and    C    with  t^e  coordinates  given,  are  collinear.    How  c^  you 

•use  the  formula  for  the  distance  between  two  points  to' determine  whether 
three  points  ^are  collinear?    Use  this  method  to  check  your  answers. 

^    ,  (a)    A  =  (7,0/  ,  B  =  (.3,-6)  ,  C  =  (22,9)  '  .  ' 

(b)  ^  A  =  (.1,U),  B  =  (3,-lU)  ,  Y  (-5,-6) 

6.  ^  For  whaC  value  of    h    is  the  point  'P  =  (h,-3)    on  the  line  determined 

by    A  =  (1,-rl)    and    B  =  (U,7)  ?  " 

i 

2-if.    Polar  Coordinates.  f      t  ^ 

A  rectangular  coordinate  system  is  certainly  the  most  'frequently  employed 
coordinate  system,  but  it  is  not  always  the  best  choice  for  a  given  problem. 

1 

The  Rectangular  coordinat^e  system  is  based  upoR  a*  grid  composed  of  two^ 
mutually  perpendicular*  systems  of  evenly  spaced  parallel  lines  in  a  plane. 
An  alternative  is  the  polar  coordinate  system^  which  is  based  upon  a  grid 
composed^  of  a  system  of  concentric  circles  and  a  system  of  rays  emanating 
from  the  common  center  of*  the  circles. 


,.30 

ERLC  .  oQ  / 


The  paths  'from  one  point  to  another  on  a  rectangulfu:  grid  usually  entail 
motion  along  two  adjacent  sides  of  a  rectangle,  but  the  natural  paths  of 
physical  objects  are  usually  more  direct.    A  football  plajrer  does  not  p.ass 
the  ball  tq  follow  the  deceptive  path  of  a  receiver.    Rather  he  looks  for  the 
receiver  in  a  certain  area.    -If  he* finds  the  receiver  uncovered,  he  will 
try  to  pass  the  ball  just  so  far  in  the  direction  of  the  receiver.    To  apply 
this  idea  in  the  plane  we  i;equire  a  fi:ame  of  reference.    The  frame  of  reference 
.  consists  of  a  fixed  point    0  ,  called  the  pole,    and  a  fixed  ray  , 
called  the  polar  axis«  .  The  ray  has  the  non-negative  part  of  a  linear  co- 
ordinate system  with  the  origin  at    0  .    The  position  of  a  point    P  is 
liniquely  determined  by    r    and    0  ,  its  polar  coordinates  (Figure  2^5a). 


(3i60°) 


Figure  2.5a      '  ^^Sure  2.5b 

The  polaa:  angle  '  8      is  an  angle  genejrated  by  rotatir^g  a  ray  0^ 
about    0    frcM   Ci?   in  either  direction  as,  far  as  desired  and  terminating  the 
rotation  in, a  positiori'^sHph  »that  the  line  contains    P  .    If  we  rotate  OK 

in^a  counterclockwise  direction,  Iq   has  a  positive  measure;  if    0^  is  ro-^ 
teyted  clockwise,  then /_Q  ,  has  a  negative  measure* 

DEFINITION*    If    OR^^contains    P  ,  t]ien  the.  pol^  distance  v 
r  =r"dCO^P)  ;  if  .P   lies  on  the  ray  opposite  to    0^  , 

then    r  =  -d(0,B)  .  >       ,  "      ;  ^  '    _  , 

Commonly  used  units  of  measure  for  polar  angles  are  degrees  and  radians. 
When  the  usual  symbols  for  rjumferical  measure  of  angles  in  degrees,  ^nutes 
and  seconds  are  omitted,  it  is  understood  that  radian  measure  is  intended." 

The  polar  coordinates  of  a'  point  are  written  as  an  ordered  pair    (r,G)  , 
where    r    i^  the  polar  distance  and    9   is  a  measure  of  the  polar"  angle.  If 
the  angle  is  measured  in  degrees,  the  symbolisitf  alone  indicates  that  the 
ordered  pair  represents  polar  coordinates.    If  the  measure  of  the^angle  is 
given  in  radians,  the  ordered  pair  of  real  numbers  is  indistinguishable  from 
the  notation  used  In  rectangular  coordinates^    If  the  context  do^es  not  make 
clear  that  these  are  polar  coordinates,  we  must  say  so.  explicitly.    If  no 
indication  is  given,  ye  shall  assume  that'rectangi^lar  coordinates  are  intended. 

^31 
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_       The  pole  Is  a  special  point.    When   r  =  0  ,  the  pole  Ib  described.  In 
this  case   £6    may  have  any  measure.    tO,0)  ,  (0,60°)  ,  Cd,l8o°)  ,  and  (0,i) 
are  all  names  for^the  pole.    We  usually  write    (0,e)    to  indicate  that  © 
may  be        number.    The  pole  is  not  the  only  point  whose  representation  is 
not  ,unique.=  ,     '  ... 

A  rectangular  coordinate  systenj^stablishes  a  one-to-one  correspondence 
between  points  in  a  plane  and  ordered  pairs  of  re^  numbers.    It  is  iniportan;t 
*to  observe  that  a  polar  coordinate  system  does  not.    In  polar  coordinates  each 
ordered  pair  corresponds  to  a  unique  point  in  the  plane,  but  each  point,  is 
represented  by  infinitely  many  ordered  pairs  of  numbers. 

For  example,  sane  other  coordinates  for  the  point    P    shown  in 
Figure  2.5b  are    (3>2Q°)  /( 3,-300° ),  and    (-3,- |n),  .    See  Figure  2-6. 


p/(3>i^2a°) 


(a) 


Figure  2-6 


In  subsequent' figures  we  shall  delete  the  arrowhead  from  all  rays  except  ^he 
polar  axis.  ✓  ' 

The^ack  of  a  one-to-one  ^correspondence  between  points  and  ordered  pairs 
of  nuinbers  necessitates  care  when  we  use  polar  coordinates,  but  the  advantages 
are  sometimes  great  indeed.  'For  example,  the  figures  wlvich  we  have  used  here 
may  remind  you  of  the  figures  which  illustrated  the  definitions  of  the 
trigonometric  or  circular  functions.    As  you  will  discover  in  subsequent^ 
chapters,  the  analytic  representations  of  these  fun^ions  and  allied  relations 
are  often  simpler  in  polar  coordinates,  ^         ^  '  r 
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Example  1.    Plot  the  points    A  ,  B  >  C  ,  tfhd    d!  ,  which  hav6^ polar 
coordinated    {2,kf)  ,  (3/-120°)  ,  (l,|)  ^  and    '(-2,.  J)  irespectively. 


Solution, 


^  Figure^  2-7  • 

Since  a  measure  of^jTQK  =  k^^  ,    A  ^is  the  point  on   0?  such  -that 
,^d(0,Ay  =.  2  .  ,  A  meaa^ure  of   ^QQM  =  -120°    and    B    is  tire  point  on    05  •  such 
that    d(0,B)  =  3  .    A  measure  of-  /ROM  =  §    and  I  C    is  the  point  on   OR  such 
that    d(0,C)v=;  1.  ,  }l4a5tly,  a  measure  of  ^SOM  -'  -  ^  ,  "b'ut  since  the  polar 
distance  is  negative,    D   is  the  poin*^  on  the  rgiy  opposite  to   OS    such  that 
dj(0,D)  =  2  .  '       -  ^  ^ 


Example  2..  Find  four  pairs  of  polar  coordinates,  two  in  degrees  and  two 
in  radians,  for/each  of  tl^e  points  'A  ,  B  ,  find    C  ,  in  Figure  2-8. 
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^Figure  2-8 


Solution.    A  simple  representation ^oV   A   is    (3,1*0°)  ,  but  we  may  also 
.use    (3,-320'')  ,  (3,^)  ,  and    (-3,^)  .    (There  are  others,  of  course,) 


B  =  (2,.10q°)  ,  (.2,80°);,  (2,^)  ,  and    (-2,^^).    C  =  (3^,1 


f,105")  ,  il^Mf)  ,  I 


dig)  ,  and    (4;^)  . 


.•We  m^ntione^  that  any  pair  of  perlWhdicular  lines  i?a  plane  may  be 
chosen  as  the  reference  axes  for  a  rectangular  coordinate  system.    Any  ray  in 
a  plane  may  be  chosen  for  the  polar  axis  in  introducing  a  polar  coordinate . 
system.    When  we  are  solving  a  problem  using  coordinates,  this  freedom  enables* 
us-  to  choose  a  system  vhich  will  simplify  the  computation.    Because  we  wish  to* 
keep  this  in  mind,  we  state  the  following  principle': 
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and  are  tvo  perpen- 

dicular lines  interaecting^at    0  (O  ^  A    and    0  ^  O)  ,  there 
exists  a"  rectangular  coordinate  system  in  the  plane  of  AB 
and.  CD  suchs-^l^at 

^"^)  'AB  Us  the  X-axis,    CD    is  the  y-axis 

and  '  ^  ^       •  " 

(ii)    in  the  coordinate  systems  on  the  axes;  the 
coordinates  , of    A    and    C    are  pc^itlve,  , 

In  any  plane  containing  the  ray   OM    there  exists  a  polar 
coordinate  system  such  that    OM   is  the  polar  eixis. 


In  some  situations  we  must  use  both  rectangular  aiia^ijalar  coordinate  systems 
in  the  same  plane.    Usually  we  let  the  polar  a^c^.cCjiiicide  with  the  npn- 
negative  half  of  the  x-axis.    Coordinates  in  botW  systems, are  assigned  to  each 
point  in  the  plane,  but  we  shall  need  equations  relating  the  coordinates  in 
order  to  change -back  and  forth. 


In  Figure  2-9,  we  see  that 

(1)  .  . 

« 

and 
(2) 


.X  =  r  cos  9 
y  =»r  sin  0  ' 


2  2  2 
r    =  X  y 


t§n  9  =  ^  ,  where   x  ^  0 
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In  Equations  (2)  we  not 4' that,  as  .we  might  hav^  expected,    r    and    0-   ar/ not 
uniquely, defined.    You  should  verify  these  equations  for  points  in  other 
quadrants. 

^We  may  use  Equations  (l)  to  transform  from  polar  coordinates  to 
rectangular  coordinates  and  Equations  (2).  tQ,.find  polar  coordinates  for      '  . 
points  lAiose  rectangular  coordinates  are  known.  '  '  ■ 

ExMigle  3.    Find  the  rectangular  coordinates  of  the  point *designated  in 
polar  form  by    (8,-6o°)  .         •  .  • 

Soli2^ion. 


X  =.8  cos  (-60°)  =  8(|)  =  k 
^  y  =  8  sin  (-60°)  =  8(-  ^)  =  -UVs 


^cameie  k.  Find  a  polar  representation  for  the  point  wltfi  rectangi^lar 
fom  P  =  (-2,-2).  /  * 


Solution.  (.2)2.  (.2)2  =  8;  therefore,    r  =  ±  2V2  .    Also,  ' 

tane  =-^=1;  hence,    9  =^  +       ,  n    an  integer  .    It  is  ^necessary  to' 
match  the  values  of.  r   §JXd   e  which 
correctly  locate    P  .    For  example, 
(2V2  ,  ^)    is  not  a  correct  solution, 

as  these  coordinates  locate  a  point  in 
the  first  quadrsmt.  But 

and    (-2>^;j)    are  two 

-  of  the  possibl/ correct  1  designations 
for    P  . 


Example  5»  ^Find  the  distance. between  the  points         and  whose 

*   —  V  .     \  ^ 

polar  coordinates  are    (r^e^)    and    (t^g^^a^    respectively • 

Solution,    We  ha\^e  eyi  expression  for  the  distance  between  two  points  in 
terms  of  their  rectangular  coor^nates, 


(3)'   ■  d(P^.,P2)  =V(^2  -^f  +  (y^- y^.)^  .  . 

We  may  use  this  e^fpression  if  we  transform  the  coordinates  of   P^    and  P^ 
to  rectangular  form*    We  use  Equations  (l)  to  obtain 

—  \  =  ^1        ^1  '  ^1     ^1  V 

=  r^  cojs  $2',  y^  =  r^  sin       .  . 

We  square  both  members  of  Equation  (3)  and  substitute  these  values  to  obtain^ 

M(P^,P2)j  ^  =  (r^  ^       -  r^  cos  e^^)^  +  (r^  sin  9^  -  r^  sin  Q^f 


or 


(d(F,,P2)) 


^  =        co's^       -  Sr^r^  cos       cos       +  r^^  cps^ 


2       2  '  2  2 

^  +  r^    sin    ©2  -  ^1^2        ^2        ^1  "**  ^1 

-  If  we  apply  the  distributive  and  other  laws,  this  becomes 


(^i\>^2^^  "  ^i^^co^^  ^1  **•  ^^^^  ^1)"**  r2^(cos^  ^2  ***  ^^^^  ^2^ 
'  *  /  -  a^^r2(cos  ©2  cos  6^  +  sin  6^  sin  0^)  • 

Now  cos^       +  "^in^        =     f  cos        +  si^^   ^2  ^  ^  ^ 


and  cos  0^  cos  9^  +  sin       sin  0^  ?=  cos^e^  "  ♦ 

We  substitute  these  equivalent  values  to  obtain 


(3) 


=  r^^  +  r^^  -  2r^T^  coaie^  -9^) 


^  ■ 
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We  might  have  obtained  this'  expression  directly^by  applying  the  .&aw  of 
Cosines  to  tri^ipgle   OP^Pg  •  in  Figure  2-11.  * 


Figure  2-11 

OThus  the  distance  formula  in  polar  coordinates  is  an  applicatio|  of  the 
Law  of-  Cosines. 


.Exercises  2-4  ' 

1.    Plot  the  following  points  and  for  each  list  three  pairs  of  coordinates: 
ii,l3f)  ,  (2,90°)  ,  {A,kf)  ,  (3,-120°) 

^      Plot  the  point9  vhose  polar  coordinates  are    (-2,1^5°)  ,  J-l^,210°) 
^  (3,2)  ,  (-3,.  |)  ,\(M°)  ,  (0,|)  ,  (.1^,180°)  . 

3.    Plot  the  vertices  of  an  equilateral  triangle,  the  centrcid  coincident 
.  with  the  pole  and  a  vertex  on  the' polar  axis,,  and, give  i^olar. 
coordinates  of  the  vertices. 

k:   Draw  graphs  representing  the  set  of  i>gints    {(r,a)  :  2/;=,^)'  ;'the 
set  of  .points  !  {(r,©)  j  0  =  k^^)  ^  ^ 


o 
90 


180° 


8  jlilO 


210" 


?330° 


2U0° 


300" 


270" 


For  each  o^^e  points  indica^^ed  on  the  preceding  diagram  give  five  pairs 
of  polar 'Coordinates;  in  the  first  pair  have-' r  >  0',  and 
0^  <     <  '360^-  7  in  the  second  pair  liave    r  >  0  ,  arxd    -360^  ^  ^  1  ^ 
in  the  thiri  pair  have    r  <  0  ,  and    0^  <  a  <  360^     in  the  fourth 
pair 'have  ^0   <B  <  n  ,  in  t^i^  fifth  pair  have    0^  ^  9  <  l80^  . 
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6.   Find  the  reetangular  repres-entation  of  the  points  ;Aose  polar  coordinates 


are 


(0^90°)  •     ■  .  (e).(l,'„) 

(b)  (^,-1^5'°)  '    s  (f)    (V2;|L)  . 

(c)  '(5,1^20°)  .        .    (g)  (.2^1,) 

("^^^  (^^^0°)  .          (t.)    (2,. J)  /  ' 

7.  Write  a  polar  representation  for  the  points  vho?e  rectangular  coordinates 
are 

(a)    (lA)  ^  ^  (e)  (-_V3,1) 

.^>-^)    ■   ■  .'    '  (f)    (-1,  -V3)  ^• 

:  (g)  /5.2)  , 

(O^l)  -      '  '   (h)'  (-4,1)  .  ^ 

8.  ^Use  polar  coordinates  to/lnd  the  distance  between  the  points   A    and   B  . 

Then  change  to  rectangular  coordinates  and  verify  your  result. 

(a) ^  A  =  (2,150°)  ,  p  =  (1^,210°) 

.  (f)    A  =  (5,|n)     ,  B  ='(,12,|n)  ^  ,  _  ^ 

Find  the  distance  between  each  of  the  following  pairs  of  points.  , 

7a)rV^(4,o°)  ;  b  =  (5;?o°)  '  ^  • 

(b)  A  =  (2,37V^,B'=  (sSad°)  ,  ♦ 

(c)  A°=  (6,100°)  ,  bN:  (8,400°) 

(d)  A  =  (-1,45°)',  B  =  (3,165°) 
C-e.)  "a  =  (3^°)  (5,i4o?) 
(f)    k=  (5,-60°)  ,  -B  =  (l8:.3V) 


10.    On  a  polar  graph  chart  such  as  in^Exetfcise  5  construct  a  hexag'on  with  . 
vertices    (10,0°)  ,  (10,60°)  ,  etc."    Then  construct  'all  its  diagonals 
and  write  the  coordinates  of  all  their  intersections  (other  than^tlie  pole). 
-  11..  Let    (r^^e^)^  represent  a  point    P  .    Fipd  general'  expressions  for  all  . 

possibly  poliar,  coordinates  of   ?       ^    '  .  /  ^  * 

(a)    vhen       '  is  in  degrees  and  . 
tb)    vhen    0^    is  in  radians.  » 
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,2-5»    Lines  in  a  Plaaie*  -  '  -  -  "  -     .  •     •  '  '  ' 

Now  thtft  we  have  developed  coordinate  systems  for  planes,  we  are  able  to 
discuss  analytic  representations  of  subsets  of  planes.    We  start  with  the 
line. 


(1) 


Symmetric  Form.    In  Section  2-3       developed  Equation* (l), 

'5*'   =         -  y 

x^-         y^-  y^ 


'  vhich  is  the  analytic  condition  describing  a  poirft'^^  P  =  (x,y)    on  tbe 
oblique  line    PqP^  ,  vhere    P^  =  (xQ^y^)    and    P^  =  (x^;y]_)  •    (We  note  that 
the  requirement  that  the  line  be  oblique  ensures  that  the  denominator  in  each 
member  is  no^  zero. )  "  ' 

*  '   Since  every  point  on  the  line  may  be  described  in  this  way, 

\ 


We  call  Equation  (l)  a  symmetric  form  of  the  equation  of  a  line. 

Example  1.    A  symmetric  form  of  an  equation  of  the  line  cohtaihing  the 
points    (2,3)    and    (U,-l)    is  ,      ^  .  ' 

'  ^  '  ^  -   y-  -  3         X  -  2    y  -  3 

-  ^  -1  >  J   °^  '~2^. "  • 

* 

,.^Pwo^Point  Form.  If  we  reverse  the  order  of  the  members  of  Equation  (l) 
*  and  multiply  by    (y^  -  y^)  ,  we  obtain 

(2)'-     '  ^-^  =  ^(-- V-;. 

We  call  Equatida  (2)  .a  two-point  form  of  the  equation  of  a  line. 

/  *' 

Example  2#    A  tvo-pd3,nt  form  for  an  equation  of  the  line  containing  the 
points    (1,-2)    and    (U,5)    Is  .  ^ 

y  +  2  =  |-^(x  -  l)'/'6r    y  +  2  =  lu  -  D  . 


We  note  that  in  Equation  (2)  the  quotient  o-f  differences,  or  the 

-difference  quotient,    ^  ^  ^    is,  by  definition,  the  slope  of  the  segment 

PqP^  •        your  study  of  geometry  you  may  have  used  similar  triangles  to  prove 
that  every  segment  of  a  gJven  line  has  the  same  slope.    We  define  the  slope 
of  a  line  to  be  the  slope  of  all  the  segments  on  that  ^ine.    We  denote  the 
slope  of  a  segment  or  line  by^  m  • 

The  two-point  form  is  riSt  precisely  equivalent  to  the  symmetric  form, 
since  it^is  also  defined  ^en   y^  =  y^    or    7;^  -       =  0  .    In  this  case  the 
line   PqP^    is  parallel  to  the  x-axLs,  has  a  slope  of  zero^  and  is 
rej)resented  by  the  equation   y  -  y^  =  0  . 

If        =        or..  ^  -  ^0  ^  ^  '  neither  the  symmetric  form  nor  th^  tvo- 
point  form  as  given  in  Equation  (2)  is  defined..   In  this  case  an  alternative, 
two -point  form  ' 

if 

(3)  ,  X  -         =         "  ''°(y  -  y  ) 

is  defined.    In  this  case  the  line    P^P^  .  has  r\o  slope,  is  ^parallel  to  tjie 
y-axis,  and  is  represented  by  the  equation    x  ^x^     0  .  ^       '  ^ 

If  •  Xq  =  x^    and   y^  ^  y^  ,  the  points   P^  -  and    P^    are,  6^  course,  not 
distinct  and  no  line  is  deteiMned.  *        -       ■     >  ' 

Example  3.  .  .      ^      ^  '         "3  J 


(a)  The  line  containing  the  pfenpts    (1,2)    andl  has  ^lope 

3  -  2  '  1  I 
^  "  iPrT  =  o    and  has  as  an  equation  in  tJo-polrit  form'  ^ 

(b)  The  line  containing  the  points^  (2, 3)    and    (l+,3^ha8  slope 

-  \  .  \  =  0   and  has  an  equation  in , two-point'  form 

y  -  3  =  |-E-|(x  -  2)    or   y  -  3  =  0  . 
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The  line  containing  the  pbints    (l,3)    and    (.1,5)    lias  no  slope  since 
5*  -  3  2 

•j^        =  ^   is  not  defined.    However,  it  has  an  equation  in  an  alternative 


two-point  form: 


X  -  1.=  yr^iy  -  3)   or  X  -  1  =  0  • 


Point -SI  ope.  Fomu    Since  a  line  is  determined  by  two  distinct  points,  a 
line  in  a  plane  with  a  rectangular  coordinate  system  is  determined  by  the 
coordinates  of  two  points  on  the  lin^e.    If  a  line  has  slope,  it  is  also 
determined  by  its  slope  and  the  coordinates  of  one  of  its  points. 

If  a  line  has  slope   m    and  contains  the  point    (xQ,yQ)  ,  we  may  replace 

the  differeXce  quotient  in  Equation  (2)  by    m    tq  obtain 

\  '  ' 

{k)  y  -  y^  =  m(x  -  x^)  . 

We  call  Equation  {k)  a  point- slope  form  of  the  equation  of  a  line, 

Example  jf*    A  point- slope  form  of  the  line  which  contains  the  point 
(5,-3)    and  has  slppe   -  is 


y  +  3  =  |(x  -  5) 


; 


Inclination,    Occasionally  we  wish  to  describe  a  line,  not  by  its  slope, 
but  by  an  angle  related  to  the  slope. 


^1-^0 


Figure  2-12 
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In  Figure  2-12  the  angle    a   is  the  angle  of  inclination  of  line   L  .  The 
measure  of  angle   a    is  the  inclination  of   L  .    The  angle   a   has  the  same 
measure  as  the  corresponding  angle  measured  in  a  counterclockwise  direction 
from  the  positive  side  of  the  x-axLs  to  the  unique  line  vhich  is 

parallel  to        and  contains  the  origin*    (If    L    contains  the  origin,  angle 
a   corresponds  to  itself. ) 

We  observe  that  if   L    is  the  x-axis  or  is  paraJLlel  to  the  x-axis,  its 
inclination  is    0°  •    We  also  note  that  the  slope  of   L    is  the* tangent  of 
angle    a      If        =  (x^,yQ)    and        =  i^^Vj^)  ,  then  for  the'line 

^1  "  ^0  >  . 

taxh  a  =  m  =  >   , 

\  -  ^0     ^  .  >  ;  ^ 

For  an  angle    a   measured  in  degrees  or  radians,  it  is  alvays  the  case  that 
0   <  a   <  l8c°   or    0   <  a   <  n  ,  respectively. 
?  / 

Example  5«  -  * 

(a)  If  the  slope  of  a  line  is  V3  ,  then    tan  a  =  VI    and  the  inclination 
a   of  the  line  is    6o°    or   |  . 

(b)  For  the  line-containing  the  points  .  (-1,^)    and  ^2,7)' 

"    tan  a  =  m  =  X-——  =  1    and   a  =  ^5°    or,  r  j*^ 

2  +  1  ^        '  k  f >  . 

Slope-Intercept  Form.    The' x-intercepts  of  any  graph  are  the  abscissas  of 
the  points^ <Jf  the  graph  vhich^are  on  the  x-axis.    The  y-ijitercegts  aije  the 
ordinates  of ^ the  points  of  the  graph  on  the  y-axis.  ^  % 

line  has  a  ui;iique  y-intercept  if  and  only  if  its  slope  is  defined. 
If  the  slope  is  defined,  the  linens  distinct  from  the  y-axis  and  is  Viot 
pa^lQl  to  the  y-axis.    The  line  ^ersects  the  y-axis  in  a  single  point  and 
therefore  has  a  unique  y-intercept.    If  the  slope  is  not  defined,  the  line 
either  is  the  y-aiis  or  is  parallel  to  the  y-axis.    In  either  case  the  inter- 
section of.  ^he  line  and  the  y-axis  doe^ not  contain  a  unique  point.  ^ 

*         ♦  '* 

Si  nee  "yie  lines  vith  uniqufe  y- intercepts  are  those  for^vhich  the  slope  is 
defined,  they  are  the  same  lines  vhich  have  point-slope  forms.   ^The  point- 
slope  ^orm 

y  -       =  mix  -  Xq)  _ 


kk 
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is  eq^valent  to       *  « 

(5)  y  =  »^  +"(yo  "      • , 

We  observe  that , the  y- intercept  is  the  y-coordinate  of  the  point  vhose 
x-coordinate  if  zero.    If  we  let   x  =  0   in  Equation  (5),  we  find  that  the 
y-intercept  ±&  y^  -  mx^  •    tt  is  customary  to  denote  the  y-intercept  by  b 
With,,t^s  change  Equation  (5)  becomes  <^ 

(6)  i    /   •     .    *  y  =  mx  +  b  , 

which  is  called  the  slope- intercept  form  of  the  equation. 

Example  6#  ^  ^  ' 

* 

(a)  The  line  with  slope    3    and  y-intercept    -7    is  represented 
by  the  equation  y  =  3x-7»  ^ 

(b)  The  line  represented  by  the  equation 

y  -  2     X  +  k 
3  T~  '  '  *  ^ 


\ 

which  is  equivalent  to 


1 


12 

y  =  ^x  +  ip  +  2 


c        .         or  ^ 

3   ^  26  ^  . 
y  =  ^x  +       ^  * 

3  26  i 

has  slope   y    and   y-intercept        •  ' 

Intercept  Form#   A  line  has  a  unique  x-intercept  if  and  only  if  ^it  does 
not  have  zero  slope.    The  slope  is  zero  if  and  .only  if  the  line  either  is  the 
X-axis  or  is  par^allel  to  the  x-axls.  ^  The  IJne  ifiyiofe  Jbh,ftjfeaxlA,HB«a4ssf  - 
parallel  to  the  x-axls  if  and  only  If  it  Intersects  the  x-axls  in  a  single 
^  ppint. — In  this  case  the  x-interce^t  is  unique,  ^ 

It  Is  customary  to  denote  a  unique  x-int(ercept  by   a  * 

If  the  slope  of  a  lihe  is  defined  and  is,  not  zero,  both  intercepts,  are 
unique.    Since  the  x-intercept  is^he  x*-coordinate  of  the  point  whose  y- 
coordlnate  is  zero,  we  let   y   be  zero  in  Equation  (6)  and  find  that  the 
x-intercept   a  =       •    If  in  addition    ah  ^  0    (neither   a   nor   b  ^  is  zero),^.^^ 


we  may  transform  Equation  (6)     ^  >  <j 

y  =  mx  +  b 
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*to  "obtain   •  ^  V 

or  ' 

JL  +  y  =  1^ 

We  substitute  thg  value  of  the  x-intercept  to  obtain 

(7)  l  +  Z.i.  - 

a  D 

This  is  call^  the  intercept  form  of  the  equation  of  a  line. 


Example  7.    Find        intercept  form  of  an  equation  for  the  line  con- 
taining the  points    (-1,1^)    and    (2,5)  .        *  ^  . 


Solution 


4 


^(a)    The  line  has  an  equation  in  two-poin-C  form,  '  * 


or 


or 


y  -  l^  =  i(x  +  1) 


The  y-intercept  is  ^  and  when  y  =  0  x  =  -13  ,  Hence  the 
x-intercept  is    rX3   and  the  intercept  form  is 


•13  ^  ]3  "  • 


^(bX^^,  If*  the  intercepts  are   a   and   b  ,  then  the  line  contains"  the 
points    (a,o)    and    (0,b)  .  ^ince  the  slope  is 
3rh'  1  ^    ^  ^  ^ 

5-0    1   „„,  .5  --b  1- 
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I 


or 


a  »  -13    and   b  »  ^  • 


Hen6e,  the  intercept  form  is 


JL  a.  X  *  r        •     '  ' 

•    •  .  i  •      ^  * 

General  Form»    Each  of  the  preceding  forms  of  the  equation  of  a  line  has 

certain  advantages,  not  pnly  because  it  is  easy  to  write  vhen  certaiii  facts 

about  the  line  are 'known,  but  also  because  each  clearly  displays  in  its 

•written  form  certain  geomel^ric  properties  of  the  line#    However,  none  of 

these  forms  is  defined  for  all  lines,  ^5^' 

The  symmetric  form  '  ' 

^"         y^-  ^0  '  1 

is  .not  defined  for  a  line  parallel  to  either  axis,  but  if  we  transform  the 
equation  to  ^  -  ^  , 

(y^  -  yo)(x  •  x^)  =  (Xj^  -  x^){y  -  y^)  ,  where    x^  ^  x^^  or   yQ  y^ 

the  new  equation  does  describe  any^  line  in  the  plane.  ,  In  jOrder  to  simplify 
this  equation,  we  collect  all  non-zero"^ terms  in  one  member  of  the  equation 
and  identify  the  coefficients  of    x   and  y    and  the  constant  tenru 

.     '       (yi.-  YqU  -  {\  -  Xo)y  -  Xo(y^  -  y^)  +  y^Cx^  -  ^)  "  0  ^ 

is  equivalent' to  -  '  ^ 

(y^  -  yQ)x  +  (xq  -  Xj^)y  '+  (xj^y^  -  x^y^)  «  0  .  ^  , 

We  let  ^  .     •  • 

^  =  ^1  -  .^0  '  ^  =  ^  -  \  '         ^.    Vo  ^'  Vl  -'  ^ 

« 

and'writ^  ,      ^        •  . 

(8)    ax     by  +  c  =  0  ,  where    a   +  b^  0    (that  is,    a     0    or   b  ^  O)  . 

i  * 

Equation  (S)  is  called  a  general  form  of  the  equatiok  of  a  linfe.    It  is  also 
called  the  general  linear  equation  in  ^  x  .and  'y 


'J  *  ,4* 


2-5 


r 


Example  8«    Write  the  equations 

(a)  3x  +  Ivy  -  8  =  0  and 

(b)  ax  +  by  +  c  =  0  ,  where   abc  ^  0  ,  (that  is,  a     0  ,  b  ^  0  ,  and 
c  ji^  O)    in  intercept  and  slope-intercept  fomu        ,  » 


Solution. 


(a) 


is  equivalent  to 


or 


3x  +  Uy  -  8  =  0 


3x  4.  y  -  1 

T     2  =  ^ 


T    2  "  ' 


which  is  in  the  intercept  form.  *" 
^The  original  equation  is  also  eqiiivalent  to 

Uy  =  -3x  +  8 


■'and 


W  y  =  .  -^x  +  2  ; 

which  is  in  the  slope-intercept  form, 

(b)  ,ax+by+c  =  0,  where    abc     0  , 

""is  equivalent  to  ;  >^ 

'    ^  _  If  ^  ^  =  ^  >  ^^^^    abc     0  , 


and  ^ 

+  JL.  =  1  ^  where    abc  /  0 
c        c  * 

which  is  in  the  intercept  form#  ^ 


ERJC 


56 


#4 


2-5 


«  a5c  +  by  i  c  =  0  ,  vhere    abc  ^  0  , 

is  equivalent  to 

0 

-'by  =  -ax  -  c  ,  vhere    abc  ^  0  , 
and  *  '        '  ^ 

y  =  -       -  ^  ,  vhere    abc     0  , 

vhich  is  in  the  slope-intercept  form# 


V  ^From  Example  8(b)  we  observe  that.. when  an  ecLuation  of  ^  a  line  is 
expressed  i^general  form,  the  x-  and  y-intercepts  are    -       and    -  ^ 

respectively)  if  they  ejdst  and  the  slope  of  the  line  is    -  ^    if  it  is 


a 

^  b 

"defined.  ^  * 


The  great  advantag^^  of  th^^general  form  is  that  it^an  be  written  for  any 
line.    The^only  shojrtcoming  is  that  the  geomet^ric  properties  of  -fehd  line  are 
less  clearly  revealed  by  this  form.  •  V 

Exercises  2-5  ,  ^  ^ 

1.    Usfe  Equatipn  (U)  to  find  an ^eqnati^R  of  a  line  containing    (2,-3)  "and 

having  slope    2  .    V\x%  the  equation  »tn  general  form.    If  the  iine 

pontains^^e  points  ^J>, 7)    and'  _(5',q")  ,  find  "p.  and    q7*     ''^    '  ^ 

"*  '  2  •  *  '  '  ^   * ' 

•2.  *  Find  an  equation  of  a  line  with  slope    -  -    SLnd  passing-throligh  ,(,-3,5)/. 

.  f       *       ^  •     ■>  •  . 

If 'this  line  contains  the  points    (p,7)    and    (^^q)  ,  find    p    and    q  . 

3.    Find  an  equation  of  a  line  co;;taining  the  point    (Q,b)^  and  having  slope 
3  .    If  the  line  qontains  fhe  points    (p,7)    and*  (5,q,)  ,  find    p  and 
<1  •       '  ... 

U.    Find  ^eq\iati9n  of  a  line  containing  -dhe  point    (U,5)    ancl  having  the 
same*  slope  as  the  line    2x  -*3y  =  600  ..  "Describe  the  relative  position 
of  these  tvo  lines.     .  '    *  '  ' 

5.    Write  an  equation  of  a  line  having  slope    k    and  coVtaiiiing  the  point 
(a,0)  .    What  a^e  the  coordinates  of  the  point , vhere  the  line  crosses 
•    the  y-axis?  '  «  ' 
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Write  an  equation  representing  all  lines  containing  the  origin.    Are -you 
sure  e^ry  line  is  r-epresented  by  your  equation?    Krite  the  equation  of 
/tl^  one  of  these  line$  that  contains  the  point,  (-3,5)  . 

The  coordinates  Of   A    and    B    are    (3,5)    and  ^.5,3)  .    Segments.  OA 

I  e 

and    OB  .form  a  right  angle  at  the  origin.    Determine  the  slope  of  each 
segment  and  ti!y  to  arrive  at  a  general  conclusion  that  you  can  prove. 

Choose'  (-8,8)    as    (^Q,yQ)    an"? write  the  equation    3x  V  l*.y  -  8  =  6 
i/i  symmetric  form.  '  ^  ^  •  ' 

Write  an  equation  of  the  line  containing,  the  points    (-i4-,8)    and    (2,3)  . 
Exhibit  the  result  in  all  seven  forms  so  far  discussed.    What  is  the 
slope?    what  are  th'^  intercepts?  ,  ,  ,  '  '  > 

Write  the  equatipn    ax  +*  by     c  =  0    in  the  slope-intercept  form. 
What- is  the  geometric  interpretation  of    ax  +  by»  +  c  =  0  , 

(a)  when    b     0  ,  ac  3^  0  ?  - 

(b)  when""  a  =:6  ,  bcV  0  ?  - 

(c)  when    c  =  0  ,  ab  ^  0  ?  ' 

Find  an  equation  of  ^  line  satisfying  the  following  conditions: 
(a)    Containing  the  point    (3,-2)    and  having  y-intercept    5  . 


(b)  Containing  the  poJ.nt    (3,-2)    and  having  x-intercept  5/^ 

(c)  Containiflg  the  midpoint ^f -  AB   where-  A  =  (-7,2)  ,  B  (3A) 
and  with  the  sai^ie  slope  as  the  line    OA  .  -  ^  , 

(d)  Containing  the  point  ^{2, A)    and  with^  inclination    135°  ♦  ' 

(e)  Containing  the  pcfint    (-1,-3)    and  with  inclination    30°  • 

^  ♦ 

In  tr^.ar)gle    ABC  ;  A  =  '(1,-2)  ,  B  ^  ^3,2)  ,  C/=  (0^1^)-  .    Find  an  • 
equation  of  each  of  the  following,  lines: 

*  - 

(b)  Tl)e  median  from   A  .  . 

(c)  '  The^line  joining  the  midpoints  of  .AG    and    BC  . 

Find  an  equation  of  a  line  containing  the^.polnt    P  =  <5,8)    whicl/  forms. 
Vith  the  coordinate  axes  a  triangle  witi^  area   10    square  units/  *^ 


...  •Reviev  Exercises^ "Section  2^1  thirough  Section  2-5  * 

In  Exercises  X^k  find  the  graph  of' the  sets  described  on  a  line  with  a 
linear  coordinate  system.  , 

1.  tx  ;  1  <  X  <i2)  /  ^  '  '  - 

2.  (x  :  (x  -  l)(x^+  2)  =  0)  / 

3.  tx  ;  |xl/  <  3)  .  ^  . 

^'  h.    {x     |x  .  U|  >  2)  .  ^  / 

In  Exercises  5  to  9  graph  and  describe  the  geometric  representation  in 
*        /■  •  •  * 

one -space  and  2- space.' 

'   '  ?  •  '  . 

5.     {x  ;  X  +  i|  =  0}  .    ^  / 

i  6.    {k  :  \x\  f  k  ^  0)  .  \ 

7.  /{x     2  <  X  <  6)      ^  ' 

/  * 
'8./  {x  :  2  <  |x|)  . 

^  5>/    {x,;  fx|  <  6]  .  / 
Find  the  midpoints  and  trisection  points  of 
,     Xs,)    m  =  [x'l  -1  <  X  <  2)  . 
'         (b)  .  BC  =  (x  t  Jx  +  2|  <  3)  . 

(d)    CD  =  [x  :  c  <  x,<  d  ,  (c  +  2)(d  -  3)     0)  . 

ll.    Find  a  pglar  representation  for  the  poin1;s  vhose, rectangular  coordinates 

f 

.  are:  ^  '  *  " 

(a)    (i;i^)  .  ^       (d)    (.2,-3)  .  ^  ^  ' 

;ibl\(-^^^^^^   .  "  '(e)    (1,0)  .  '  ' 

"  (c)    (5,-i^)  .  '  (f)  '(0,1)  .  ' 

EJnd  the  rectar 
^  coorainaLi 


12,  ^;E^nd  the  rectangular  representation  for  the  points  vhose  polar 
coordinates  are;  *  c 


(a)  (4,45°)-:  ^      .      (d)  ^6,^)  . 

(b)  (3,-|^)  .  '    (e).,  (5,-135°)  . 

(c)  (-2,^) .    -  (f)  (-3,-T5o^r 


In  each  exercise  from  13  to  l8  vrite  an^ua^tion  of  a  line  "which 


satisfies  tl}€  given  conditions, 
13.   Contains    ('-2;5)  ;  m  =  -  |  . 

Ik,    Contains   (-3,2)  ,  (8,10)  ,1 

♦ 

'    15.    Contains    (A, -5)  y  (-6,-10)  . 

16.    Contains   (1^,5)  ;  a  =  120°  . 

n»    Horizontal;  y-intercei>t    6  . 

18.    Verticad;  x-intercept''  » 

Exercises  I9  -  25  refer  to  the 
figure  at  the  right,  vhich  represents 
a  regular  hexagon  with  sides  of  length 
0  ,    The  coordinates  of  the  vertices 


are: 


A  =  (6,0)  B  =  (3,3V^)  / 
C  =  (-3,3v/3)  ;  D'=  (-6,0) 
E  =  {-3,-3v/3)  ;  F  =  (3,-3\/3)  i 


19.  Write  ^.equations  of  the  lines  determined  by  each,  of  the  six  sides  in 
slope-intercept,  form,    f  " 

20.  Write  equations  of  the  lines  deteiinlned  by  e^<&i  of  the  six  sides  in 
.  g^Qeral  form^ 

21.  Write  equations  of  the 'lines  determined  by  each. of  the  six  sides  in 
 , symmetric  form.  ^     _  ,  . 

22.  Find  the  slopes  of    AC  ,  BD  ,  AE  ,  and    UP  . 

\  m~ 

23.  Find  the  coordinates  of  the  tvo  trisection  pr)ints  of   ^  ,  BC ' ,  CD  y\ 
W  ,  and   FA  .*    \  '  ^  .  .         -  - 

2h^  Find  coordinates  -of  the  points    P  ,  -Q  ,  and    R  ,  vhere  * 
(a)    P    is  on   AB    and  |    (two  answers). 

■(   >      '      (b)    Q    l8  on   bT  and  =      (two  answers).,  ' 

(c)    R    is  on   CD    and   4ri^  =  |    (two  answers). 


25.    Find  the  inclination,  to  ttie  neai^est  degree,  of   AB  ,  AC  ,  AE  ,  and  AF 

>  '  I       '  ' 

2p.    Summarize  the  different  forms  of  the  equatiX)n  of  a  lin^  in  a  table, ^ 

listing  for  each  form  its  particular  advantages  and  disadvantages. 

Which  form,  or  forms,  of  equations  for  a  line  vould  you  use  to  " 
answer  each  of  the  following  questions  in  the  most  efficient  way?  Be 

prepared  to  explain  your  answer. 

■< 

(a)  Is  the  point    (3,7>)    on  the  line? 

(b)  Does  the  line  intersect  the  x-axis?    If  so,  where? 

(c)  Does  the  line  contain  the  origin?  ^*    ^  ' 

(d)  What  is  the  slope  of  the  line? 

(e)  Find  the  ordinate  of  the  poiyit  where  the  abscissa  Is  5 

•    ,    tl!)    Find  the  point  on  the  line  where  the  two  coordinates  are  equal. 
.   (g)\ir  the  point    (3,3  -  k)    is  on  the  line,  find    k  . 

(h) y  Suppose  the  point    P    is  on  the  line;  find  the  points    R    and  S 
on  the  jy.ne  \rtiich  are    5  *  units  from   P  . 

Graph  4Jie  relations  of  ExercisesN^27  to  32. 

27.     {Cx,y)  ;  |x|^  |y|  .  10  =  0)  . 

28;    ((x,y)  :  |x|  +  |y|  =  0)  , 

29*    [(x,y)  :  X  -  y  <  1)  .  . 

30^    ((x,y)  f^yVl)  r 

((x,y)  :  X  -  y  <  iHfl  [(x,y)  :  x  +  y  <  1)  . 


32;  /R:'=  {tx,y)  :  |x|  <  1^}  ,       =  ((x,y)  :  |y|  <  1^)  ,  R:,  =  R.  0  I^o  • 

33#    Discuss  Exercise  32  if  .  <   is  ctonged  to    <  ,  ^  What  geometric  ' 

^  ,   ^  interpretation  c^.you^give,f&,,„B^.y  ^R^^  ^     .-^/-^    -     ^  -  — —  ^ 

3U.  ^Two  thermometers  in  common  use  aire  the  fSirenhelt*  and  Centigrade.  The 

freezing  point  for  water  is    32°F    and    0°a\;  the  boiling  point  fox  water 
is    212°F    and   'lOO^C  •    Derive  a  f6rmui'a  for  express'ihg  temperature  on 
one  scale  in  terms  of  the  other.    Find  the  temperature  reading  \rtiich 
gives  the,  s.ame  number  on  both  scales.         '  '"^^ 

35*    Graph  the  following  relations: 

(a)  '      =  ((x,y)  :  2x^+  3y  -  6  =  0}  .    '       ,     *      '  ■ 

.  •  •  •      .  ' 

(b)  R_  =  ((x,y)  :  7x  +  y  ->2  =  0}  . 
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ic)        =  ((x,y)  :  5x  -  2y  -  15  =  0)' 

(d)  R.  =  {(x,y)  :  2x  +  3y-<  6)'. 

(e)  =  ((x,y)  :  7x  +  y  >  2)  . 

(f)  =^  {(x,y)  \  5x  -  2y  <  15) 

i 

(g)  Ri^nsf^^6-    '  I 


Challenge  Exercises 

Note:    The  symbol    [x]    is  used  to  represent  the  first  integer    <  x  ,  , 
or  stated  in  another  vay,    [x]    means  the  greatest,  integer  not  greater  than 
<c  .    For  instance,  if   0  <  x  <  1  ,  [x]  =  0  ;Uf    x  =  g  ,  [x]  ^  2  ;  if 
-1<  X  <  0  ,  [x]  =  -1  .  '  >  I 

.Graph  the  relations. 

1.  (a)    R^.=  {(x,y)  :  '[x]  =  x}  .  .     -  ^ 

(b)    R    =  {(x,y) 
-(c)         =  {(x,y) 
,  r  (d)  ,Rj^  =-"{U,y) 
-   (e)    R^  =  lix,y) 
=  ((x,y) 
(g)    R^  =  {(•x,y) 
'      (h)-  Rg  =  {(x,y) 

2.  Graph    r  =  0  .         '  *  . 

2  ' 

3.  Graph   r   «  0  .  '  ^ 

'  if.  When  ve  introduced  a  system  of  rectangular  coordinates  into  a  plane,  we 
used  on  each  axis  linear  coordinate  systems  in  the  same  units.  Then:  if 
^1  ^  ^^'^1^  ^2*"^  (x2'y2^  ^  two' poin^ts  in  the  plane. 


dCP^,?^)^  =\/(^2  '  ^^2  "  ^1^^ 
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Suppose  insjbead  that  on'  the  x-  and  *y-axes  ve  use  linear  coordinate 
systems  for  ^ich  the  unit^  are  in  the  ratio   r,   to    s  respectively, 
..vhere   r  ^  s  .  /     *   '       1,^        *     *  -  ! 

•        (a)    Find  a  formula  for  in  the  units  of  the  x-axis.   '  \  ' 

(b)  Eind  a  Tormula  for    d(P^,P2)    ia  the^lilits  of  the  y-axis. ; 

(c)  Let   P  ;  Q  ,        and   S   be  four  points  in  the  plane,  with 
r  '   /--coordinates    (P3_,P2)  ,  {q-^,q^)  ,  (r^>rg)  ,  and    (s^,S2)  ^ 

respectively.  ^  Under  vhat  conditions  Is    PQ  =  RS  and 

•       ^   '  -> 

"  .  >/Pi  -  qi)^  +  (Pg  -  qg)^  -yA^i  -  ^i)^  +  (rg  -  B^f  ? 

p    '  K 

5^    Find  the  graph  of   S  =  {Cx,y)  :  {kx  +  37  -  5)    =  0)  .    Can  you  find  a  . 
*  simpler  analytic  representation  for  the  graph? 

.6*4  What  is  the  graph  of   T  =  ((x,y)  ;  Cax  +  by  +  c)^'=  0  ,  where 

2       2/^  .  * 

a-+b    ^0    and    k    is  a  positive  integer} Can  ^ou  find  a  simpler 

analirtic  r^iresentation  for  the  graph? 

7.  Find  the  intersection  of   L^'  ^  ((x,y)  :  3x  +  2y  -  1  =  0}  and 

=  ((;c,y)  :  2x  •  3y  +  2  =  0)  ' 

8.  Find  the  graph  of  U  =  ((x,y)  :  (3x  +  2y  -  l)(2x  -  3y  +  2)  =.0}  . 
J.^^S-^J'ind^-the-graph'of  V  =  ((x,y)  :^(x  +  y^x  ^^^i)  =  0}  . 

10.    Find  the  graph  of   W  =  ((x,y)  :  xy  =  0}  . 
^  11.    Assume  that\  1,^  =-((x,y)  ^  a^x  +        +  Cq  =  0  ,  a^^^  +  b^^  ^  0)  and 

^L^  =  ((x,yl.  :  a^x  +»b^y  +      =  0  >  a^^  +  b^^  ^  0}    have  a  unique  point 
^^'^1^    in, common.    What  can  you  say  a6out    x^    and   y^    if    ap  ,  a^  *, 
'     "  '^0  ^  ^1  ^'  ^0  >  and          are  '  . 


(a)  I  integral? 

rational?  '  *  *      \     ^  \ 

(c)  real? 

(d)  complex? 

,12.    What  can  you  say  about  the  graph  of  ^    ^  .      v  ' 

(a)  R  ^  ((x,y)  \  (3x  -  2y  +  2)  +  k(x  +  y  +  1)  =0  ,  where    Ic    is  constant}? 

(b)  S  =  ((x,y)  :  (x  +  y  +  1)  t  k(3x  *  2y  +  2)  =  0  ,  where'^^k   is  constant}? 

(c)  T  t=  ((x,y)  :  m(3x  •  2y  +  2)  +  n(x  +  y  +  l)  =■  0  ,  where   m^\  ^  ^  0  , 
^  and   m   and   n   are  contant}?  ^ 
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13.    What  can  you  say  about  the  graph  of 

(a)  JJ  =  {(x,y)  :  (3x  -  ^  +  2)  +  t(x  +  y  +  l)  =  0    .vhere    t  •  iB  a/ 

^     real  variable}  ? 

(b)  V  =  {(x^y)  :  (x  +  y  +  l)  +  t(3x  -  2y  +  2)  =  0  ,  vhere    t    is  a^* 

real  variable}  ? 

(c)  W  =  ((x^y)  :  s(3x  -  ay  +  2)  +  t(x  V  ^  +  l)  =  0  ,  vhere    s^  +  t^  0 

and    s    and'  t    are  real  variables}  ?         *  - 

Ik*    Assume^  that  the  linear  equations    a^x  +  b^  +       =  0  ,  \^ere 

2        2  *  (22 

®0    ^  ^0    ^  ^  >  ^1^  *^      =  9  ^  vhere   a^    +  b^   ^  0  ,  are  ^ 

not  equivalent.  -,Whaj/  can  you  say  about  the  graph  of 

(a)  "  R  =  {(x,y)  :  (a^x  +  b^  +  c^).  +  k(a^x  +  b^y  +  c^)  =  0  ,  vhere 

k    is  constant}  ? 

(b)  S  =  {(x,y)  :  (a^x  +  b^y  +  c^)  +  k(aQX  +  b^y  +  c^)  =  0  ,  vhere 

k    is  constanij}  ? 

(c)  T.=  {(x,y)  :  (a^x  +  b^y  +  c^)  +  t(a^x  +  b^y  +  c^O  =  0  ,  vhere 

t    is  lilp.}  ? 

(d)  U  =  {(x,y)  :  (a^x  +  b^y  +  c^)^  +  tCa^x  +  b^  +  c^)  =  0  ,  vhere 

^        t    is  real}  ?  ^ 
je)    V>;  {(x^y)^  m(aQX  +  b^y  +        +  n(a^x,+  b^y  ^  c^)  =  0  ,  yhe^e 

2*2  ^ 

m   +.  n    ^'0  ',  and    m    and  -  n    are  constant}  ? 

(f)    W  =  {(x,y)  :  sCa^x  +  +  t(a^x  +  b^y  +  c^)  =  0  ,-^vh'ere 

2  2 

s    +  t    ^  0  ,  and  s    and   "b    are  i^ol  variables)  ? 

15.    What  is  tl^graph  of  ' 

,    Aei)    S^-.{Cx,^)^:  b'=  1}  ?_;^    ^  ^ 
'{hY  T  fc=J(x^y)  :  1  =  1}  ?  :     ;  ^ 


2-6#    Direction  on  a  I^lne,  '  - 

*  \' 

Although  there  are  two  senses  of  direction  implicit  in  our  intuitive 
notion  of  a  line,  neither  one  is  dominant  or  primary.    When  we  represent  a. 
line  analytically,  we  may«»  suggest  a  specific  sense  ^of  direction  for  the  line. 
When  we  undertake  a  geometric  description  of  the  line  in  terms'of  an  associ- 
ated angle/  we  suggest  a  sense  of  direction  for  the  line  if 'a  side  of  the 
angle  As  contained  in  the  line*  '  ' 

In  this*section  we  shaHi^introduce  some  of  the  analytic  ideas  and  terms 
which  may  be  used  once  a  sense  of  direction  has  been  assumed  for  a  line.  We 
shall  also  consider»the  geometric  interpretation  of  the  ;ldeas. 

When  we  speak  of  the  line  segment  from  to        ,  we  suggest  a  sense 

of  direction  on  the  line.*   If    P^  =  (x^^y^)    and        =  (x^,y^)  ,  the  numbers 

i  =       -         and  ■  m^=  y^  -  y^    also- suggest  this  sense  of  direction^ 

^  The  numbers    i   ^and    m    az^e  called* direction  numbers  of    L  .    For  the 
or^red  pair  o^  direction  nuiribers  we  use  the  symbol    (i,ra)  •    Since  this 
symbol  is  also  used  for  a  point,  care  must  ^e  exercised, to  avoid  ambiguity. 
Clearly  a  line  has  infinitely  ma:ny  pairs  of  direction  numbers,  since  there 
are  infinitely  many  pairs  of  points    P^    and    P^'  which  determine  it.  Ho.w- 
ever,  all  the  pairs  for  a  given  line   L    are  related  in  a  very  simple  w^. 
If    L   has  a  slope  and    (i,m)    and    (i*,m*)    are  two  pairs  of  direction. 

-numbeus  for  L  ,  then   j  =        and  there  13  a'nuznber    c  /  0    such  that  ^ 

=  ci    and    m»  =  .cm  .    If  *L    has 'no  slope,  there  is  stil3>  such  a* number 
though  the  argument  above  doe^  not  prove  i^.^  If  two  lines  are  parallel,  a 
similar  argument  shows  that  any  two  pairs  of  direction  numbers  for  the  two 
are  related  in  the  same  way.    Thus  .it  is  natural  to  make  the  following 
definition:-  ^  '  -  \  ,  ^^.^ , ,     ^ ^ 

,  DEFPTETION.  The  pair-  (^,.m)  of  direction  numbisrs  is  said  to 
be  equivalent  to  the  pair  ,m^)  if  and  only  if  there  is  a 
number    c  ^  0    such^Hat        =  ci  ,  m'  =  cm  .  "  ^ 


The  preceding  OTscussion  can  now  be  summarized  ^in  the  followljig  statenlent. 

Two  distinct  lines  in  a  plane  are  parallel  if  and  only  if  any 
pair  of  direction  numbers  for  one  is  equivalent  to  any  p'air 
for  the  otfher. 


[   A  pair    {£,m)    of  direction  numbers  for, ^ a  .line    L    may  be  said  to 
determine  a  direction  on*  the  line  in*^e  following  s6nse.  Let 

=  (Xq^Yq)*-  be  ^  fixed  point  of    L    and    P  =;  (x,y)    any  other  point  of  L 


=  ci    and  y 


cm 


or 


X  =  Xq  +  ci  ,  < 

y  =»y'Q  +  cm  ,       vhere    c     0  . 

^The^point  P^  separates  L  into  two  sets  of  points;  the  points  on  one  side 
of    pQ    are  given  by  positive  values  of    c  .    P^    and  the  points  of    L  given 

form  a  ray,  which  we  call  the  positive  ray  (on  L) 

,  then    P^  and 


by  positive  values  of  -  c 

with  endpoint  P^  .  If  P^  =  i\,V^)  is  another  point  of  L 
the  points    P  =  (x,y)    given  by 


where    c  >  0  , 


^orm' another  positive  ray  on    L  .    The  intersection  (set  of  common  points)  of 
the  positive  rays  with  endpoints         "^and    P^    is.  one  of  those  two  rays. 
Intuitively  speakirife,  all  the  positive  rays  point  in  the  same  direction  on 
L  .    The  pair    (ci,cm)    of  direction  numbers  determines  the  same  direction 
on    L    as'  {£,m)    if  an'd  only  if    c  >'0  .  - 

If    (i,m)    is  a  pair  of  direction  numbers  for    L  ,  the  equivalent  pair 

V  A2  ,  '2  •      /  2  ^    2  i  . 
+  m        Vl    +  m  / 


■7 


is  of  particular  importance.  Such  a  pair  is  sometimes  called  a  normal  ized 
pair.    You  shotild  observe  that    a    +  p.    r=  i  . 


Let   L    be  a  line  in  a  plane  wi'th  a  rectangular  coordinate  system  and 
l6t       ,be  the  line  parallel  to.   L    which  passes  through  the  origin,    (if  L 
contains  the  o|»igifi/    L*  =1^.)    Then    L    and    L'    have  the  same  pair  of 
direction  numbers    (l,m)  .    Figure  2-13a  shows  the  situation  if    £'  >  0.  and 
m  >  0  ,  Figure  2-13b    if    £  >  0    and    m  <  0  ,  Figure  2-13c    if    £  <  0  and 
m  <  .€  ,  and  Figure  2-13d  if    i  <  0    and    m  >  0  . 
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Plgiore  2-13a 


Figure  2-13^ 


Figure  2-13c 


y 

\y  p. 
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ST 

Figvure  2-13d 


OThe  arrowheads  show  the  positive  directions  on   L   and        .  ;  The  angles 
a   and  •p,^  are  called  the  direction,  angles  of  the  line   L   vith  the' positive 
direction  determined  by  the  pair    {£,m)    of  direction  numbers.  is  the^ 

angle  formed  by  tlife  posiMve  ray  oh  '^L*    with  the  origin  as  jendpoint,  and  the 
positive  half  of  the  x-axis.  is  the  angle  formed  by  the  positive  ray  x>n 

|,  L!'  with  tile  origin  as  endpoint,  and  the  positive  hfdf  of  the  y-axis.  We 
,  note  that  the  direction  angles  ar^  geometric  angles,  with  the  single^  exception^ 
that  their  sides  may  be  coliinear.    Hence,    0  <  a  <  18Q°  .and'  0  <«p  <  l80°  • 

If    c  >  0  ,  eateh  equivalent  pair    (ci,cm)    of  direction  numbers  for  L 
is  also  the  pair  of  coordinates  for  a  point  on  **L^  .    The  point  wi'tTP^fT^^p,  )  , 

the  ilormalized  paixft^  as  coordinates  has  been  indicated  in  each  case  of 

"  2  2* 

Figure  2-13.    Consideration  of  these  cases  reveals  that,  since^^  +      =  1  , 
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COS  a  c  ^  ,  and  Cos  3  =  .  yThe  cosines  of  direction  angles  of  a  line  L  a] 
call'to  direction  cosines  foy  the  line. 

The  direction  number^  angles,  and  cosines  of  a  ray  '  R    are  defined  to 
be'the  direction  numbers,  angles,  and  cosines,  respectively,  of  the  line 
containing    R   vith  positive  direction  determined  by   R  . 

Example  1^.    What  are  the  pairs  of  direction  nuiriberfi*,for  the  line 
determined  by  the  points    P  '  =  (-2,7)    and    P.  -  =  (6,-2)  ? 

Solution.  .  One  pair. is    ^-2     6,7  -  (-2))  ,  or"  (-8,9)  ,  but  any 

equivalent  pair    (-8c,9c)  ,  where    c  ^  0  ,  will  do..    Since  any  pair    (i,ra)  ,  • 
i     -8  * 

must  be  such  that   -  =        or  ^  9i  +  8m  =  0  ,  we  may  write  this  as  ^ 
{(^,m)  -  9^  ■+  8m  =  0  ^  i""  -*-  m%^  0}  , 

Example  2.   -        '  -  \  .  /  , 

"(a),  What  are  the  direction  cosines  and  the  measures  of  the  direction 
angles  for  the  line.  L    with  the  positive  directipn  de^rmined  by 
the  pair    (l,lX  of  direction  numbers?    '  ,  ^ 

•   (b)    What  are  the  direction  cosines  and  angles  for  the  same*line  , 
^      ^ut  with  the  positive  direction  determined  by  the  equivalent  pair 

Solution.  '  '  .  '  c  .  :        .  .  .  

'  (a)    'cos  ct  =    X  =  ^         and    cos  P  =  [i 


.2  2 
i    +  m 


Therefore,  cos  gc  =  cos  p  =  and  *a  =  3  =  ^5°  . 

'  (b)    In  this,  case,    cos  a  =   —  ,  cos  p  =         and*  a  =  P  =  135°  . 

'  -/2  V2  '    ^    '  - 

9       Example  3.    Fin||the  direction  angles  and  direction  cosines  of  the  line 
through    (l°,2)    with  positive  direction  determinediby  the  pair    (-^^^if  of^. 
direction  numbersv    Do  the  same  when  the  positive  direction  is  determined  by 
the  pair    (77,-1)  .  '       .  '     .  ^  ^ 


Solution;  .In  the  first  c'a§e. 


-     *         1    *  •  ' 
^  =  -  -5-   and       »  ^  .    Since  "by 


definition  [O  <  a  <l8<>^    and   0  <  p  <  l8o°  ,  an^  since    cos  a  =  ?^ 


and 


cos  p  *  IX      w  see  Jthat   a  =  i5o1^^  p  =  60"^ 


If  ve  consider  the  other 


direction -gn  L^,  ve  have'^  cos  a 
^0 


cos  p  =  -  5  .  , 


Hence    d  =  30 


Exangples  2''and  3  suggest  a  careful  distinction  to      made.    A  line  has 

unsensed  direction, Lor  perhaps,  i^  ^uld  be  bett^  to  say  thaif  tvo  opposite 

senses  of  directi6n  are  implied  for  a  given  line,  but  neither  one  is 

•^ominknt.    Some  of  the  pairs  of  direction  numbers  for  a  line  imply  each 

^nse^  bat  if  we  select  a  single  JPai^,  ^w^elect  a  siilgie  s^se^of  directio 

as  well*    Direction  angles  ari^  dJr>ction  cosines  sxe  defined  oftly  for  a  line 

with  &  specified  ^ense  of  direction.    We  shall  call  such  a  line  a  directed 

*        ">  V 
llne>  ^  The  sense  of  direction  may  J3e  specified  by  the  vitontext,  such  as  the  ' 

choice  of  a  siiSgiefpair  of  direction  numbers  fpr^the  line^ 

In  Figure  2-1?*       observe  that  / 
either  £a^  and   Jfi  'or  £a*    and  , 
might  be  direction  angles^jfor,  line   L  ' 
Since"^a  +  a*  =  l80^^^  and    p  +  p«  =  l80^  , 
.we  note  thift   cos.a*=  -  cos  a   and  ( 
cos  P  =  -  cos  P  ,    Thus,  if  the  , 
normalized  pair  of 'direction' 

nuinbers  are  direction  cosines  for  a 

<3 

■directed  line, .  (  -7^,-|Jl)    aire  the  pair 
of  direction  cosines  for  the  same  line' 
with  opposite  direction;  if*  Ja^'  and  • 
^ /P   are  direction  angles  for'  a 
directed  line,  their,  supplements  are 
direction  angles  for  the  same  line  ^ 

with  opposite  direction.  .       ,  '  '       •     Figure  2-l5i-  ' 


L 

4  

a' 

J-  '  ■ 

,  Exaniple        Find  direction  numbers,  cos-ines,  and  angles  for  the  lides 

(a)  t(x,y)  :  3x  r  %  -  '5  =  0)  ^.  ahd  . 

(b)  ((x,y)  :.aa  t  by  +  c  =  0}  ,  b,^  0)  . 


2-6 


i 

Solution. 


(a)    We  observe  that  if  a  nonvertical  line  has  a  pair    (i,m)  of 

direction  numbers  and  an  equation  in  general  form,    ax  +  by  +  c  =  0 
then  the  slope  of  the  line  is  given  by  both   2    and    -  ^  . 
Therefore 

s  T  =  -  ^  *  vhere    ib  ^  0  .  »     *  . 

•Since    33c  -  4y  -  5  =  0    is  in  genial  form,  the  slope  of  the  line, 
•is   ^  ,  {^,3)    is  a  pair  of  direction  numbers,  and  any  other  pair 
^        (Uc,3c)  ,  vhere    c  /  0  ,  is  an  equivalent  pair  of  direotion 

numbers.  •  The  norma2J.zed  pair  of  direction  numbers,  or 

direction  cosines    cos  a    and    cos  p  ,  is  either 


=  Mr  .  r  or 


3 

^       3      depending  on  vhich  sense  of  directipj^,  is  adopted  .for  the  line. 

^We  use  tables  of  trigonometric  ^unctio^is  to  disrsqjrer  that  the 

measures     a*  and    p   of  the  corresponding  direction  angles  are 
(approximately)    37°    and    53°  ,  or    1^3°    and  127° 

*    •        respectively.  •  ^  * 

'""^^-^fe^    For  the  general  form  of  an  equation  of  a  line    a^  +  by  +  c  =  0 

vhere   b     0  ,  the  slope"  is    -  ^  •  .  Thus,^  (s-b,a)  ,.  (b,-a)  ,  and, 
in  general,    (-bk;ak)^  ,  vhere       ^  0  ,  are  pairs  of  direction^ 
*^  numbers.    The  normalized  pair,  or  ^jair  of  direction  cosines ,''*is 

•b 


depending  on  the  sense-.of  direction.    Once  the  direction  cosines 
are  found,  the  direction  angles  are  uniquely  determined,  since  by^ 
definition   0  <;a  <-l8o°   *and    0  <  p  <  l80^  .  * 
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.Example 


5.    Consider  *the  line   L  =  {('x-y)  j  -  +  ^  =  1  *,  ab  if  0) 

Let  C'be  the  origin;  let  A  "land  B  be  the  points  of  L  on  the  x-  and 
y-axes  respectively* 

(a)  Write  an  equation  of   L    in  general  form*         '    '  . 

r  *   

(b)  Find  the  length  of  the  altitude    OC    on  the  hypotenuse  of -right 
triangle    AOB  •  -  ^ 

(c)  Find  the  direction  cosines  of   0C\    .  , 

(d)  'Ho^r  sire  the  coefficients  in  the  answer  to  Part  X  a)  Related  to 

the  results  of  Parts  (c)  and  (b)? 


>  Solution*- 

^(a)    ~  "^^^  ^        equivalent  to   bx  +  ay  -  ab*  =  0 vhich  is  in 
general  form.*-        *  *  ' 

•  li 


(b)    The  area  of   MDB    is  e^ual  Tjjpth  to'-^jabj"   and  to 
IVa^Tb^  •  d(O^c)  ; 


.  .       «vy^../  ,  hence,  ygiabj  ^  ^ 
^erefore,  the  length  of   OC  =  d(0,c)  = 


ab 


(c)    cos  a  =  cos  ^ABO 


r 


#7 


5" 


Ya  -K 


(Why?) 


cos  P  =  COS  /BAG  = 


'  a 


(d)*^*Lastly,  ve_note  that  the-fesults 
'  '%of  Parts  tc)  y  and  ^b)  apart 
from  a  possible  difference  in 
sign,  are  proportional  to  the 
coefficients  in  the  equation 
obtained  in  Par^'^(a)*  The 
constant  of  proportionality  is  ^ 


(Why?) 


Exercises  2-6 

Find  pairs  of  direction  numbers  for  the  line  through  each  pair  of  points 
given  below.    Use  both  possible  orders; 

(a)    (5,-1)-,  (2^3)  •     "    (e)   .(1,1)     ,  (2,2) 

.(•b)    (0,0>  ,  (1^,1)  (f)    (.1^.1)  ^  (1^1) 

(c)  (2,-3)  ,  (2,3)  "      (g)    (1,0)     ,  (0,1) 

(d)  (-1,1^)  ,  (-6,1^)^  (h)    (2,-2)    ,  (-2,2)  '  - 

Find  the  normalized  pairs,  of  direction  numbers  for  the  lines  In 
Exercise  1. 


Find  thQ- direction  angles  of  the  llnes^ln  Exercises  1  and  2. 

Given  the  pairs    (3,-U);,r^2,0)  ,  (0,-3)      (-1,2^  ,  and    (-2,/)  of 
directioA  number,      »       %  ^  -    .  ^ 

(a)  find  the  slope  of  a  line  vith  each  pair  ds'a  pair  of  direction 
numbers 

(b)  find  .a  pair  equivalent  to  each,  pair,  and  find  the  corresponding  . 
direction  angled  •  ' 

(c;    draw^the  line  through  the  origin  with  each  pair  as  its  direction 
^nuiribers,  and  indicate  the  positive  direction  on  each Jine  deter- 
mined  by  the  pair  '(Do •not  draw  too  many  on  One  sketch.)  ^  » 

(d)    indicate  on  your  sketches  the  direction  angles  of  each  directed  line. 

^0  "  ^^0'7o)  '  h  =  ^V^l)  '  ^2     (^^2^  ^ 

distinct  points  on  a  line  parallel  to  the  y-axls  in  a  plane  with  a 
rectajigular  coordinate  system.    Show  that  the  pair  of  direction  numbers 
determined  by         and         and  the  pair  of  direction  numbers  determined 
by    P^    and    P^-  We  equivalent.    '    ^    J  . 

Let  a   and    p   be  the  direction  angles  of  the  line.  L   with  positive 
direction  determined  by  the  pair    (i,m)    of  direction  numbers,    a'  . 

and^  P»    the  direction  angles  of   L    with- positive  direction' detennine^^^  

by  the  pair    (-^,-m)    pf  direction  numibers.    Prove  that*  'a    and    a'  /We^ 
'Supplementary,  &hd  that    p    and    p»    are  si^plementary.  ' 

Assume  that  in  each  gprt  of  Figure  2-13  a  polar  coordinate  system  has  . 
also  been  introduced  in  the  usual  way.    Let  o)    denote  the  measure  of  a 
polar  angle  which  contains  *the  positive  ray  of   L»    with  endpoint  at 
the  origin.         '  * 

(a)  .  Show  that  in  each  case    sin  i)  =  cos  3  .  Z' 

(V;    Show  that  sjn  o)    =  cos  P  ,  for  any  posi-tive  ray  lying -on  an  axis.. 


6k 
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'8,    Find' pairs  of  direction  numbers^  direction  cosines,  and  direction  anjgles 
for  the  lines    L  ,  M  ,  and-  N  ,  where        ,  ** 


(a)  L  ==  ((x,y)  :  X  -  2jr  +  7  t  0}  • 

(b)  .  M  =  ((x,y)-:  y  =  -  ix  +  .7; 

(c)  N  =  {(x,y)  :  I  -  ^  =  1}  .  ,  /        ■  ' 

■I-  .         •.      .  . 

2-7  •    The  Angle  Betveen  Two  Linesx  Parallel  and  JPerpendicular  Lines, 

We  have  developed  various  forms  of  an^equation  of  a  line.    Here  ve  shall 
use  equations  to  answer  a  question  about  the  lines  they  represent:    What  angle 
is  formed  by  two  lines?    In  particular,  are  two  lines  pei^pendicular  or  parallel? 

We  observed  that  the  slope  of  lines  parallel. to  the  x-axis  is  zero,  and 
that  lines  parallel  to  the  y-axis  have  no  slope.    Because  of  the  customary 
orientation  of  the  axes  we  usually  refer  to  lines  parallel  to  the  x-axis  as 
hori zontal  lines  and  to  lines  parallel  to  the  y-axis  as  verti*cal  lines. 


;q  +  i  ,  yQ  +  mg) 


i  'I 
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In  Figure  2-15  ve  indicate  1^vo  nonvertical  lines    L,    a^nd   L'^  , 
intersecting  'at  th*  point    Pq  =  (x^jy^)  .    The' vertical  line  represented  by 
the  equation    x  =      +  1    will  -intersect  these  lines  at  and 
'  respectively.    If  we  represent  the  slopes  of         and         by    ra^  an^' 
respectively,  the  coordinates  of   P^    and    P^   will  be  ,  (x^  +  1  ,  y^  +  n^) 
and   (3Cq  +  1,  y^  +  nig)    respectively.    If  in  triangle    ^^^^    ^^^apply  the 
distance  formu],a  and  the  Law  of  Cosines  in  terms  of   Ij^^^,  ^'^^  obtain 

(d(P^,P2))2  =  (d(Po,P^)y  +.(d(Po,P2))2  -  2d(Po,P^)d(PQ,P2)  cos  0  ,       .  ' 
or  X  .    ,    ^  .  ^ 

(m^  -  =  1  +  m^^  +  1  +        -  2V^1  +  m^^  •  J\  +  m^^^   co&  e  . 

This  is  equivalent  to  '  ^ 

-Sm^mg  =  2  -  2^/r7^.  ^\  +  ^  cos  0  , 
of'  .        ,  . 


^1)  cos  0 


^Q^^g  i*    Fi^d  the  Measures  of  the  angles  of  intersection  between  the 

1 

3= 


lines  represented  by  the  equations   y  =-ix  ^1    and   y  =  2x  +  1  . 


Solution.    Since  the  equations  are  in  slope-intercept  form,-;we  pei^c^ive 
immediately  that  the  slopes  of  the  lines  are        and    2  .    We  substitute  the^l^'-'^ 
values  in  Equation  (l)  to- obtain 

•    cos  e  =  ^  =  _3        ^     3  ^ 

Thus   9=^5    ,  and  the  other  three  angles  of  intersection  will  have -measures, 
of         ,  135    y  and   135°  .  .  . 
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^      In'your  previous  courses  you  discovered  that  tvo  nonvertical  lines  are 
parallel  or  the  same  if  and  only^  if  they  have  the  same  slope.    Clearly  all 
v^Ytical  lines  are  parallel.    You  also  jiis covered  that  two  nonvertical  lines 
are  perpendicular .if  and  only  if  the  product  of 'their  slopes  is    -1  .  It 
should  be  clear  that  a  vertical  line  is  perpendicular  to  a  second  line  if 
and  only  if  the  second  line  is  horizontal. 

In  Equation  (1)  ve  note  that  the  lines  are  perpendicular  if  and  only  if 

(2)'   .  '  cos  0  =  0,   or    m^m^  =  <r^. 

Example  2.    Find  an  equation  for  the  line    L  ^which  contains  the  point 
P  =  (^^3)    and  which  is  perpendicular  to  the  line  represented  by  the  equation 
2x  +  3y  +  7  =  0.^ 

Solution  1.    In  the  previous  section  we  observed  that  the  slope  of  a  line 

represented  by  an  equation  with,  general  form    ax  +  by  +  c'  =  0  ,  (b     0)  , 

a  2  f  * 

is    "*         Thus  the  line  above  hg^^lope    ^  ^  *  ^        perpendicular  to  . 

the  given  line,  its  slope    m   must  be  such  that     *  ,  ,  ^. 

•  2        T  3  ^ 

-  -m  =  -1  ,  or    m  =  I  .  •  • 

Since   L    contains    P  =  (^,3)  has  the  equation  in  point-slope  form, 


4 

This  is  equiveilent  to 


or 


(y  -  3)  =|(x  k) 


|x  -  y  .  3  =  b  , 


3x  -  2y  -  6  =  0 


Solution  2.    We  might  have  developed  a  more  general  equation  for  a  line 
*L    which  contains        =  ("^QfVQ)  ,  and  which  is  perpendicular  to  a  line  with  ^ 

equation    ax  +  by  +  c  =  0  ,  (ab  ^  O)  .  .We  (Jfeerve  tJifttCthe'  slope    m    of .  L 


must  be  such  that 

a        -  '  b  ' 

-  T-m  =  -1  -  or   m  =  —  • 
*                                     b            '  a 

*  ' 

Thus    L   must  have  the  .equation  in  point-slope  form. 


this  is  equivalent  to  '  *  . 

(aV    •  bx  -  ay  .  ,(bXQ  .  ay^)  =  0  .  i 

If  we  substitute  the  specific  values  for    a  ,  b  ,       ,  arid  in  this  ' 

general- eq^aation,  we  obtain  '  ^  • 

3x  -  2y  -  (3-  li  -  2.  3)  =  0  ,  or   3x  -  2y  -  6  =  0  .  .  * 

^       If  we  generalize  the  notion  of  angle  so  that  we  may  speak  meaningfully 
of  the  measm'e  of  the  "angle"  between  two  parallel  lines,  we  may  obtain  both 
these  results  as  corollaries  to  the  more  general  problem  of  determining  the 
angle  between  two  lines.  Let  two  parallel  directed  lines  have  the  same  sense 
of  directi9n.    Then  the  projection  of  each  positive  ray  of  one  line  on  the 
second  line  is  also  a  ray  and  coincides  with  a  ijositive  ray  of  the  second  li^e. 
The  cx^incident  rays  form  angles^*^ose  measure  is''  0°    or    0    radians.    When  j  • 
two  parallel  directedv lines  have  opposite  senses  of  direction,  the  projection 
of  each  positive  ray  of  one  line  on  the  second  line  is  also  a  ray,  but  in  this 
*case,  it  is  opposite  to  a  positive  ray  of  the  second  line.    The  p^irs  of 
opplosite  rays  form  angles  whose  measure  is    l80°    or    n    radians.    We  speak 
of  parallel  and  antiparallel  directed  lines  respectively  to  distihguish 

between  these  two  cases.  ^  t%  -s^ 

I  |4  ^  - 

The  preceding  discussion  suggests  the  following  conventions.    The  ^ 
measure  of  the  angle  between  two  parallel^  directed  lines  is  said  to  be  0° 
or    0    radians.    The  measure  of  the  angle  between  two  antiparallel  lines  is  ' 
said  to  be    l80°    or    n  radians. 

Althoi^h  the,  Law  of  Cosines  was  not  developed  for  angles  of  meaaore  0° 
or    l8(f  ,  the  relationship  it  describes  is  still ^talid.    We  shall  leave  the  ^ 
justification  as  an  exercise.    If  this  extension  is  made,  we  may  apply 
Equation  (l)  to  pj^illel  s3iB  antiparallel  directed  lines.    In  these  cases, 
eguivalent  conditions  are  that   .cos  0=1    and  cos  0  =  -1    respectively.  - 
Thus,  if  the  lines  are  parallel,'  cos  0  =  t  1    and  Equation  (1)  becomes  - 


'1  + 


t  1 


This  is  equivalent  ta       '       '  » 

.       ^       (1  +  xti-m^f-^  (1^+  i^^)(l  +  m^)  \ 

or  *•     -  ' 

2    2  2^^*      2 '    ^  o  o 

*  1  +  =  l  +  mj^  +"m^  m^ 


This  becomes 


or 


2 


vhich  is  true  if  and  only  if  =  •  Thus,  nonvertical  lines  are  parallel 
if  and  only  if 

(U)  cos  e  =*i  1  y  vhich  is  equivalent  to  ,      =  . 

Thus,  ve  may  express  the  condition  that  two  nonvertical  lines  are  parallel 
.  either  in  terms  of  the  angle  hetvpen  them  or  in  terms  of  their  slopes. 

i  "  * 

ExampleL  3*  -  Write  an  equation  in  general  form  for 

(a)  the  line  "coixtaining  the  point   (1,2)    and  parallel  to  the 
line    L  =  {(x,y)  :  3x  -  3y  +  6  =  0}  ,  and 

(b)  •  the  line  containing    (xQ,yQ)    arid,  parallel  to  the  line  , 

L  =  {(x,y)  :  ax  +  by  +  c  =  0,  \^ere   b  /  0}  . 
> 

Solutions  >  '  ^* 

3  '  •  . 

(a)    The- slop_e  of  both  lines  must  be       ,  so  the  required  liYie  must 


'have  as  alj  equation  in  {>oint -slope  form,  - 

^     -y.,2  =  |(x.  1)  . 

^This  is  equivalent  to 

^  V  -  ^  =  3x  -  3  ,  or   3x  -  ay  +  1  •=  Ol 

(b)  .The  slope  of  both  lines  must  be    -  ^  ^  so  4;he  required  line  must 
have  as  an  equation  in  point-slope  fom,  . 

*Wrhis  is  equivalent  to        .  • 

-  .  -'tyQ  =  -ax  +  ax^  ,       ■  \         ^  ^ 

 : ...  ,  -  -^^^ 

(5)  .       •        ax  +  by  -  (axQ  +  by^)  =  0  •  /  ''^ 
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Since  equations  representing  lines  are  frequently  ^en  in  gener^'  form, 
^*  we  vrite  an  equivalent  e3Q)ression  to  Equation  (l>for  the  cosine  of  the  angle 
between  tvo  lines  in  terms  of  the  coefficients  in  the  equation^. 

Let  two  nonvertical  lines -  L^    and;  Lg   have  respective  slopes   m^  and 
m^   and  be  represented  by  the  equations 

a^x  .  b^y  .  c,  =  0  ,  where    a^^^  ^  b^  ^  0  ,    ,  ' 

and  •  ... 

^  ^        +  b^y  +  cg  =  0  ,  where         -Kb^^  ^  0  • 


We  have  observed  that 


>       m^  =  -  ^    and.  mg  =  .  -r  . 

1  ^  2 

If  we  substitute  these  values  in  Equation  (l),  ve  obtain 


a^ 


1  +  b  b 

COB  e  =  -— — _— — 


2 


«1 


idilch  Is  equivalent  to 


COS  9 





or 


a^a^  +  b,b. 


(6)  C08  e  =  ■— :   ^212  ^ 
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Since         +  0    and         +        ^  0  ,  Equation  (6)  is  alvays  defined. 

Furthermore,  Equation X 6)  is  valid  even  vhen  .L^  or         is  vertical.^  We 

shall  leave  th^-^ustifi cation  as  an  exercise;  '  ^ 

When  tvo  liries  intersect,  tva  pairs  of  vertical  angles  are  formed.  If 
the  lines  are  not  perpendicular,  two  of  the  angles  are  'acute,  vhiie  the  other 
tvo  are  obtuse  and  supplementary  to  the  acute  angles.    The  cosine  oi-^  acute 
angle    9    is  positive,  while  its  obtuse  supplement,  is  su'fci^hatc^ 

cos  9*  =  -  cos  9  .    Thus,  if  we  wish  to  obtain  only,  the  acute  or  isight  angle 
between  lines  and        }  ve  consider 


^   (Y)  cos  9 


i 


Example        Find  the  measure  of  the  acute  angle  between  ^ 
=  ((3C,y)  ^:  2i  -  7y  +  '25  =  0}    and        =  {(x,y)  :  3x  -  5/  :  5  =  0}  ^ 


Solution. 


cos  9  = 


'   |2.  3     (■7)(-2)|  ^  20^53-13'^   ygp  - 

+  (-7)^.  V3^  +  (-2) 


53-13 


and  e  i5  1*0°  . 


ExainpleT^,    Let    (i^,'m^)    and    (i2>ni2^        pairs  of  direction  numbers 
^4   for  lines    L^^     and         respectively.    Show  that  is  perpendicular  to 

^  if  and  only  if    i^l^  +  m^m^  &  0  .  ^  . 

Solution.    'This  suggests  a  special  case  of  Equation  (6), 


cos  6  = 


/    2-^2     /    I     .  2 
■     V\  V^2    ^'^2  , 
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vhere  a^,b^  and  a^^b^  are  the  coefficients  in  general  forms^of  equations^ 
for  and  respectively.    We  are  considering  perpendicularity,  vhich  ^ 

is -equivalent  to    cos  0  =  0    or  the  condition, 

a^ag  +  b^bg  =  0  .  >  -  ' 

*.      *  * 
We  have  already  observed  that    (-b,a)    are  direction  numbers  for  a  line 
I"  =  ((x,y)  :  ax  +  by  +  ^  =  0  ,  vhere    &■  +  b^  ^  0\  .    This  Is  true  in  general, 
V  _ve  shall  ask  you  to  justify  in  the  exercises.    Thus,  we  may  write 
\  ■>  \  =  -  l^^i'  ,       =  kgfflg  ,  an,d   b^  =  -k^ig  ,  where   k^    and   kg  are 

constants  such  that    k^^  +  kg^     0  .    We  substitute  these  in  the  necessary  and 
sufficient  condition  above  to  obtain 

k^m^^.  kgmg  +  (-k3^i!^)(-kgi!g)  =  0  , 

I 

vhich  is  equivalent  to  ^ 

Since  the  three  equations  are  equivalent,  both  the  statement  and  its  converse 
follow.  '  . 


Exercises  2-7  • 
1,    Shov  that  the  relationship  described  by  the  Lav  of  Cosine's 

(d(A,B))2  =  (diA^G))^  +  (d(B,C))2  .  2d{A,C)d(B,C)  cos  C 
is  also  valid  in  the  cases  illustrated  by 
(a) 


A 


and 


(b) 


That  is, .  Justify  the  use  of  the  Law  of  Cosines  with  angles  of  measure  "  ' ^ 
0°    and   180°  .       \  ,  ■■■  - 
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2.    Show  that' Equation  (6)  in  the  text  is  Valid  vhen  ^        '  \. 

(a)  one  line  is  vertical."^  (Let        =  {(x,y)  :  a^x  +       =,0  ,       ?fe  0}     ^  * 

•  ±  1         XL  ±  ^ 

and    Lg*  =  {(x,y)  :  a^x  +  b^y  +       =  0  ,  a^  +  0} )  ^ 

«  '  "  I  «  i 

(b)  both  lines  are  vertical,    (Let    L^  =  {(x,r)  :'a^x  =  0',  a^  /  0} 
-.and    L^  =JCx,y)  :  a^x  +       =  0  ,  a^  /  o]. ) 


3.    Which,  if  any,  of  the  lines  with  the  given  equations  are  parallel? 

perpendicular?  the  same  line? 

:  3x  -       =  12  _  H  =  |  "  f  =  1 

T  -  0  '     T      X    3    •  y  -  1 


L^  :  8x  +  6y  -  15  =  0 


Find  an  angle  between  each  of  -^he  pairs  of  y^nes  with  the  give/  equations. 

(a)  2x  -  3y  +  1  ='0  ,  X  -  2y  +  3  =  Oo 

(b)  X  +^2y  +  3  =  0,y=:2x-U  ^ 

(c)  y  =  3,,  X  +  y  =  7 

(d)  3x+2y+5=0,x-2y+5=S 

(e)  y  =  2x  r  5  ,       .  3y  +  7  =  0  '  ^  / 

(f)  '  y  =  2  ,  X  =  3 

5.  If    P  =  (a,b)  ,,Q  =  (-b,a)  ,  and    a^'+  b^  /  0  ,  show  that    OP  |  OQ  . 

6.  Let    L,  =  (!x,y)  :  2k  -  37  +     =  0)    an^   1.^  ^  {(x,y)  :  3x  +  y  -  2  =  0}  •   ^  ^ 
Write  ^  eguation  in  general  form  of  a  line  •Jjj    vhich  is:  <  ^  ^ 

(a)  ^7(^"        and  contairrs  the  origin.  ^        -  ^ 

(b)  1 1  contains        point    (l,5)  .  ^ 

•  ■  '  *. 

'('c)  and  contains  the  point    (3^^  •  f         ^  '  ^ 

(d)  Lg    and  contai^is  the  point    -(2,-1)  .  ^  '  * 

7.  Find  an  equation' fQz*  a  line  meeting  the  ^following  conditions:  ♦ 

(a-)  Parallel  to    L  =  {(*x,y)  :  2x  -  5y 7  =  0)    and  containing    P^  =  (2,7) 

)    '       (bO  "Perpendicular  to   !>=''{ (x,y)  :  3x  +  2y  -  1  =  0}  ,  x:ontaining    (2,7^  * 

^         (c>  The  perpendicular  bisector  of    AB  ,  if   A     (-3,2)  .and    B  =  (5,-1)  • 

('d)  Parallel  to  the  x-axis  and  containing^  P.  =  (5,7)  • 

(e)  Par^lel'to  thlS^y-axis  and  containing   Pj^  =  (5*7)  • 


^'8.    Quadrilateral   ABCD    is  a  parallkogfam.^  Find  the  coordinates  of  D 
-      if   A  :=  (1,2)  ,  B  =  (5,7)  ,p  H'S,-^/  If  the  order  of^ the" vertices 
of  the  parallelogram  were  not  specified/  how  many  possibilities  vould 
there  be  for   D  ?    -      '  •  • 

9.    A  line    L-    makes  an  angle  vhoee  cosine  is   ^  -/To  •  vith  '  "  - 

Lg  =  {(x,y)  :  3x  -  y  +  5  n  0)  .    Whatsis  the  slope  of  ? 

'»Find  its  equation  if  it^ontains  the  point    (1,-2)  •  ' 

10.   Let   A  =  (5,l)^,,B  =.(.2,3)  ,  and.C  =  (-3,1*)  . 

(a)  Write  thft^  equations  of  ^'^B  ,  BC  ,  and    CA    in  general  form. 

(b)  What  is  the  slope  of  each  of  these  lines? 

(c)  Find  ihe  measures  of  the 'three  angles  of  triangle   ABC  . 
.(d)    Write  equations  of  the  lines  containing  the  altitudes  of 

triangle   ABC    in  general'  form. 

11*    Let    L^;=  {(x,y)  :  a^^x  +  b^y  +  c^  =  0  /^ere,  a^^^  +  b^^     0}  "  and 
\  .-'((x,y)  :  a^x  +'b2y  +  c ^  =  0  ,  ^ere  '  a^^  +        ^  0}  . 
Let   L^«    be  perpejidicular  to    L^^^an^ontain  the 'oritjin  and  ' 
let    Lg*    be  perpendicular  to    L^   and  contain  the  origin. '     -  \ 

(a)  .  Write  equations  for  'l^«  '  and   Lg*    in  general  fo'rm. 

(b)  If    L^    and    L^    form  an   /e  ,  prove  that^there  is  an /<t>  ,  formed 
i     by    L^»    and    L^*  ,  such  that    cos  <t>  =  cos  0  . 

(c)  Interpret  the  results  of  Part  (b)  in  words.  ^ 

\        ^  '  '  ' 

2.    Show  that^if  lines    llj-^i&nd   L^   have  pairs  of  direction  cosines 

and    (T^g,!!^)  ^respectiveljr,  then 

^  '  (a)^  +  pi^^ig  =  cos  B  ,  >rtiere  /0   is  an  angle  formed  by         and  ^Ji^ 

=  cos  0  ,  Trtier^         is  the  least  ang^e  formed  by 
Lj^  and    Lg  ,  and  .  s  •  ' 

Jc)  "Vj^Ag  +  °  °"ly        \    an<3         are  perpendicular. 
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2-8,    Normal  and  Polar  Forms  of  an  Equation  of  a  Line,  -  ^ 

In  this  section  we  shall  introduce  forms  of_an  equation  of  a  line  which 

display  the  geometric  properties  discussed  in  the  last  section.    We  shall  also 

'  c  * 

consider  a  related  expression  for  the  distance  between  a  point  and  a  line. 
*  ') 

Normal  Form,    The  results  of  Example  5  in  Section  2-6  suggest  another 
characterization  of  a  line  in  a  plane.    This  characterization  leads  to  yet 
ajiothei:  form  of  an  equation  of  a  line;  the  form  has  several  useful  applica- 
tions. 

Onqe  a  rectangular  coordinate  system  has  been  defined  in  a  plane,  any 

directed  segment    OP  y  emanating  from  the  origin  and  terminating  at  another 

point    P    in  the  plaice,  *is  determined  by  the  distance    d(0,P)    and  the 

direction  cosines,  ^f^T^  =    \    and  cos  3  =    ii.  ,  of  the  ray    OP  .    In  the  plane 

any  line    L,  which  does  not  contain  the  origin  may  b^  described  simply  ^as  the 

vset  oi  points  which  is  perpendicular,  or  normal,  to  the  diirected  segment  OP 

at    P  .    The  directed  segment    OP    is  'also  .said  to  b6  normal  to    L     and  is 

^led  the  normal  segment  of    L  .    The'distance    d(0,P)    is' called  the  'normal 

•  "T*  ^  • 

distance  of    L    (and  is,  of  course,  the  distance  from    0  ^'to    L  ). 

■*  * 

In  Figure  2-l6  we  let    OPq    be  thg  _        ,,  * 


/ 


normal^  s 


ent  of    L    and    let    p  =  d(0,PQ) 


Then    Pq-=(p  cos  a  ,  p  cos  P)  *=  (pX,p[i)  . 

NowV  (pX,PlJt)   ^is  also  a  pair  of  direction 
numbers  \o'£  the  line    OpL  .    If    p  =  (x,y)^ 

is  any  point  of    L    other  than  P-  , 


(x  -  p^  , 


J  -  pp.)  is  a  pair  of 


direction 


num^bers  for   L  ^  j 


\ 


V 


|ls  we  have/ seen  in  Exa2nple^5-  of 
Section  $-7,    Jj  '  is  nortaal  to    OP^    $|t  P^- 

if  and  onfy  j.t   p;^(x  -  pX)  +  p|jL(y  -  pp.)  =  6\ 

We  note  that  the  coordinates  of  the  point 


Pq    also  Satisfy  this  equation. 


Figure. 2-l6 


ERLC 


S 


^  OxS 


The  equation  is  equivalent  to 

Since  ?y    +       =  1     this 'may  be  vritten  as 

(10  ^  -^^ik  +^My  -  P  =  0  ,       ,  •       '  ^  • 

vhich  is  called  a  normal  form  of  an  equation  of  a^line.    We  cannoj:  stress  too 
strongly  that  in  this  form        and    \i    are  no1^  direction'  cosines  gf  the  line  ' 
itself,  but, of  the  normal  segment.    The""constant    p    is  always  positive  and 
is  the  distance  between  the  Srigin  and  the  line. 

We  may  always  express  an  eqaation  of  a  line  in  general  form;  Example  5 
in  Section  2-6  also  suggests  how' we  may  find  the  normal  ..form  of  an  equation  of  ' 
aJLine    L    which  does  not  contain  the  origin.    Let    L  =  {(x,y)  :  ax  +  by  +  c  =  C 
^where    (a      b  )c  /  O]  •    The  normal  form  of  such  an  equation  is  a  sjJecial  case 
of  t^he  general  form.    Both  are  lineax  equations,  and  two  lin^  equations  are 
equivalent  if  and  only  if  their  corresponding  coefficients  are  proportional.  ^ 
Thus,  the  pair    (a,b)    is  equivalent  to  the  normal^ized  pair  of 
direction  numbers  for  the  normal  segment.    Consequently,    (a,bO    is  a  pair  of 
direction  numbers,  for  the  normal  segment  and 

(^Pt)  =7  — ^  ,    ^^^\    or  I  ' 


2 


Our  choice  between  these  £wo  possibilities  is  determined  by  the  requirement 
that    p  >  0  .     If  ^cf  <  0    in  the  equation    ax  +  by  +  e     0^  ,  we  divide  by  - 

/2 2  I  ~  * 

va    +  b      to  obtain  the  normal  form;  if    c  >  0  ,  we  divide  by    -  Va^  +  b^ 

j  -  »  ^     '  ' 

^xatople  !•    Write    3x  -  Uy  +  12  =  0,   in  normal  form. 
* 

Solution.    Since  tl^e  constant  term  is  positive,  we  divide  by 
-  V^^  +  (-1*)^  =  -5^  to  obtain 


3       \       12  ^ 


We  see  fi»om  the  equation  that  the  normal  distance  is    ^  ,  cos  a  =  and 

k  ^  ^  ^ 

cos  P  =      •  , 


2-a 


Example  2«    Put  the  equation   -6x  •       -  20  =  0    in  normal  form* 


Solujbion. 


 X  -  — y 

M        V5l  " 


20 


=  0 


We  have  not  considered  line^  containing  the  origin.  '  In  the  general  form, 
of  an  equation  for  such  a  lin^   L  ,    c    is  zero.  ,  There  is  no  directed  segment 
normal  to  the  line  emanating  from  the  origin,  nor  is  there  a  unique  standard 
procedure  ifi  this  case.    Soifte  mathematicians  hold  that  'there  are  tvo  normal 
forms,  corresponding  to  the  normal  rays       ^  ,  -     '  ,  ^ 

OP  .  and    OQ   as  illustrated  in  Figure 
2-17;  others  prefer  a  unique  form  corre- 
sponding to  the  normal  ray  for  which 
0  <  a  <  iSo^  -and   0  <  p  <  90^  .  In 
the  first  cas^  we  obtain  a  normal  form 
by  dividing  a  g^ieral  ^orm  with    c  =  0 

by  either  +  b^    or  "^-.-^  +  b^ 

in  the  second  case,  ve  obtain  a  unique 
normal  form  by  dividing  by 


#7 

Trtien 


J2- 


b,     when    b  >  0  ,  by 


L 

b  <-0  ,  ahd  by    a   TAien   b  =:  0 


You  may  f  ollov  either  convention. 


Figure  ,2-17 

Example        Find  the  normal  forms  of  equations  of  the  lines 
3x  +      =  0}  . 


(a)  Lj^  =  {(x,y) 

(b)  Lg  =  {(x-;y) 

(c)  =  {(x,y) 

Solution. 

(a)    Alternate  form's: 


3x  -  3y  =  0} 
-2x  =0} 


#x  +  -y  =  0  or.  -  -^x  -  -y  =  0 
5  '    5  5.5 


•    Unique  form:  .         -^y  =  0  • 
(b)    Alternate  forms':    -^x  y  =  0   or  - 


Uhique  form 


(c)  ^Alternate  forms: 
,  Uhique  form:    x  = 


13  i  ^ 
L3        >ap  . 

"O    or   -x  •=  d. 


A 


+  -^y  =:  0, 

m   ■  ■■ 


:eric 


2.8  ^  . 


A  useful  application  related  -^o  the  normal  form  is  to  find  the  distance 
'  between  a  point        =  (x^,y^)    and  a  line   L  =:  {(x,y)     "Xx  +  ny-  P  =^0)  . 

We  illustrate'  this  situation  in  Figure 
2-18.   F   is  the  projection  of  ^ 
onto   L    and  we  wish  to  find    dCP,,?)  . 
There  exists  a  unique  line  whi.ch 
Is  para3J.el  to    L,   and  wiiich  contains 
P^  .  is ^represented  by. the -equation 

>vx  +  ny  -  p^  =  0  .    Since  contains 

(^>yi)  f     TvXj^  +  ny^  -  p^  =  0  or 

Pi  =        +  M^i  • 

There  are  several  cashes  to  consider, 
including  the  following  two:  ^    Figure  2-l8 

0    and  are  on  opposite  sides  of    L    as  Un  Figure  2-l8.  '  Ix^  this 

case,    d(p^,F)  =P3_-P  =  "\x^  +  ny^-p, 


Pi 


is  on  the  same  side  of    L   as    0  ;  P.    is  farther  than    0  ^from  s 
^  L  .    In  this  case,  the*  normal  segment  to  has  trfe 


opposite  sense 


Hence^  its 


of  direction  and  its  direction  cosines  are 
nomal  distance  is    -?oc^  -  jiy^  ,    or    -p^  ,  and 
d(Pi,F)  =  p  +  4-Pi)  =  Iax^^  +  ny^  -  p|  . 
v:-nJ^P^  ^  ^^^^      helpful  to  draw  a  figure  .to  illustrate  the  second  situation, 
.  J/e  leave  the -other  possibilities  as  an  exercise,    Ih  ea<;h  case  the 


Jis 
L 


d  .  bet 


ween  tli^_|)oint||  P^     (Xj_,y^J  |^ana  the  l^r 
=^  {(x,y)y:  XX  +  ny  -  p  =  0l  'is  given 'by         ^  ,  - 


(2) 


■     *  '    '                     |ax^  +  by  -i-cl 
d  =  I'.TvX.  +  ny    -  p|  =    . 

le*  3.    Find.'the  distance  between   P  =^  (3;,;-10)  'and 


=  {(x,y)-  ;  3x  .  ky.  %  18  =  p).  . 
"  Solution,    From  Equation  (s)  we  obtain 


^       -.-M,^^  ,'•  -78-. ■      J  > 


ERJC.  ^/' -  :.  . 


86 


,f1 


2-8 


Form^   The  anal^ic  representation  of  a  line  in  a  plane  with  a 
lolar  coordinate  system  is  similar  to  the  normal  form*  *  '  .  ^ 


=:  (r,e) 


In 


/  ^     .  Figure  ^19   ^  ^ 

,  yigi$re  2-19,  ve  illustrate  a  lihe  L  i^  a" plane  with  'a  polar 
coordinate  systemj\^  Let  OD  be  the  normal  segment  to  L  ,  let  p  be  the 
normal  distance,  and  let  ^  be  the  polar  angle  of  D  •  If  P  =  (r,0)  i 
ariy/^oint  of   L   other  than  *  D  ,  then  in  right  triangle    ODP    we  have 


r  cos(0  Ko)  =  p 


^which  j.s  called  the  polar  form  of  an  equ&tioiy^of  \^a  line  which  does  not 
contain  the  polei    Ve  note  thiat    D  =  (p,a))    satisfies  Equation^3)  and  that, 
since   co3(a)  -  ©)  =  cos(0  -  m)  ,  the  equation  is  valid  for  points  whose  ^ 
polar  angle  has  measure    9   which  is  less  than   m  - 

■*    i.  • 

Points  are  on.  a  line   L    containing  the  pole  if  ana  only  if  they  may  all 
be  described  by  the  same  or  equivalent  polar  angles.    Thus,  the^j^presen- 
tations  of  a  line^ containing  the  pole  are 

li  is  [(t,9)  :  9  =  k  +  njt     where    k    is  real  and^  n   is  an  integer) 


or. 


L  =  {(r,9)  :  9  =     4v  l^n°  ,  where   k   is  real  and    n  'is  an  integer^  • 

The  appearance  of  the  degree  symbol  in  the  seijond  representation  does  not  mean 
that  the  right-hand  member  of  the  equation  does '^^ot^epresfent  a  simple  real 
i^umber;  rather,  ^ it.  is  a.conventipn  to  in^cate  that  the/an©Le  ;Ls  measured  in 
\degreea.  »  r  *  , 


9'. 
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Example  K  ^ 

(a)  Find  a  polar  form  of  an  equation  of  the  line  with/inclination 
135°'  and  ^ose  distance  from  the  pole  is    2  •  ' 

(b)  Find  a  polar  equationlfpr  a'line  containing  the  pole  with 
^  inclination   6o°  ,  ' 

^Solution, 

~^^"^^^~~*  •  ► 

(a)  If  the  line  .Intersec^is  the  polar  axis,  the  polar  angle  of  the 
normal  segment  is       ,  and  the  polar  form  of  an  equati6n  is 

r  cos(5  ~  |)  =  2  • 

If  the  line  intersects  the  ray  opposite  to  the  polar  axis,  the 
polar  angle  of  the  normal  segment  is   ^  ,  and  tbe  polar  form/of 
•an  equation  is  .   *  '  / 

,     r  cos(0  -  ^)  =  2  . 

ft 

(b)  The  ll^e  has  polar  equations   '  _ 

0  =  -  +  nff. ,  ^ere    n    is  an  integer. 


or 


0  =        +  l80n°  ,  where   n   is  an  integer. 


If  a  line  has  already  been  represented  in  a  reotangul^  coordinate 
system  as. 


ax  +  by  +  jc  =  0",    a^  +  b^  ^0)  , 


L  «  ax,y) 

we  may  obtain  a  ]ooldr  eqttatiorf  in  the  related  polBtr  coordinate  system  sipipiy 
by  substitution  from  the  relations    x  =  r  cos'  G    and-  y,  =  r  sin  6  •  The 
equation  becomes  ♦ 

(k)       '     a  r  cos'  0  +  b  r  sin  0l+  c  =  0  ,  ^ere    a^+jb^  ^  0  . 

In  order  to  see  How  this  equation  is  related  to  the  usual  polar  form/ 
we.  recall  that    ax  +  by  +  c  =  0   has  the  equivalent  norfiial,  form 

My  -  P     0  ,  with  the  corresponding  coefficients  proportional.  Further- 
more,   7s  =  cod  a  and  |i     cos  p     wh^re   /a   andj  ^   are  ^th^^irection  angles 
'  of'  the  nclxTafiQ.*iBegment» '  In  the  polar  coordinate 


system  whi<i^h  -^e  have*  asstuned 
to  relate  tiie^ /coordinates,  we  iJet   /d  be  a  pola:  angle  which  contains*  the 
normal  segmen-f  of  L  •    Thus  o)  =  -  d  ^and,  cos  oi  =*cos  a  -  7\    •  Furthermof'e, 


sin  0)  =^  cos3  =  II  •    If  you*  have  worked  Exercise  7  of  Section  2-6,  you  should 
already  be  aware  that  this  is 'true;  otherwise,  you  should  justify  now  that 
it  is  so.     .  .  .  , 

\  Let    >ix  +  py  ~  p  be  the  normal  form  of  Equation  {h).    We  substitute 

for  A  >  11  >  X  ^  and   y    to  obtain  ,  , 

cos  0)  •  r  COS0  +  sin  oo'*  r  sin  0  -  p  =  0  ,p 

or  '  * 

r(cos  Q  cos  0)  +  sin  Q  sin  O))  =  p  ,  *  ^ 

which  is  equivalent^ to  -  ^ 

'    ,         r  cos(0  -  cd)  =  p  .         /  .       '  . 

Exaniple  5.    Assume  the  usual  orientation  of  the  pol3:^>^s  and  find  the 
pglar  form  of  an  equation  of  the  line 

(a)  2    units  to  the  right  of  the  pole  and  perpendicular  tp  the  polar 
axis,  , 

(b)  3    units  above  tlje  pole  and  parallel  to  the  polar  axis, 

(c)  1    unit  to  the  left  of  the  pole  and  perpendicular  to  the  polar 
axis,       ^  f  ' 

(d)  k    units  below  the  pole  and  parallel  to  tjie  polar  axis. 

(e)  L-=  {(x,y)  :  X  +  Vsy  -  12  =  0}  .  , 

Solution.     .  .    .       '  '       '  -  - 

(a)    Since  the  length  and  pol'dr  angle  of  the  normal  segment  are^2  and 
0    f^espectlvely,  ,the  polar  fomi  of  an  equation  is    r  cos  ^^2  • 

^(b)  r  cos(0  I  |)  =3  .  "A  simpler  equation  is'   3  sin  0  =  3^.-'  | 

^    (c)  r  cos(0  r  Jt)  =  1  •  lAnother  equation  is    r  cos  0  =  -1  .  ^ 

(d)  r  cos(0*  270°)^^  h  1    Another  equation  is    :r  sin  0  =  . 

(e)  x  +  T^y  -  12  =  0  i|s,  equivalen-T  to  the  normal  form 


■  ,  1 


and  the  corresponding  polar  -equation 


1  '  -/^  »  ^ 

-J  r  cos  0  +  -~-r  sin,  0  -  6  =  0-,-  — 


2-8 

t 


or 

(5)  - 


„  r{i  cos'  e  +  ^-'kin  6^=  6  . 


If  we  let  I  =  cos  and  ^=  sin  <d  we  obtain  | '  as  a  suitable' Value 
for  CD  .    We  su&stitute'in  Eq^tion  {5)  to  obtain 

r(cos  ^  cos  9  +  sin  ^  sin    9)  =  6  , 
r  cos{^  -  e)  =  d  , 


.or 


r  cos(e  -  i)  =  6  , 


•which  is  in  polar  form. 


Example  6.  Assume  .the  usual  relationship  between  the  polar  axis  and  the 
X    arid  y-axfes  and  write  an  equivQlejit  Equation  in  rectangular  coordin^ites  for 

r  cos(e  -^0))  =  p  .  ' 


Solution.    If  we  expand    cogfg^-  cu)  ,  w  ubt-ala^h^-equattoiT  ^ 

r  cos  ^  cos  0)  +  r  sin  9  sin  o)  =  p  .         ^  * 

^       '   Since    x  =  r  cos  0    and    y  =  r  sin  0  ,  this  is  equivalent  to 

X  cos  0)  +  y  sin  co  =  p  • 

Because  cos  0)  =  A  and  sin  o)  p,  ,  Equation^  (6)  is  sometimes  called  the  * ,  ' 
normal  form  of  an  equation  of  a  line.  . 

/■      [  ■ 

ExerciBesll2-8  ,  ♦ 

1..    Write  each  of  the  following  equatiJLs  in  normal  form:  /  1 

(a)    Ifx  -  3y  +  15  =  0  J     (m    12x  -  5y     0  "  ' 

'  (b)   5x  +  13y  -  65  =  0  -  (h)   7y  =  20- 

•(c)  .3x  -.  ^  -  6  =  0  '         '■       (i)   9x  +  15  =  0     •    '  -  -  ' 

(*)  (5y  -  3x  +  ;l2  '.      0).  ^  - 1=  1 

(e)  'y  =  3x-,i-  7         "  •  I  -  ~  =  l  , 

m 

It)    y  =  -^-|x  +  2       I         •      (1)  y-2=|(x7-5) 


2.8 


2.  For  Parts  (a)  and  (b)  of  Exercise  1,  drav:the  normal  segment  by  using 
the  information  concerning   a  ,  3  ,  and '  p   vhich  is  supplied  by  the 
equation.    Then  draw  the  line  perpendicular  to  the  normal  segment  at 

^its  terminal  point.    Verify  that  this  is  the  iine  represented  by  the  » 
given  equation,  .  '    ,  ' 

\ 

3.  Without  using  rectangul-ar  coordinates  write  in  polar  form  the  equation 
\   of  a  line  .  '  - 

(a)  vhich  is  parallel  to  the  polar  axis  and    h    units  above  i-t,' 

(b)  wiiich  is  perpendicular  to  the  polar  axis  and    h    units  to  the 

^  if 

right  of  the  pole. 

'  ~  f  ^  •  <• 

-    (c)    through  the  pole  wi-th  slope        .  ^  a 

o  -  \ 

(d)  which  contains  the  point    (-3,135  )  lias  inclination'  ^5    .  ■ 

(e)  vhiph  contains  the  point    (3,0)    and  has  inclinaticoi    30°  • 

(f)  "  which  contains  the  point    (2,^)    and  has  inclination 

(g)  vhich  is  perpendicular  to  the  line,  with  equation  r  cos(6  -       =  2 
and  contains  the  point    (^,^)  • 

(h)  vhich  is  parallel  to  tbe  line  with  equation    r  cos(e  -  ^)  =  1 

and  contains  the  point    (2,-135  )  • 

'  _  » 

k»    Transform  each  of  the  following  equations  to  polar  form.  * 

*  (a)  X  -  U  =  O    '       ^  '  ^  -  . 

(b)  y  +  U  =  0  '      .  4f 

(c)  X  =  0 

(d)  X  +  y  +  2  =  0 

(e)  3x.  -  ^  +  6  = 

(f)  -    X  +  2  = 
'(g)    15y  -/8x  +  3^  1=  0 

,       «  -  2  2 

5.    Le%    L  =  ((x,y/)  :  Xx  +,^y-  pftc  0  ,  where   X   +  |jl   =1)    and  let 

^1  ~  ^\^^l^  •/    ^^^^  distance  between   P^    and    L  'is 

|>Xj_  +  py^^  -  p|    vhen .     ,  *  .        .  A 


In    0^  P^  i^ 


(a)  P^    is  on  • 

(b)  P^    is  on  the  same  side  of  L    as  i^he  origin    0  *^  P^    i^  Qloser 
.than   0    to   L  .  - —  •  .  *       ^  '  — ^ 

(c)  P^    is  on  the  same  side  of  L    as    0  ;  P^    and    0    are  equidistant 
.  -from  L  .  -  ^  ^      ^  i  ' ' 


6. 


8. 


9. 


10. 

11. 

1'2. 
13. 


Find  the  distance  between   P    and   L  :  ,  ■'^is.f 

(a)  P  =  (6,8)  ;  L  =  {(x,y)  :  12xC  5y  +  26  =  0).  .  •  f 

(b)  P  =  (-3,2)  ;  L  =  {(x,y)  :  3x  -  l^y  -  5  =  0}  r  • 

(c)  P,=  (-5,-7)  ;  L  =  {(x,y)  :  y  =.  Ifx  -  7}  .  ' 

« 

(d)  P«  {V-5)  ;  L  =-{(x,y)  :  1  +  1  =  1} 

(e)  P  =  (8,11)  ;  L  =  {(x,y)  :  y  -  U  =        -  3)}  . 

Find  equations  of  the  lilies  bisecting  the  angles  f9rmed  by  the  lines 
=  ((x,y)  :  3x  -  l^^r  +  5  =  0}    and        =  {(x,y)  :  12x  +'  5y  -  13  =  0)  • 

'Hint:    Hov  is  an  angle  bisectpr  described  as  a  locus? 

Find  equations  of  the  lines  bisecting  th'e  angles,  formed  by 

\  =  {(x,y)  :  3x  -  Uy  -f  rl2  =  0)    ^and        =  {(x,y)  :  a2x  -  5y  -       =  O)  • 

(See  '£cercise  7.)  ^ 

Fihd  equations  6f  the^  lines  bisecting  the,  angles  formed  by  the  lines 
=  {(x,y), :  Xj^x  +  ^^y  -       =5  0  ,         +  p^^  =  1}  and 

Lg     {(xyy)  :        +  p^^y  -       =  0  ,  7,^^  +        =  1}  %  • 

(See  Ib^fercise  7.)  '   ^      \  '  '    '     '  " 

Write  the  equation    r  cos  9  -  3  ±:.0    in  rectangular  ^coordinates. 

•  * 

Wri^^e  the  equation  .x  -  y  =  0    In  polar*  coordinates. 

2       2  • 

Write  the  equation    x   +  y    =36    in  polar  coordinates, 

^  '  •* '  ^  ' 

Write  the  equation    r  =  U  cos  9    in  rectangular  coordinates. 
Hint:    l^ultiply  both  member?  of  the  equation  by    ^  :    Check  that  the* 


pole  is  in 
make  this 


the  graph  of  the  original'  equajtion,  Ejxplai*!  vhy  you  must 
check.  » 


15. 


16. 


Write  the  equation  r  ^  2a  cos  0  iTi  r^ctan^dr  coordinates. 
(S^e  Exercise  I3. ) 

Transfom  to  rectangul^a3;v>$orm. 

(a)  e.6o°  -  ;    •  *       '  ' 

(b)  r  sin  0  +  U  =  0  ^ 

(9)    r  =^5    ,    .  (  .  -    ■    •«  . 

Sketch  the  locus  of  each  equation  in  .Exercise  15. 


17 •    (a)    Transform   x   +  y   -  l|-x  =  0   into  polar  coordinates. 


(b)  Transform   r  =  5  ces  0-3  sin  6    into  rectangular  coordinates, 

(c)  Transform   r  ,cos(e  -        =  ^   into  rectangular  coordinates. 


2.      *  2       2  2 
•(d)    Transform   (x  -h-y)-  +  y     into  pl^tar  coordinates. 


2-9  •    Summary  ♦ 


J. 


In  this  chapter  you  have  encountered  many  topics  which  were  already 
familiar  from  various  ^ourcers*    Qur  hope  is  that  by  gathering  than  together, 
we  have  offered  you  not  only  the, chance  to  refresh  your  memory^  but  also,  new 
insight^  into  the  coherence  and  "application  of  these  ideas*  '  " 


^   We  first  consid^ed  the  basis  for  coordinates  on  a  line  and  the  . 
characterization  of  subsets  of  a  line  in  terms-  of  coordinates,  ,N^xt  we  ' 
reviewed  with  care  .the  rectangular  coordinate  syfetem  in  thfe  plane  and  various 
aiialytic  representations  of  a  line  in  the  plane.    '       ' '  *    "i  • 

Polar  coordinates  inay  well  be  a  concept' new  to  you.    Relations  of  both 
mathematical  iifCerest  and  physical  importance  may  often  be  represented  most 
.simply  by  equations  in  polar  coQiidinjatesj_  .  '  '      >  _ 

J     We  have  stressed  our-  freedom  of  choice 'in  introducing  coordinate .systems. 
The  ease  of'^our  solution  of  problems  depends  in  part  upon  our  foresight  in  " 
establishing  a  framework  of*  reference'.  *      .     .      <  ^         •  '  '  \ 

In-problem  solving  the  ganger  always  exists  -that  we  might  let  the, 
algebra  do  our  thinking  for^As,.^  A  geom^^^ric  interpretation  will  both  guide 


and  control  our  application  oi 


we  have  emphasized  the  rolds  ol 
such  concepts 


^algeb; 
alge 


:*aia  techniques,  Throu^out  ^  this  chapter 
Dra  and  geometry  in  the,  interpreitatipn  o!f 


as  congruence,  b^weenkess,  direction  on  a  line,^        m^sbure  o^ 

angles,  and  the' measure  of  dista3(ice  between  points,  and  lines,/],  ^ 

I  '    \  * 

I  In  the  next  chapter  we  shall;  study  vectors.    Vectors  form  jW-.-^emsttLves  ' 

a  bridge  between  geometry  and  algebra;  for  they  are  geometric  object^^vi 

for  whifeh  algebraic  operations  are\ defined,  \ 


( 


'Review  Exercises  -  Section  2^6  through' Section  2^8 

!•    Find  a  pair  of  direction  numbers,  a  pair  of  direction  cosines,  and  a 
'    pair  of  directiqn  angles  for  '  * 

(a)  j,  the  linejcontaining  the  points    (-3,'7)    and    (U,-3)  .  - 

(b)  .a  line  vith  slop^   ^  .  *     ,  \ 

25/ 


(c)    a  ray  emanating  fmn/  C2,3)    and  containing    (-U,-8)  C 

(a)  .the  line    L  =  {(x,y)  :  6ic  -  7y  +  ^  «  0)  . 

*  ♦ 

(e)  L  =  {(x,y)  :  ^  =  I^^)  . 

(f )  L  =  {(x,y)  :  y  =  jj-x  +  9)  . 

(g)  L  =  {(x,y)  :  I  +  -y_  =  1)  . 

(h)  L  =  {(x,y)  :  y  +  2  =  (x  -  5)) 

2.  In  each  part  below  determine  whether  the  thrqe  points  are  collinear. 

(a)  (11,13)  ,  and    (1,5)  .■ 

(b)  (1/-2)  ,  (-5,7)  ,  and    (6,-12)  .    .  '  .  " 

(c)  (23,17)  ,'.(-1,-1)  ,  and    (-17,-13)  .  ' 
(dX^(0,-l*)  ;  (-3,8)  ^  and    (5.,-ll)^.    -  '      .  "    ^  ^' 

•  In  Kxercises  3-8  let    A  =  (-3,1)  ,  B  =  (2,5)  ,  C  4  (U,-l)o  . 

3.  'Find  the  distances:    d(A,B)  ,  ,  d(B,C)  .  * 

Write  in  general  form  the  equations  of  the  three  lines.  pS^  .  AC  ,  BO^^ 

5.  Use  the  results  of  Exercise  h  to  find  the  lengths  of  the  three  altitudes 
of    MBC  '    '  *  '  ,  *  ' 

6.  Use  the  results  of  Exercises  3  and  5  to  find  ^he  area  of   AABC  • 

7.  ^    MBC  ,  find  equations  of       ,  .  - 

(a)  the  line  containing  the»  bisector  dr    /A  . 

(b)  the  line  containing  the  bisector  of        .  ^  , 

(c)  *"-'  theQine  containing  the  bisector  of        .  «  / 

In  Exercise^  8-11  ,  ^et        =  {(x,y)  :  2x  -  3y  +  6  =  0)  ,  ^ 

,  .  .1^^=  j{(x,y)  !  3x  +  ky  .  12  =  0)  ,  ^ 

and         .     ;       ,     '      L^^=  {(x,y)'  t  x  ^  2f  +  k  =  0]  » 


[ 


Pind^the  distance  from 


(a)  to  each  x>f  the  lines    L,  ,  Lp  ,  . 

(b-)    B    to  each  of  the  lines  .  Ly  ,       ,       •    ■        ;  ,  * 

/  .    .  ^      ^      3  ^   '      ^  f 

'     irl^^  lines        ,  L^.,  , 

9.,  ^Pina^equations  for  the  two  angle  bisectors  of  the  angles  formed  by 
•  (a)        ,       .  •  .  . 

(b)  L^VLj  .  '  ^      '  \ 

10.  ^  Find  the  distances  between  the  parallel  lines  :^  ^ 

(a)  as  above',  and  Jj^  =  {(x,y)  :  2x  -  3y  +  12  =  0)  . 

(b)  ^L^    as  above,  and        =  {(^jY)  :  3x  +       -  1  =  0)  . 

(c)  as  above,  and   Lg  =  {(x,y)  :  x  -  2y  +  10  =  0)  . 

11.  Find  two  points  on  ^        which  are    5    units  away  from    L^'  • 

12.  the  angles  between  ^L^     {(x,y)  :  =  j—^)     "         .    -    '  ' 
ai^                      <  •    .         =  ((x,y)  :  ^  =  fz^)  .  • 

13.  Show  that        =  {(x,y)  :       "  ^  =  ^  T  g)    is  perpendicular  to 

Ih^    Find  the  angles  between         and        ,*  where  ^L^    contains  the  poin-^s 

,   (3,^)    and    (-l,-'l)  ,  and  j        contains  the^points  'l(-U,6)    and    (3,0)  . 

?  ■  .  j 

15.    Find  the  measure  of  the  angle  whose  sides  hav.e  pairs  of  direction  cosines, 


(A-^     —\  5tnd    ( -I-  ,  -r-]  respectively. 


l6.    ShofW  that  triangle    ABC    is  a  right  triangle,  irtiere    A  =  (3,1*)^  , 
,    B  =  ,  and    C  =  (6,9 


17  •    Plnd  the  normal  form  of  the  equations 

 -la)_^3x  -_Ty  +  29  =  0  .  -  ^ 

(b)    y  =-|°x  +58  .  - 

(cL)    3x  .  7y  =  0^^. 

'18.    Find  the  polar  form  of  the  equation  ot.the  line 

1(a)    which  interse^cts  the  polar  axis  at    (2,0)    and'h^  inclination 

(b)  -vhich  is  perpendicular  to  the  polar  axis  at  a 'point    \  units 
»             ,  from  the  pole  on  the  ray^  opposite  to  the  polar  axis^ 

(c)  coi^ains^ the  pole  and  th^, point  ^(7,1^7°)  .  '        *      y'  .  ^  * 
19*    Transform  to  rectangular  coordinates:  *  :^  ' 

(a)  '*  r  pos(0  -        =  P  . 

(b)  3r  sin  0  -  Ur  cos  0  =  12 

20.    Transform  to  polar  coordinates:  ,  . 

4-5  >  '  ' 


Challenge  Exercises 
'or  each  of  Exercises  1-6  write  an  equation  to  rLpresent  all  lines, 
!•   »tarallel  to    3x*.  Uy  +  10  =ii  0  ,    ^  f 


2.  perpendicular  to    35c  -  Uy  +  10  =  0  ^ 

3.  containing  the  origin, 

U.    containing  the  point  (2,3) 


\4 


5.  coi^^ning  the  point  and  parallel^  line  in  Exercise  1 

6.  ^  having  sl^ppe    -3  •  ^     f  '  ,  ' 

7.  Prove  analytically  that  the  lines  containing  the  bisectors  of  the  angKs 


formed  by  any  two  intersecting  lines  are*  perpendicular. 


i 


88  .      I  •      •  ^'m^ 


8.  Prove; N^f   P^.=  (x^,y^)    is  not  on    L={(x,y)  :  ax  +,by  +  c  =  f(x,y)  =  0) 
then   f(x,ys)  =  f(x*,y. )    is  an  equatio'fi  of  a 'line  parallel  to    l' . 

-  • 

tn  Exercises  9-13  let   A  =  (0,0)  ,  B  «=  (l,'o)  ,  and    C  = /aff)  ^  where  .33*;^^6 

9.  Prove  that  the  lines  containing  the  altitudes  of  triangles    ABC  are 
concurrent^at  a  point  ^  H  .    Find  the  ,cpordiiiato^ -of    H  . 

10.  Pro^  that  the  lines  containing  the  medians  of  triangle    ABC    are  con- 
current at  a  point    G  .    Find  the  c<5ordlnates  of    G  . 

11.  Prove  that  the  lines  containing  the  bisectors  of  the  angles  of  triangle 
ABC   are  concurrent  at  a  point    J  I    Find  the  coordinates  of  point  ,  I  . 

12.  Prove  that  the  perpendicular  bisectors  of  the  sides  of  triangle  ABC 

»  ,  ►  ^  •> 

jare  concurrent  at  a  point    E  .    Find^the  coordinates  of  point    E  . 

13.  Prove  that  the  points       ,  G  ,    and   E    in  Exercises  9,  10/  arid  12^  ' 
collinear.    Find. an  equation  of  the  line  containing  them. 


89- 

ERiC    .  -  .   '  '  .       •  , 


^7  . 


Chapter  3  , 
✓         ^   ,       y    >    VECTfi^^^a^^IOTIK,  APPLICATIONS      •  :     *  * 

3-1.    Why  Study  '^Vebtors"?  '  "  , 

The  use  of  Vectors  is  becoming  increasingly  impo3;^ant.    For  example,  many 
of  the  problems  regarding  space  ti^avel  and  ordinary  air  travel  on  the  earth 
are  solved  by  vector  methods. 

Vectors  were  created  by  the  mitthematical  physicists  William*  R,  Hamilton 
and  He  man  Grassman  "in  about*  the  middle  of  .the  nine^TeeM^i  century  t6  solve  the 
many  pjroblems  involving  forces, and  motion.    Since  that  time  vectors  have  beeji 
appjAed  in  many  tranches  of  science,  engineei'ing,  and  mathematics.    The  work  « 
of  Hamilton  and  Grassman  .was  baaed  on  the  earlier  development  of  analytic 
geometry  bj^  Rene  Descartes  anii  Pierre  Fermat  in  ;the  seventeenth  century.  ^^ 

Vector  methods  ^d  -^he  non-vector  ^thods  of  analytic  geometry  are  both 
widely,  used  in  proving  geometric  theorems  and  they  have  become  so  interwoven 
;that  it  is  at  times  impossible  *to  separate  them..   In  fact,^  several  books  have 
been  published  recently  under  titles  such  as  "Analytic  Geometry;  A  Vfector,. 
Approach",  and  courses  in  calculus' m'feke. extensive  use  of  both  vector  and  non- 
vector  methods  interchangeably.    This  is  one  of ^ the  principal  reasons  for  in- 
cluding this^' chapter  in  our  book- -to  give  you  tan  additional  tool  to  apply  to 
find  interesting  relations  among  geometric  objects  andT  to  prove  some  geomet^rLc 
theorems.    An  additional  reason  is  the  future  need  in  scientific  or* engineer- 
ing ^tudies  or  in  mathematics  courses.  ^ 

1-  ,  ^     .  •  . 

^  under st^d  .what  follows  you  should  I^ecall  what  you  learnetkin  your 

course  IXgeometiy .   "If  you  have  studied  about  vectors  before,  part  of^^thls 
material:  trill  serve  es,  a  revl,6w  and  you  may  b^  interested  in  comparing  the  two" 
^approaches  to  the  subject.    How*everJ  no  knowledge  of  vectors  is  assumed. 


3-2.    Directed  Line  Segments  and  Vectors.  . 

^  '  In  Chapter  2  we  encountered  directed  line  segments,  whic*h  possess  both  . 
direction  and  magnitude.'  A  simply  example  ^f  this  geometric  .concept  is  that 


of  a  motion  or  displacement  along  a  line.    Let  us  say  a  boy  starts  at  a^given^ 
point,  and  walks^t wo, mills.    We  don't  know  much  about  W  trip^  until,  we  are 
told  the  direction  in  which  he  walks  or  the  point  ^t  which  he,  ends-.    A  dis- 
placement ^ca^  then  be^represented  irf  one  of  two  ,ways: 

(a)  Efy  a  'directed. segment  extending  a  giyen  distance  in  .a  given 
direction  from  a  given 'point.       "  '  i  ■ 

(b)  By  a  pair  of  points,  one  identified  as  the  starting  or  initial 
/   ^  point,  th^ 'Other  as  the  ending  o?/terminal  point'/ 

/   '        '    -    v> 

/The  symbol    AB-  is  used  to  denote  such  a  directed  line  segment  whose- 
initiaj.  point* is  *A  'and  whose  terminal  point  is    B         '  . 

^       DEFINITION.    By  the  niagnjitude- of  the  directed  line  segment    AB  we 

mean  /d(A,B).  ,  the' length  of  the  associated  segment    AB  •  -  ^ 


We  no}f  turn  our  attention  to  the' concept  of  a  vector,  which,  is  closely 
related  to  the  geometric  concept  of  a  directed  line  segment.    Vectors  were 
Created  by  physicists  to  de^with  c^oncepts  such  ^s  force^  acceleration, 
vvelocity,  flow  of  heat,-  ant^flow 'o/ eiect;Ficity.'  ,       >     /  • 

/       .  •  ' 

To -understand  this  new  concept,  we  need  the  following  definition* 

\     '  ■      '  w     ^  f  "  . 

DEFINITION.  DireQted  lipe  segments  will  be  considered  e(}uivaler;t  il^'  ' 
and  only  if  they      *   .       *      "  V     ,  .  >  t     *       , .  * 


(l)    lie  on*the^same  or  parallel  lines, 
,(2)    have  tHe,  same  sen&e^f  direction,  and 
-  have  the  same  magnitctder.  -  , 


^ 


For  convenience,  we*  shalj.  use  the  term  "parallel"  in  the  sense  of  statement 
(1).  The'phrase  "il"  and  only  if"  means'that  the  statement  and  its  converse 
4re  both  true.       .    •  •     -  - 

DEFINITION. '  The£  infinite  s^t  of  directed  line  segments  equivalent        ^  ' 
,  .  to  any  given  directed  line  segment  is  called  a  vector.    .  ^ 

-  - — , 

'To  un^rstand  more  fully  the  cd^cept  of  a  vector  1^  us  recall  an  analogy 
from  arithmetic.    Here  w^  have  an  injinitfe  set  of  equivalent  fr^'ctfon/  which 

rep-itesent  the  same  quantity,;  e.g.    f-|  ,  |  ,  |  ,       ,  *.    Such -a  §et  ' 

is  called  a  jrationeQ.*  number.  '  .  .  .         '  • 


It  is'ccanmon  in  many  texts  to  use  the  Hord  vector  to  rae^,  not  th^  whole  . 
set  of  equivalent  directed  line  segments ,  but  any  Single  member  of  tha^  ket. 
When  convenient^sand  when  "there  is  no  ambiguity  we  will  foUo^j^  this  pr£)ceaure. 
'When  we  use  the  word- vector  in»this  Vay,  and  say  that  two.te£tors  are  equal,  * 
we  mean  they  are  members  of  the  same  set  of  equivale.nt  directed  line  segments*. 

In  the  case       the  representation  of  rational  numbers,  when  we  se^    f  ^  5  ^ 

mean  That ^ these  two  fractions  represent  the*feame  rational  number.    We  sliall 
represent  a  vector  by  any  of  its  members  and  we  shall  denote  such  directed 
line  segjpehts  by   "a"  ,  b  ,  c*  ,      .  . 

Each  rational  nximbef  has  a  representative  which  i^  consi^ler^d  the 
"simplest"^  ^and  ^fehat  is  the  member  whose  nujTjerator  and  denominator  have  no  • 

coimnon , factor.    In  the  example  above,    ^    is  tile  simples?  representative  of\ 

the  r at i^ne^l'' number.  -  -  'i 

In  the 'Same  vay^  it  ,wlll  Ise  cDr]|venlent  to  have  a  "simplest"  representative 
for  each  vet^tor.    For  this  purpose  we  require  a  reference  point  in  space*  which 
we  'Shall  call  l/he  origin.    Any  point  in  space  ^can  serve  ^  the  origin,  and  to 
emphasize  this  «fre&dom,  we  state  the  following  principle 

*  '  ^  ^  /  '    y  '  '     '  •    '  • 


ORIGIN  PRINCIPLE:  Vectors  may  be  related  to  any^point  in  space 
as  an  origin. 


Ttie  usefulness  of  this  principle  will  become  evident  when  vectors  are  applied 
to  the  solution  of  problems.'  y 

After  an  origin  is  selected  in  space!  each  vector  (or* equivalent  set  of 
directed  line  segments)  contains  a  unique  ^iVnber  with  this  origin  as  its 
initial  point.    We  shall  call  thi^meu^b^/ tye^  origin-vector  and  it  will  serve 
as  the  "simplest"  ^^^resentative  of  the  vectoi.    Ttie  sypibol    A    will  be  the 
origin-vector  representation>f  or  the  Sector  ,  "a     B    for    b  ,  ...  as  sHown  in 
rgUr^  3-1*    Note  that'to^each  point    A    of  the  plane  there  now  corresponds  a 


unique  origin-vector   A*  * 


/  Figure  3-1  " 

•    .  ^-  ,  ■  .         /  /  ^ 

It  i^^  important  to  note  that       do  not  always  wi-sh  .to  use  the  simplest 

representative.  'Yor  e:^amplfe,  in  adding    ^'  and  find  it  most  convenient 

to  use  the  member    |    instead  of    i   and   |  ^Instead  of   i.    Likewise,  in 

dealing  with  vectors,  we^shall  frequently  find  it  more  convenient  to  use  a 
representative  of  iits  set  other  than  the  origin- vector.  .  * 

Vefctors  are  very  frequently  associated *with  real  numbers.    In  discussions 

involving  vectors,  real  numbers  will  be  referred  to  as  scalaifs.    The  scalar 

which  is  the  length  of  "a    will  ba  denoted  by    |"a[    and  will  be  referred  to 

as  its  magnitude  or  abso:b^*  value .    Other  example^  of  scalars  are  the  measures 

7   ^ —  *  

of  angle,. area>  mass,  and  temperature.    You  vill  find  it  helpm*  to  compare 

^hese  vith  -the  examples  of  vectors*  given  earlier.  y 

DEFINITIONS.'    Any  origin 'co):respoads  to  an-object  called  the 
zero. vector  and  is  denoted  by   0  ,  -        '  , 

A  vector  of  \init  length  is  called  a  unit  vector.    Note  that  * 

-  is  the  unit  vector  along    a  .  " 


Note  also  that  the^  zero  vector  has  zero  magnitude  but  no  particular  direction. 
,  rk  unit  vector  ex4sts  in  every  direction.  '  : 


Exercises  3-2  -<  " 
'   =   .  ■  '  ' 

1.  Draw  a  v^tpr  from    (3,^)  . as"" defaced,  in  this  chapter  and  indicate  Its 

-  simplest  l^present'ative,     *       ^'^     .     ^  ^  .        "  ^ 

2.  For  the  figures  below  indicate,  the  sets  of  e(juivalept  directed  line 
segments'. 


6  ^  £ 


3,    Given  the  vettic^s  »A  /,  p  ,  --C  ,.  and   D    of  a  parallelogram.    List  ail'  tfife 
.directed  linevsegLents ' determined  by  ordered  pairs  of  these  points. 
VJhich  belong  to  the*  same,  vector?  '  ^  - 

*      •  •  ^       •     '    \  -  i 

,  V.    Fi^e    ABCDEF  \ia  a  2*e*gui,ar  hexagon. 

In  the  diagram,  Vihd  three  replace-  ^  /  .Vh 

r  '  .  •  .  ^  , 

ments  for   5c    and   y    to  taake  'each 
of  .these  statements  true 


(a)  x=? 

(b)  ^  =  ly 


5.    Show  the  -sirai/Lest-i^^presentatives  of  four.  differekV^^^unit  vectors  jqn  a 
plane  with  a  rectasfittular  coordinate- system.    Do  the  same  on  a  plane  with 


a  polar  coordin^te.-^ystem. 


6.    List  f  ive^  geometric^ 


which  can  be,  repressited  by  Vectors.  \ 


or,  physical  concepts  nofiisted  in  this  section, 


.3^3.    Sum  and  Difference  of  Yg-cto^av^>  Scalar  Mintiplication. 

'V  *  '   ,  *  '  .  •   ~ — :~  ^  \ 

To  get  anything  of  either  mathematical  interest* or  physical  usefulness, 
it.  i§  necessaryto;  Introduce  operatioi^^  on  vectors.    5iace  forces  are  con- 
veniently represented  by  vectors,  we  may  consider,  the  pi:oblem  of  replacing/ ^ 
two  forces;  acting  at  a  p'oi-nt  by'^  sipgle*  force  caUed^the  restgltant.    A«  Dutch 
scientist/Simon  Btev.in  (I5i|;8.l620r  experiraen?:ed  with  this  problem  aria  dis- 
covered th§ii<[the  re'sultant^forcfe  cdOld  be  represented  by  the  diagonal '"of-*^  " 
parallelogram  vhSfee  sides  represented  the  original  forces.  * 

.      \  • 


Figure  3-2 


X^us  a  definition  of  vectpr  ^addition  is  made  which  ;Ls  consistent  with 
observa/lcins  of  the  physical  .world.  ^  / 


'1 

sforfe 


^     Beforfe  i)resenting  such  a  definition^  ,there  is  an  important  disftinction 
to  make  between  the, use  of  origin- vectors  and  other  .vectors.    You  must  be 
aware  of  this  distinction.    ^  '  '  jfe'T;:^!^. 


*We  have  already  agreed  in  the  stat^ement  of  ^  "Origin  Principle"  that 
vectors  may  be  related  to.  any  ^oint  in  space  as  an  origin.    One  reason  for 
stating  this^  principle  is  that  it  is  more  convenient  to  deal  withj' origin- . 
vecto^rs  .when:  we  seek  a  geometric  interjiretation^  «  '  • 

^    'We  are  about ^to  define  operations  with  vector?  and  prove  several  theorems*. 
In  order  th^t^the  use  of  origin- vectors  will*not  limit  the  application  of  the 
results  we  sVate^e  following  prin,ciple:  '  .  *'       '  ) 


ORIGIN-pgPOR  PRINCIPLE.,  .'Hie  sum  and  difference  of  vectors  and 
.the  product  of  a  vector  by  a  scalar  is  equivalent  to  the  sum, 
difference/  and  scalar  product  of  their  jrespgctive  oyigin  vecto 


TheVe  is  one  more  significant  statement  to  make  in  this  regard!  ^All 
proofs, using  origin-vectors  depend  in  part  upon  the  fact  that  all  such  vectors 


have  a  common-, initial  point*    The  extension**bf  such  proofs  to  vectors  ,in 

*  *  J*  * 

gener^  can  readily  be  made  by  ch6osing  for  any  vectors  those  representatives 

whicj;!  have  ^  coiftmon  initial  iointj.  ^   ,       '  *  •       .  ^ 

•     ,  .  '  \       '        *'     *  < 

^In  other  words,  'the  algebraic  relationships  between  vectors  w^il  hold  in 

ge^ner&l,  but  the  g^om^ t^-ic  interpretation,  mu§t  be  lihiited  to  tlfe  geometric 

conditions  assume'd  in  the  development.' 


(^)_  Let    P    and    Q   be  two  ^non-zero  vectors  not  lying  in 
the  same  line  and  with  a  c»ommon  i'niti6il  point    0  ^ 
We  define  the  vector  sunt  of    P    and    §  ^  designated 
,    ^by    P  +  Q  /  to  be  the  urlique  vector  with  initial    "  - 

point    0    an3  wh'dSe  terminal  point  is  the  vertex 
'    oppositie    0    in  'the  parallelogram  formed  with  P 
and    Q    as  sides.       •  \* 


(2) 


(3) 


If    P    and    Q    have  the  sajrte  direction;  P  +  Q    is  . 
the  vector  with  the  same  direction,  and  with  magnitude 
equal  to  the  sum  of  the  magtotudeg  of    P    and    Q  • 
1^  P   §,nd  ^  Q   have  opposite 'direcUons^  P'+  Q  is 
the  vector  with  the  same  direction  as  the  vector* of 
larger  magnitude,  and  with  magnitude. equal^ttfcthe 
*abfeolute  value. of  th^  difference  of  the  two  magnitudes* 


For  any  .vector  P^,"*  P  +  .0^ 
denotes  .the  zer6  vector* 


0  +  P  =  ?  ,  where 


0 


Figure  3-3 


^  In  arithmetic  one  usually  considers  multiplication  as  repeated  addition 
of  the  same  number.    For^exa^ple,    3x2  =  2  +  2  +  2.    An  analogous  defini-" 
tion  is  made  for  the  jnull/ipli  cation  of^  vector  by  a  scalar.    Thus      '     ^  ' 
3?  =  A  +     +  A  .  ^Thfe*  second,  part  of  the  above  definition  also  tells  us  that 
A  +  A  -+  X   is  a  vector  parallel  to    A  ,  with  -tfee  same  sense  of  direction,  and 
a  magnitude  three  tjpies  as  large .'^  Generalizing  this'  idea,  ine  can  stajbe  the' 
following  definition:  '  ^  ^ 


.^DKFINITION.    Let.  r    be  a  real  number  and   P    any  vector. 
^jlhen    rP    is  defined  by,  '  ,  '  •  ^ 

(1)  If    r  >  0  ,  then^  rP    is  the  vector  with, same  dire^ition 
as    P   and-magnitude    r    times  the  magnitude  bf    p; . 

(2)  If    r  <  0  ,  then    rP    is  the  vectoa^i'th  direction 
^  opposite  to        and  magnitude    fr|    times  the 

magnitude  of    P  ,  '  ' 

(3)  If    r  =  0\  then        =  0  .■  ^  ' 
(h)    If    r  =  1     .then    rP  4  P  .  ■ 


When    r  =  -1  ,  rP.  =.  (-l)p    and  ve  denote  this  v^ctor  by  the  sj^bol    -P  . 
The  vector  has  the  opp9site  sense  of  direction  of  •  P   but*has  tM  same 

magnitude  as  shown  in  Figure' ^ 

'-■  ..\. 


Figure  3-^  ~ .  ^ 

In  accordance  vith* our  earlier  definitions,  we  note  that  if    r  i  0  ^  rP 
is  always  parallel  to    P  .  ji>'  •  '  •  ' 

•     ,It  is  now  possible  to  d^fjne  on^,kind  of  division  of  two  vectors. 


A 

DEFINITION.  k  y  a  scalar,  if  an±i 

—  }   ; '  "^.s^ 

if    A   and   B    are*  parallel.  -  . 

:'  '  •  .  \ 

*  *  '*  *  i,  "  ^        '      ^  "  ' 

We'noy  can  also  njake  thb  followirig  definition: 

DEEINITION.^    ^  "  P  jneans    A  +  (-B)  .    The  quantity    A  -  B 
^    is  called -the  di inference  of,  thk  two  vectors    A    and    B  •  * 

Thus,  in  order  to  fin^  the  difference  of  two  vectors,  jT  and  B  ,  we  merely 
need  to  add  the,  rtegative  of  the  second  to  the  fi^rst  as  shown  in  Figure  3-5. 


^  .  .        ,  Figure  3-5 


Figure  3-5  als?  shows  that- if    A  -  B  =  C  ,  then   A  =  B  +  c  . 

Now  that  we.  have  ma^e  the.^bove  definitions  we  are  in  a  position  %% 
^  illustrate  the  distinction  between  the  use  of  origin-veqtors  and  other  vectors 

referred  to  on  p.  For  exampl^,  the  -ai^ift  of  vectors    a    and   b    in  Figure 

^^^'3-6  is  eauivalent  to  the  sum  of  thei*?:  resp^Jtiys'  origin-vectors    A    and   B  . 


■-/A+  B  ■  \ 


0 


Figure  3-6 


It  is  not  even  necessary  that  vectors    a    &nd   b    have -the  same  initial  \ 
.point.,  (See  Pigure  3/7) 


_   .       ^  Figure  3-7      •  -^t"^^'     ■    .'^  - ' 

An  important  application  of  the  abov^*  principle  is  sHovi^  in  Figure  3-8,*  ' 
where  the  sum  of  a  '  and  "b  cin  be  fo)^K'^'^^Snsid|:rin^  tlife  |^yaleht  pf  b" 
with  its  initial  point  coincident  with  thojil^minal"* point  >2)f ^^^/^This  method 
can  be  applied  to*  thre^or 


more  vector^  '^W^e^ 


J1 


er|c. 


4i» 


'  :  .  '  ^  Figure  3-8 

^In  ap]^ying  vector  methods,  physicists  and  otl^er  scientists  often  consider 
that  they  'Snove  around  a  diagram",, and  then  equate,  the*  corresponding  vector 
sui^s.    We  could  "move"  from    A    to    D    directly,  or  from    A    through    B    and  ^ 
C    to    D  »    If  the  vector  from   A    to    D    iT>' called    d  •  then    dr.=  a>H-  b  +  c"  . 
Liktewise^  one  can  go  from    A    to    C   via  two  routed  vith  the;  result  that  ^ 
a+,  ^  =  d-  c,  ^ 


a.   Upi^  jbhe  figure  as  given, 
supply  the'  massing  vector 
,     expressions.  * 

^a)^  X.+  1"=  ? 

(b)  D.-  r=  -? 

.  (c)  B'+.  0^=  ? 

(a)    0^+3^=  rC^  (find  r) 
\    •  (e).  e"-  ?  =  C'' 


Exercises  3-3 


Quadrilaterals    OCM     OBCA  , 
,  and  "OBED   aret  pareillelograms. 


3-3 


,2.    In  the  figure,    A  ,  B  ,  C  ,  and  ' 
D   jare  vertices  of  a  parallelogram 
"and  detennine  the  vectors  indicated. 

(a)  Express',^',  d  ^  and    e"  in 
terns  of*  "ay-and  ^  alone. 

'  -'  *    '  • 

(b)  Express   'e    iVi  terms  of 
^        -*  . 

^     ^  (i)   "a    and  b 

(ii)   "ao  and  cT 

(iii)    c    and  b 

(iv^^  c    an4  d 

(c)  (i)    What  is  th^  sum  of   T ,  t  ,  and  c**? 
(ii)    What  is^  the  sum  of   t  ,      ,  ^  ,  and   ^  ? 

3.    Draw  on  paper  the  yeatprs  *a  ,  , 

and    c",  as  shown  in  the  figure.  ^ 
' ^  r  Construct  the  vectors :      -  ' 


^d)v  a,  +  b  +"c                .        . '  °  , 

k.    By  a  drawing,  show  that  if   "a.  +  Id  =  ,  then    b  s"?  . 

5.  .0  ,  B  ,  and   X    are  colllnear  points.  Find  'r    such  that 

'  ^  ^' 


-  ja)  X'  is  the  midpoint  of  OB 
.  i^(b)  iB    iis  the^-midpoint,  of.'oSC' 


'  (c)    0    is^the  midpoint  of'^BX  . 
(4) '  X   is    ^   of  the  ^ way- f  rem   0    to  B 


2 
5 


*•  (e)    B   Ip    ^   of  th'e- way -f  rom   0    to  X% 


 l(f,)  /b '  is  *  ^,  or  the  way  from   B   to    X  . 

6;    If  tr  5=T  -'and      =  "d  /'prove   *a  +  *c  =  T  +  cT  . 
iT.  -^'^If  ^\t\  =^'3  /what  is    |lfA|  ?  ,  |-5A|  ?  ? 
8a    Prove  r    if  "a  =  T  and  il*   r    i^  a  scalar >  then    reT  ~  rS* 
'     /  >  '  ' 

.  »      102  -  .  ^ 


9«    If   b    is  a  non-zero  vector,  and  ±f         =  k  ,  what  can  you  say  about 
|kb|  ?    -  \      b  * 

10*    The#figure  is  a  vector  diagram 
based  on>a  i:egular  hexagon, 

(a)  'Write    6    vector  equations 
which  should  occur  to  anyone  ' 
in  the  cla&s. 

(b)  Write  6  more  which  are  not 
obvious  but  which  you  could- 
prove. 


11.  By  using  vectors,  indicat^^^5    different  paths  in  the. plane-  by  which  one 
could  move  fran    P  f  (1,2)    to    Q  ^  (^;6)  .  *    ,  ' 

12.  ia)    If    \t\  =  \t\' ,  does'  a=t?  '  ^  .   .  ' 
"  (b)    If  'i  -"t  =  0  ,  does^  a  =  b  ? 

13..  Pro?e    \t+h\  <  |a|  +  .fb |  '  * 

Ik^    Letting    1    i^ich  represent.  2    miles,  find  graphically  the  i^esultant 
motion  if  a  car  traveld    h    miles  north  and^  then   5    miles  southeast, 
assuming  the  car  travels  in  a  plane.  d     ,  t  ' 

15-   Using.* the  Idea  of  resultant  vectors  and  a  scale  of    1    inch  to 

*    represent  ^    miles  per  hour,  solve  the  following  problem  graphically. 

A  river  has  a   3    mile  per  hour  current.    A  motor  boat  moves  directly 
>  •  '  »  / 

acprass  the  river  (perperjdicular  to  the^  ^urrent)  at   5    mip.es  per  hour. 
"  Haw  fast  dnd  in  what' direction. vould  the  boat  be  traveling  if  there  were 

no  current  and  the  sajpe  power  and  heading  were  used  in  crossing  the 
'  ri-^er?  ,  ^ 

l6*    Make  a  vector  drawing  with  a  scale  of   1    i'njSh  to  represent    10  pounds 
to  solve  the  folldwihg  pfoblei^*!  .  ^  - 

-  A  body  is  acted  on  by  two  forces,    A    and    B  ,^  which  make  an/angle  of - 
70°,  with  each  other.    The  magnitude  of   A   is    20    pounds  and  that  oY 
'   B    is  '  30    pounds*    What  is  the  magnitude  and  direction  of  the 
\ '      resultant  force?  '  .        ,  ' 


17.    Show  that  if   itLnd  "b   are  distinct  vectors,  then'A  +  (-i)B  =  A  -  B 


18. 


19. 


20. 


lies  oh  a  line  parallel  to  the  line  through  the  terminaL  i)oints  of  A 
and    B  ,  and  similarly  for    B  -  T  ,  y 

a  ,  Id  ,  ?  ,  and    d  ^are  consecutive  vector  sides  of  a  quadrilateral., 
Prove  that  the  figur^  is  a  parallelogram'  if  and  only  if  "b  +  "d  =  "5  . 

^Prove  that  the "sum  of  the* six  vectors  dravnjTrom  the  center  of  a  regular 
hexagon  *to  it;5  vertices*  is  the  zero  vectorC-  ' 

If  ve  trace,  the  perimeter  of  a  polygon    ABCD  ...  PA  ,        assign  a  vector 

\'  -  >  , 

a,D,c,d...,p    corresponding' to  each  side  as  ve  traverse  it, 

shov  that  the  vector  sum    a'+b+'c+d,*-...  vp.='o  .    (it  Is 'this  idea 

that  physicists^have  in  mind  vherf"i?iey  say,  "The  vector  sum  around  a 

closed  circuit  is  zero;" 


3-^.  *  Properties  of  Vector  Operation/  .^^^^^ 


We  nov  derive  several  important  algebi^  properties  of  the  operation  of 
vector  addition.       i  "  -  .  '  * 


THEOR]^  3-1.    (CbmmutaUve  Property) 


This  follows  from  the  definition  of  vector  sum  with  the  help  of  Figure 


3-3. 


ERIC 


theorem' 3-2«    (Associative  Property) 

'    P  +  {Q+  R)  =5  (P  +  Q)  +  R^ 


)  - 


Figure  3-9 


Figure  3-9  suggests  a  proof  u^ng  the  various  parallelograms  which 


appear*    A  much  nicer  proof  will  be  given  later. 


THEOREM  3'-3>    {Additive  Inverses  >        ^  *         ^  ^  • 

For  any  vector    A  ,  the  equation      m  ' 

-  /is  satisfied  by   ?  =  (-1)a  =  - f  . 

^.  Thl^ /ollovjs_ipnediatiely  Xrom^^  defimgion  of  addition  of  vectors  and 
of  -  ^ 


we  prove  a  theorem  concerned  with  multiplying  vectors  by  real 


teEOREM  3-^.     (Associative  Property) 


(rs)^  =  r(sP)  J 


This  follows  immediately,  from  the  definition  of  each  member  of  the 
eqti^tion.  -    *         .  * 
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.     Exercises  3 -It 


1. 


2. 


socia- 


3; 


By  using  the  'definition  of  subtractioa,  and  the^oimnutatiye  and  a; 
tlye  properties,  show  that  ^ 

(a)  t  +  \t.t)=  t.-^*-  *'  . 

(b)  .  f)  +  t  =  t  i 

* 

Draw  on  paper  the  figure  showing 
t   and  't  :   Locate  point    X       »  , 

such  that       =  pj  +  q'f  ,  ^ 

t 

(a)  if    p  =  1    and    q  =  1 

(b)  if    p  =  ^   and    q  =  I  , 

(c)  if    p  =  0  ;and    q  ^^-^ 

(d)  =  ^   ^nd  .q  =  ^  , 

(e)  if   p  =r  i   and    ?i  =  I  .  ^     '  •   '  f 

Can  you  make  a  conjecture  a^)out  the  values' 'f'Crr^-'p — aj^jj^^  q  for  vhich  X 
i^  on    ^  ? 

'« 

(a)  Show  by  a  vector  drawing  that  the  subtraction  of  vectors,  e»g», 
^        B  ,  is  not  conmiutative.  •  .  , 

(b)  Is  there  a*  relation  between  the  two  differences,  i*e»,  does 
A  .  B  =  r(B  -  A)  ?  ^ 


5. 
6. 


Prove  Theorem  3-2 • 

Show  that          +  Q)  =  ^-t  -  ^ 

Show  that  .  (-r)?=  r(.?)  . 

V 


3-5.    Characterization  of  the  fointp  on  a  Line. 


The  term  **liriear  combination"  Vas  first  mentioned  in  Chapter  2  in  connec- 
tion wltH^  finding  a  point  of  division  of  a  line  segment,   ^ow  that  we  know  how^ 
,-to  add  and  subtract  vectors  and  how  to  multiply  a  vector  Joy  a  scalar,  we  can 

.combine'  these  operations  to  creafT^&ther  vectors,  such  as    2?  -  3?  ,  ^(t     "S)  , 

and    (1  -  x)]f  +  ^'S'.    To  fonnal^  this  idea,  we  state  the  following 

defini-tion:  /  -  i  ,  , 


DEFINITION.  -  If        ,       ,  .-^"^  are    n    vectors  and        ,  , 

^     ^  X     Jue    n    scalers,  the  sector    x.^l  +  xJu  +        +  x"?  is 

*      -      V     ,  112  2.,  n  n 

said  t^Soe  a  lirtear  combinaijion  of   "S^  ,       ,  . 

V  '  i         •  ^  • 

In  ordM  to  use  Vectors  to  prove  theorems  in^geometry  we,  need  several  * 

basic  theorems.    The  first  one  is  concerned  with  expressing  any  vector  in  the 

pland"~^a  lili^ar^^con>oi nation  of  other  vectors  in  the  same  plane. 

•    V  -    ^  .   ^.  - 

THEOREM  3-5 If  a  .and  T'^are  coplanar  and  non-jparallel,  then  any  third 
vector  ,  which  lies  in  the  plane  determined'  by  T  and  "1o  ,  can  be 
expressed  as  a  urjique  linear  combination  of   ^  and 


i  Given: Coplanar 
in  their  plane., 

! 


and  non-parallel  veotqrs    IT  and  and    c"  lying 


yt^.i  where  .  x  'and    y    are  scalars. 


•  Figure  3-10 

^  Inasmuch  as  vectoj^s  ^/"^  ,  and  ^  can  be  represented  by  their  respe^- 
vtive  origin- vectors  ^  ,  ^j-and  ?  with  terminal  points  A  ,  B  /  and  as 
shown  in  Figure  3-10,  we  need  only  prove,  that  ?  =  xjf  +  y^  .  In  this  diagram 
we  havfe  chosen   x    and    y   positive  alll^bugh  this  restriction  ie.  not  needed. 

(!.)•  Draw  a^  line  through    C   parallel  to  the  line  containing   1?  .    Let    D  be 
the  p^nt  of  intersection  of  this  line,  with  the  linef  containing  4 


.3-5. 


4 


*(2)    Since    TJ   is  parallel  to    J  ,  it  is  some  scalar  multiple  of   A  , 
Thus,  for  some  unique    x  ^  tJ  =  xJ  .  ^ 

(3)^  Similarly^  the  vector   S" ,  along  the  line  containing^  f  ,  is  a  scalar 
.  ^   multiple  of    ?  ,    Thus,  for  some  ,unique    y  ,  ?  =  . 

•(^)  ^Then    C"  =  l5+?==xjr+y'§*  which  shows    f  is  a  unique  linear  Combination 
of   A    and    't  .    We  have  the  ^equivalent  stateraent|; 
'c    is  a  linear  combination  of    a    and   "b  ,  ' 

We  note  that  if  t  is  parallel  to  a*  or  t"  ^  then'-?^  ^  a  scalar. multiple 
of  either    ^    or    b    alone^.  i  ^ 


THEOREM  3-6,     (p'istributive  Properties)"^  ' 

\.  ^r(P  +  ^  '=  r'f  +  rQ  ,  ^ 
2.    (r  +  s)?  ='rP  +  sP  .     ,  ' 


/ 


/ 


Proof  of  Part  i:    r(l?  +      =  f?  +  ^  , 
In  this^prdof,  we  assume    ?  and  'i^ distinct  lines  with    r  >  0 

(1)    In  Figure  3-11,  t  ^  r'^  \      =  r^'4\ 

Therefore;     \k\  =  r|Q|  ,  J;b|      r|^|^  ,  /    '  ' 


ERIC 


1081 


(2)  JlL  ='£JII  =  JIL .        •     •  \  .   ''.  « 

\  \t\  riti-  . .     .  • 

(3)  \t[  =  .^(0,8)  =  cl(A,D')  ,  ^ 

=d(o,A)-,  .  \  '      .  ■/    . ;  ^  •     /  ■•■  • 

*d(0,P)  =  d(Q,C)  '       '     .  .  ' 

151  =  d(0,Q)  '        '  ■     '  ■  ..  ,     ,  ■ 

{k)    Com-bining  steps    (2)    and  (3)    we  haVe  ^j^^^^^^^^ 

-  AOAD  'N^  AOQC  .              ■  '  '  •           '  '         '  ^ 

(5)  .•.d(0,D)  =  r'^(0,c|  -    .        '  ■ 

*       •       1^1  =  r|?|  :        °      -    •  ^  ' 

(6)  Since  the  vector^  are  in  the  same' direction,  we  have   "D  =  r?"  • 

(7)  t  =  1f  +  ^  or       '  ;     '         ^  ^        -  ' 
r?r  =  r$  +  rf  ,  and  since  + 

r(P  +  Q)  =  r?  +  rQ  . 

*  » * 

Let  us  coihsider  the  special  cases  where  the  non-zero,  vectors    ?  and  "J 
are  collinear.    They  are  then  parallel  and  have  either  the  same"  or  opposij^e 
senses.   '  •  ^  • 

If  they  have  the  same  sense  of  direction,  then 

(1^)    5y  definition,   T  +  ^  has  the  same  sense,  of  direction  as   "F   and  ^'^ j 
an<3l  has  magnitude  +  |q|  . 

(2)  If    r  >  0  ,  then    r(P  +        also  has  the  sam^ sen^  of  direction  as 

f  +  1$  ,      ,  and  ^  ,  and  .has  magnitude    r(  |?|  +  |q|  )  =  r\t\  +  r|Q|  by 
definition  and  the  distributive  law.  *  . 

(3)  In  the  same,  way,  since    r  >  0  ,  r"?  +       ,has  the  same  ^en'se  of  direction 
as    rP  ,       ,  "f  ,  and       ,  and  has  magnitude*   |rP|  +  |rQ|  =  r|p|  +  rj'^l 

(k)    Since  the  vectors    r(f  +  "5)    and        +        have  the  same  magnitude  and 
the  same  sense  of  direction,  they"  are  equal>  as  was  to  be  shown. 

11      The  case  in  which        and  "5  l^ave  opposite  direction  is  treated  in  a 
similar  fashion  and  the  proof  is^left  for  class  discussion. 

The  proof  of  the  casee  ^ere    r  <  0    ts  also  left  for  class  discussion. 
The  proof  of  the  second  pa2^  of  the  ^distributive  law:    (r  +  s)?  =  rf  +  s$^  is 
left 'aQ_  an  exercise.         *  •>  '  .  ' 
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THEOREM  3-7*    if  t   and  t   are  distinct  vectors'nct  lying  in  the 
same  line,  then  the  vector   pS  +  qB   will  terminate  on  the 
line  deteniined  by  the  terminakpo^nts  of   A    and  B    if  and 
only  if    p  +  q^  =  1  ,  *  . 


•D 


Proof 


r 


il)  C  is  collinear  wi.th  A  and  B  »if  and  only  if  C  =  A  or  55  ||  ^ 
(2)    AC  II  OD    if  and  only -if  there  exists  a    q  ^  0    such  that 

OT    f  ^  p-        +  qB  -  q^  ' 

or       ,  -\        ^  '    C  :^*'qB  +  (l  -  q)A  ^  t 

'        \  '       '         7^      1^      -  ^ 

_3  C  =  pA  +  qB  -  •  whfere    p  +*q  =  1 

*  <?  .  . '       '  ' 

We  Qote  that  if.  q  =  0  ,  then         ^  .  ^'  * 


The  statement  q'^+  (l  -  q^)J   is  a  vector  forni  of  an' equation 'of  the 

line  through    A    and    B  . 

Each  'particular  choice  of'  p    (and  Consequently  of    q)  referred  to  in  the 
Theorem  3-7  determines  a  vector  to  a  point;  on  the  line    ^  fh  Figure  3-12. 
We  can  therefoi-e  describe  subsets  of  the  line   1b   by  placi^jg  eonditions  on  the 
'scalars    p    and    q  .  ^  ^     ^  \'      ,  * 

The  "line    5?  =  C^:!"?  =  pJT  +  q^  where    p  +  q  =  1)  ^ 

The  segment'""'^  =  {X  :  ?  =  pJT  where    p  +  q  =  1  ,  and  J^'  >  0  ,  \  ^'Dl 

The  ray   A?  =  {X  :     =  p^'  +  qB"  where    p  +  q  =  1    and  q  >  0)  •         '  ' 

The  ray   BA  =  {X  :  X  =  pA  +  qB   where    p  +  q  =  1    and  p  >^0)    ,  ' 
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Ohe  ray,  cfpposite  to    ^  =  fX^  :  X  =  pT.+  qB  •  where    p  +  q  =»1'    and   q  <''o)  - 
The  interior  of   3b  =  {X  :     ~  p]f  +  q"?  where^  J?  +  q  =  1    and    p  >  0  ,  q  >  0). . 


IMrthermore,  ^  .>  *  ^ 

(i)    if  *  ?  =  pJ  +  qS"  where    p  +  q  =  l,  p>0    and    q  >'  0  ,  tl\en    X  is 
an  interior  point  of   iSB  , 


1    and  either   p*  or  \  is^zero. 


.     (ii)    if  t  +  qS,  ^ere    p  +  q 

then   X   is  an  endpoint  of   5E  ,  and  . 

-A,  (iii)  if '  X  =  pS  +  qS  where  p  +  q  =  1  and  either  V  <\  or  q  <  0  , 
tnen*  X   is  a  point  of  the^lintp  exterior  to  . 

We  observe  that  in  the  vector  representation    pJt  +  (l  -  p)S  xhe  scalea* 
is"also  a  coordinate  in  one  of  the  coordinate  s-ystems  for  the  line*  When 
p  =  0  ,  we  obtain    B  ;  wben    p  =  1  ,  we  obtain    A  .    The  value  of   p  which 


J 


;  T^n 

detennines  a  vector   ?  C in  this  vector- representation  of  the  line    AB   Is  -also 
the  coordinate  of  the  point    X    in  the  coordinate  system  for  the  line  with 
origin    B   and  unit-point    A  .      '  ' 


THEOREM  3-8.    If    P    divide^    AB    in.  the  ratio 


?  =  ^  where    A  •  "B  ,  and'  f  fere  o^gin-vectors 

m  +^n  '  * 

to  points    A  ,  B  ,  P  respectively. 


atio  ^;ni  ,  then 


Figure  3-13 


(1)  Referring  to,  Fl^are  3-13,    1^  '"^^l  =  ^'  (Given), 

.  ■  |b-p| 

(2)  LjlI  =  £   (the  vectors  lie  on  the  same  line), 
b  .  p 


3-5 


(3)  m(p  •f'a)  i^A(t  -  p)  .  '' 

(4)  mp     ma  =  nb     np  . 

'(5)    rap  +  np  =  ma  +  riC'  .  *  '  *  .  - 

(6)    (in  +  n)f  =  ma  +       ,  or         SLjL^  =  _2_-?  +         t . 

.  ra  +  n      "^^'-'^  ^     m  +  n 


(7)    In  terms^of  origin-vectdrs,  we  may 'then  write: 


Note:    If    P'  is  the'midpoint,  then   ?  =  ^(3S^+ "6)  . 


m  t  ^      ra  +  n      m  +  n 


/     Exercises  3-5  . 

^y^\r^ji  vectors^  J» ,  ^  ,  and  iJ*  with  fheir  teminal  points    A  ,  B  ,  and  C 
on  a  s^traighClineji  so  that    ?  =  pJT  +  q"!?  ,  p .+  q  =  IN 

;  fa)    Wh6t  happens  if'  X  or    B,  is  the  zero  vector?  ^  * 

*  »  * 

\\^)    What  aye  •  p    arjd    q    if-  $  =     ?  ,  *     -  ' 

(c)    What  can  we  say^^out    Tf,  if 


( i )    P  >  0    and    q  >  0  ?  " 
(ii)    p  <  0  ?  ' 
(iii)  .p  =  0  ?  .  .     .  > 

(d)    Construct  figures  to  illustrate  the  ,cases: 

'  -  (i)  p  =  q  =  i    '  ^ 

'       (ii)  ,.q  =1  *  . 

(iii)-  p  =  -  J,  q  =  5  .  ^  . 


~     ■        (iv)  P  =  I  ,-q  =  - 1 

2,    (a)    If  the  ratio  of  the  division 'of  a  line  segment  is  given  by 
n*m  =  2:3  }  ^ind    n    and    m    so  that    n  +  m  =  1  . 


•    (b)    Same,  as  part    (a)    for   m:n  =  5:-3 

3.  "Make  a  vector  drawing  to  illustrate  Theorem  S-^^Jh^en 

^  ^     •     (a)  .x.=  2  ,   y=  3  ■ 
^  (b)  x''=-2/y=.l. 

Prove  Oheorem  3-6,  Part  2, 
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3-6.  Components 


■  3-6 


We  have  used  extensively  the  tiprrespondence  tetveen  points  in  the  plane 
and  vectors.    It  is  fruitful  to  describe  this  correspondence  in  another  vay 
ysing  the  rectangular  coord^ates  of  a  point.    To  each  ordered  pair  of  real 
T^^ers*  (a^fc)^,  there  corresponds  a^'*unique  vector  emanating' from    0    and  ^ 
terminating  in  that  point  and  thus  we  make*  the 'folloving  definition.  • 


> 


j  DEFINftlON.    The.  symbol     [a,^]    denotes  the  origin- vector  to 
point    (a,b)  .    .The  number  ,a    is  called  the 'x7t;omponent  of 
the  vector  and^the  number,  b  ,  the  y-compon^nt  of  the  vector. 


r 


We ^  now  describe  ,the*  operations  involving  vectors  in  terms  of  components. 
\ 

■nfeoREM  3-9 «    If    X  =  [a,b]    and       =  [c,d]  . 

X-  +     ^:  fa  +  c*,.b  +.  d]  . 


P  ' 

(a+c.b+d) 


Figure  3-11; 
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3-6         ;  : 

Proo^   Tj^  parallelogram  in  Figure  3-1^  is  constructed:  according  to 
the  definition  of  addition  of  vectors.  *  *        '     ,  ' 

Since    AOMY  =  AXRP-^  >=  ^(^.R)  =  d(S,N)  =  c    and    d(M,Y)  =  dfR,p)=d 

.  ,The  vertex    P    opposite    0    fs  the^polnt  v         c  ,  b     d)  ,  and  this  vertex  is 
the  Xerminal  point  of    X  +  Y  .    if  the  ^  vectors  have  the  same  or 'opposite  direc- 
tions., the  proof  folltpws  immediately  from  the  definition  of  vector  addition. 
If    Y    is  the  zero  vector    [0,0]  ,  theh 

,   ^  '[a,b]  +  [0,0]  =  X'+  Y  =     =  [ayb]  =  [a  +  0  ,c  b  +  O]  . 

THEOREM  3-10.    If    t'=  [a,b]    and  'r    is  a  real  number,  then    r?  =  [ra,rb]  . 

The  proof 'is  left  as  an  exercise. 

*  • 

THEOREM  3-11.    Ve^prove,  using  components,  a  theorem 'learned  earlier:  Two 

_j»  ♦  ,       •/  , 

non-zero  vectors    X    and    X    lie  in  the  same  line  through  the  origin, 

-A    ^  «k  ' 
if  and-  only  if    X  =  rY    for  some  real  number    r  . 
'  ^         •  •  * 

Proof.     If  ,f  =  [a,b]    and/ 3f  =  [ra,rb,]  ,  then    X  in  ^he- 

line  ay  =  bx  .  Conversely^>  if  ?  =  [a^"b]f  and  if  't  li^i^^the  line  which 
contains  Y  ,  then  the  components  of  *  5f  must  satisfy  t'he  equation  ay  =  bx  . 
Hence  ^  "X  =  [ra,rb]    for  some  real  number    r  .  ^  ^  ^ 

*^^vector    [1,0]    is  indicated-'by  the  l^etter    i    aijd  -[0,1]    by    j.. .  The 
i    and    j    vectors  could  be  written  as    i    and    j    but, v in  accordance  with 
coimr^on  usage,  ve  shall  use  the  simpler  notation.    They  represent  the  unit 
vectors  along  the  horizpntal  and  vertical  axes  respectively. 

i  If    A  =  (a^,a2)  ,^the  origin- vector    A    inky  be  written  as  fallows;.  » 

A  =  [a^^a^l  =  [a^,0]  +  [o,a2]  f  a^[l,0]  +  a2[0,l]  =  a^i  +  a^j  . 


Note  that    a^    and    a^    are  the  components  of    A  ;    a^i    and  'a^j    are  called 

the  component  v^ctorp  of  A  .  We  ob^^erve  in  Figure  3-15  thai  any  origin- vector 
can  be  written  uniquely  as  the  sum  of  its  component  vectors.    The  magnitude  of 

— ' — ? 

A    is    Va,    +  a^  . 

1        '2  .  .  .  -  ^ 
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^  %  '       Figure  3.15    .  , 

.The  \\se  of  components  leads  to  a  simple,  arlthmetio  of!  vectors,  as  will.be 
seen  in  the  foriowlng  sections »  -  -  .  . 


Example  1,    Giyen   %^  [2,3]    and   T=  [vl,?]  , 

Find     ?  =  14,. 2-]    in  tepns  of   J   and   ?  . 


We  must  find  scalars    r    and    s  >such^that  r[2,3]  +  s[-l,5]  .  Hence 

[4,-2]  =^  [2r,3r]  +  [.s,5s]  =  [2r  -  s  ,  3r  +  5s]'.  .  * 

Since  the  components  of  a  given  origin-vector  are  unique,  we  have:  "* 

2r  .  s  =  It  ^  . 

'  3r  +  5s  =  .2  -         •  '  ,  ^ 

We  find  t^iat    r'  =  g  ,  s  =  ^  ;  hence    2  =  ^[2,3]  ^  ^[-1,5]  • 

*    We  can  form'vector  descriptior^  of  JLines  and  .their  subsets  using  com- 
portents*  '       .  .  ' 

i.  Extople  £.  Find  the' jector  representation,  in  terms  of  a  single  parameter, 
^r         where  [l,k]    and   B=  [-2,3]  .  *  ^ 

Solution^    Let    ^  be  the  origin- vector  to  any  point    P   on  "JOf ,  ^ 

l)„f  =  rj+  (l-r)?  '         .  •  (OTheorem  3-7)  * 

=  r[3,U]  -h(l-.  r)[.2,3] 

[3r,i*r]  +  [-?  +  2r  ,  3  •  3rr 
(2)    Thus    AB-=  rP:?^  [-2  +  5r  ,  3^+  r])  . 

115"^'  ^ 


Example  ■  3 »    Find,  using  components,  a  vector- repreisentation  of   JE  vhen 
A  .«^^^^)    and   B  =  (-2,3)  .   \  ^'  . 


repjresented  by  -  ,         -  ,  • 

However  we  must  place  a  restriction  on   r    so  that   P   wtil^lie  only  on  . 

ThJ.s  condition  will  be  ftietvif    6  <  r  <  1    since  P  '=  A   TiiSh^r  =  1   anU   P  = 

*  -         '  ^  .  -  ; 

*   when   r  =  0  .  .  ?  ►    5^  n 

 ,  <•  ^  "     '         •  "  . 

The  complete  solution  is:       .  .  , 

'  S5  =  jP:P  =  [-2  +  5r     3  +  r]  ,  0  <  r  ^  1}  .  '  ^■ 

Example  h,    ^n&,  using  components,  aj/ector  representation  of    BA  where 
A  =  (3,M   and  B  =  (-2,3)  .  ,  \      ^  •     ^     *     '  ' 

Solution.    Biis- problem  differs  from  Example  3  in  only  one  r^espect."  We 
must  now  place  a- restriction^ oa«  -  r   so  that  -  ^  «wJJLl-J4e^  BA  This 

condition  will  be  met.  if"  r  >  0_  since  :  P  =  B    when    r  i  0  'and   P    lies  on^ 
the  ray  emanating  from   B^- anT^onta^-ning*^  A  ,  wi^en^'^r  >  *0  .    The  complete  soli 
tion  is:     -  ,  s., 


AB 


JOB  =  I  P>^  =  [-2  +  5r  ,  3     r]  ^  -r^  o\  . 


i 


Example  5.    Find  the -vector  representation  of  the  trisection  points  of 
'A5  where    X  =  [3,^]    and*  B'^=^•  ^-2,^]--;^^'  r    /  • 

Solution.    Referring  to  Oheorem  3-8,  we  have 

^  *  m  +  n 

where    P  'divides  -the-se^^ent^njthe  ratio.   ti:m  , 

There  are  two  points  of  triseotion,  one  where    n:m  =.1:2  ;  the  other  whe] 

n:m  ;=  2:1  .    We  shall  do  the  first  part.  »    *  '  - 

\       *  *  ^ 
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^/  '    ^    Exercises  3^^ 


1»    Iln3*tbe"  coii5)onentsf/  0?^^""         '  "  -  _  -  \^ 

■^-(a)    (3,2]  +  f,-'  .       '     ;  ■ 

(b)  (3,-2]  +  (-1^,1]^''  „  ■ 

(c)  ,  kb,6]  .  ^  .  ,  ^ 
,-  ii)    -«5,6]"  . 

,      (e)    -1(5,6]  .   •  •  • 

(f)'  --(5,6]  .  ■ 

 ^Jgi.^Jlil.Al>-tt2Ul,3].---'«'.--5^--   -.^  - 

-    (h)  .-3[i^,l']  -W-l,3l  . 

2.  -  If    A  ='  (3,-5]  ,         [-1,6]  ,  C=  [2,3]  ,    find  AJie  components  of, 

(a)  23f  +  3?  -  ^.      •  (d)   5(Jf  -  T?)  +  t), 

(b)  t:  2B  +3^.      ■      .  (e)    3(^  +     -^3>  +  2{t  -  t  ±  t\ 
.     (c)    2(r'+t)  -  3C^-                -      (f)    ^(t-t  +  t)  .  3it  +  t.i)\ 

3.  What  is  the    ^    component  of    i  ?    of    j  ?      ,  ,  » 
k.    Find  the  piagnitude  of  the  f  ollowlng^ect6rs  •     ^  / 

(a)  i  +  j  .    ,         ^  '  ,  "  . 

(b)  3i  -       .  ^  ,  (  *  ;    .  " 

(c)  ai  +  bj  . 

(d)  (cos  0)i  +  (sin  0)j 

5.  Vector   P*   is  drawn  from'  A  =  ih\2)    to    B  =  (5,-1)  .    Write  its  origin- 
vector   P    in  terms  of    i  and" 

6.  Express  the  zero  vector    (t   in  terms  of  two  distinct  non-collinear  vectors 
3f  and  "y    lying  in  the  same  plane;  « 

?•    In  terms  of    i    and    j  ,  describe  the, vector  represented  by  the  arrow 
extendi^  from    0    to  the  midpoint  of  the  segment  joining    (2,5)  and 

8.    In  terms  of  .  i    and    j  ,  describe 

(a)  -^he  unit  vector  making  an  angle  of    30^"^ with  the  x-axis, 

(b)  the  unit  vector  making  an  a^le  of    -30°    with  the  x-^axis. 

(c)  the  unit  vector  having  the  same  (Jireption  &g    4i  •  3j  • 

*  1 
/ 
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■9:    Find   x   and   y    so  that  ^ 

(a)   x[3,-l]  +  yf3,lJ  =  f5,6)  . 
,  (b)    x[3,2]  +  y[2,3]  =  [1,2]  ,. 
.    \(c)   x[3,2l  +  y[.2,3)  =  [5,6J  J 
'(d)   x[3,2]  +«^[6,U]  =  [^3,,-^ 

Rem'esent  an  arbitrary  .vecl^r    [a,b]    as  a  linear  combination  of 


10. 


11.- 


.(infinitely  many^  solutions.  Why?) 


(^)    [1,0]    arfd  [0,1]. 
(b)    [1,1]    and    [-1,1]  ' 


and  [-1,0] 


Physical  forces  possess  both  magnitude  and  direction  and  therefore  may  be 
represented  by  vectors.    In  physics  problems  it  is  often  convenient  to 
use  ^^-"components  and'y-con^nents  to  represent  the  horizontal  and 
vertical  components  of  a  force.  ,       *  '  • 

"  Suppose  a  sled  is  being  pulled  along  level  ground  by  a  cord  making  an 
angle  of    30°    with  the  ground.    The  tension' (magnl4iude  of  the  pulling 
force)  in  the  cord  is    50    pounds.    What  is  the  component  of  the  force 
parallel  to  the  ground,  and  what  is  the  component  of  the  force  perp^- 
dicular  *to  the  ground?  "  » 

(Hint:    With  the  force  vector  epianating 
'  from  the  origin/  'the  horizontal  vector 
will  be    [T  cos  30°, 0]'  .and  the 
verticed  vector  will  be    [0,  T  si^n  30°]  .) 

12.  Two  forces  act  simultaneously  at  the' same  point.    Bie  first. has  a     .  ■ 

magnitude  of    20'  pounds,  and  direction    37°«  aboVe'the  horizontal  and 

^  toward*  the  right.    The  other /force  has  a  magnitude  of    30   pounds  and 
direction  .30°   below  the  J&or^zontal  and  "toward  the^'rigbt.    Find  the 
ve\:tor  which  represents  thej resultant  of  these  two  forces,  s  ' 

13.  Refer  to  the  forces  of  Exerc^e'l2. 


(a)  At  what  angle  must  the  seco^id  force  act  if  the  resultant  acts 
horizontsdly  toward  the  right? 

(b)  At  what  angle  must  the  second  force  act  if  the  resultant  a\;t8 
^  vertically? 
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1^^^    suppose  three  Torces  act  simultaneously  at  the  same  point,    (it  can  be 

J9  •  ^  ^        •  i 

seen  f rcxn  the  commutative  and  associative  properties  of  addition  for  ■ 

vectors  that  there  is  but  one  "resultant  for  all  three,  no  matter  which 

two  are  taken  first,)    Find  the  resultant  of  th^se  three'forces:  20 

pounds  acting  due  west,    30    pounds  acting  northwest,  and   i^O  pounds 

acting  due  south,       •  '   ^  .  •  z 

15.    If  two  forces  have  the  li^e  mAgnitudp  but  act  in  opposite  directions, 
they  are  said  to  be  in  equilibrium  and  each  is  called  the  equllibrajit^ 
of  the  other. 

(a)    Find  the  magnitude  and  directi^on  of  the  equllibrant  of  the  - 
resultant  of  two  forces,  one  pulling  due  north  with^a  magnitude 
of    20    pounds  and  the  other  pjilling  southe'ast  with  a  magnitude  ^ 
'  of    30  poujras. 


(b)    If  a  third'  force  of    10    pounds  acting  due  east  is  added,  find  the 
/  .  ^  >     .  .r , 

force  which  will  provide  equiIib^Tuiir*for  the -whole  system. 

tc.    A  picture  weighing  ten  pounds  Is  sus$)ended  evenly  by  a  wire  going  over 
a  hook  on  the  wall.    If  the  two  ends  o^^tl^e  wire  make  an  angle  of  1^0° 
at  the  hook,  find  the  tension  in  the  wire,    ('^ee  Exercise  11  for  the  use* 
of  '^tension",)   ,  \\ 

1?,    Prove  Theo**eir.s  2-l>  3-2,^nd*3-6  using  component;^, 

18.  '   Prove  Tneorem  3-lC,  -    *^  > 

19,  Firfd ^vector  representations,  in  terms  of  a  single  paij^meter  for  the  sets 
describe  below: 


where 

;2,3]    and    B  =  [-4,5] 

^  b, 

where 

t  = 

[1,3]    iind    f  =  [3,9] 

where^ 

?=' 

l4,-7)^  and       =  [U,2] 

9'' 

'd) 

where 

it  = 

[2]    and   t  =^l3] 

(?) 

AB 

where 

[-3,2]    and  i  =  [l,.-2] 

-  (f) 

where 

= 

[1]    ana   ?  =  [2] 

where 

3r  = 

[3,4j    and   t  =  [-2,-3] 

:h) 

where 

t  = 

[1,-2]    and   t=  t-3,2] 

(1) 

where 

t  = 

[2]    and   §  =  [1] 

•(J). 

AB* 

where 

t  = 

[3,U]    and   t  =:  [-2,3]  • 

-  t 

BA 

where 

t  = 

[3,h]    and  t=  [-2,33 

(1) 

where 

3f  = 

[1]  'and  t=  [2] 

•  (m) 

Ihe 

ray' opposite  to   5^   where  ^^id 

t  =  [.£,3} 

('n) 

The  ittteirior  of 

sepanentf*  AB   where    A=  [-3,^1 

'and  t=  [1,-2] 
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Find  the  vejitor  representa^i^&ns  of  the  midpoiiJts  and  trisection  points  of 
the  following  line  segments:  .i  . 

(a)  M  where    A  =  [0,0]  J  and/ B  =  [6,12^]  ' 
(h)    AB   where    A  =  .[-3,2]    and    B  =  [10,-11] 
(c)    AB   where    A  =  [a^^agl    and    B  =^  [^;>^2^ 

Find'  tJ^e  vector  representations  of  the  points  which  divide  the  4irected 
segment    f^Q)    in  the  ratio    ^   whe're:  '      '  .  - 

(a)  P  =  [k,6]  J  Q  '=  [-I,ir]  ,  and   I  v=  I 

(b)  P  =  Q  =  [11]  ,  and   I  =  I  ,  '  . 

(c)  P  ='  [-3,r2]  ,  Q  =  [3,2],  and  I  =  1 

(d)  ■  P  =  [-1,1;]  ,  Q  =  [9,-5],  and  I  =  i 

(e)  P.=  [|,f],/Q:.r^,;^],and  L-^' 

(f )  =  [Ifl  ,  Q  =  Jll]  ,  and   I  =  I 


C 
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Oxir  algebra  of  vectors  does 'not  yet  include  multiplication  of  one  vector 
by  another.    In  order  to  make  a  definition  .which  will  havi?  significant 
consequences,  ne  investigate  the"  angle  between  two  vectors. 

.DEFiyiTION.    Let<  X  ^and    Y   be  any  two  non-zero  vectors. 
^       Then  by  the  angle  between    X    and    Y    we,  mean  the  angle" 

whose  sides  contain    X    and    Y  .    This  angle  has  a  unique  ' 


degree  measure  between   0°    and    l8o°  (inclusive), 

y 


Figure  3-l6 


Let    e    denote  the  angle. between   7   and  ? 
applied  to  triangle    OXY  ,  enables  us  to  write 


The  law  of  sosines. 


(d(X,Y))^  =  \tV 


!Y 


2l?|  !?L  cos  a 


The  term    jx,  :i\  ?os  9    has  significant  physical  applications  which  lead"^ 
a  useful  vector  concept.    One  such  application  deals  with  the  work  done  in  ' 
applying  a  force  thrDugh  a  given  distance.    Since  we  must  consider  the  direc- 
tion and  magnitude  of  both  the  forc^  which  is  applied  and  the  motion  which 
takes  place,  it  is  customary  to  represent  them  by  vectors    ?   and       ,  where 
s  =  Is^l    is  the  distance.  -  • 
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Figure  3-17 

In  Figure  3rl7,  an  object -at  .Q..  is- mov^d  a  distance  .  s    by  a  force  'f  . 
This  force  is  applied  to  the  object  along  a  'straight  lin^e  and  in  the  same 
direction  ^s  that  line  so  that  all  of  the  force  acts  in  the  direction  of 
motion.    '     ^       .  ,  /  .  *  " 

:  On  the  other  hand,  if  the  for6e  is  applied  at  an  angle  0  ,  as  shown *in 
Figure^-l8,  only  that  vector  compo^enl  of  the  force,         ,  vhich  produces 

motion  is  e^ffecti-ve  in  performing  the  work  done. 


^gure  3-18 
In  Figure  3«l8,    d(0,S)  =  s  =  \t\  so 

Work  =  I?  |s  =  |?|s  cos  9  = 


cos  0 


DEFINITIONS    Let    X   and    Y   be  any  non-zero  vectors.  Then 

the  inner  product,    X  •  Y     of  the^  two  vectors  is  the  real  » * 

.  "  *  *  r 

number  ^     .      *  "~  ; 

|X||Y|  cos  e 

yhexe    |X|    is  the  magnitude  of   X  ,  |y|    is  the  magnitude 
of     Y.  ^  and    e    is  the  angle  between  sX   and    Y  .  ^If 
either    X   or    Y    is  the  zero  vector,    X  ^Y   is  defined  to 
be^  zero. 


The  inner  product    X  •  Y   is  usually  read  "vector    X   dot  vector   Y"  and 
is  therefore  sometimes  c^led  the  "dot  product".    Notice  that  the  inner  « 
product  is  an  operation  that  assigns  to  each  pair  of  vectors  a  real  ntimber 
rather  than  a  vector.    The  operation  is  obviously 'commutative. 


ERJC 


122 
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In  view  of  the  above  definition,  Work  =  ?  •  ?  .  Also  S  •  "S"  =  1^1^  ^ 
Example,    Evaluate    X  .  Y   If    |x|  =  2  ,  fYj  =  3    and    (a)     6  =  0^, 

(b)  e  ^k^""  ,  (c)    e  =  90^  ,  id)    e  =  180^ 

Solution, 


*:^^^(a)^   X  •  Y  =  2.3  ^os  0°  ^2.  3.1  =  6 

'  til  ^J^L^  •  ^         3  cos        :  2  .  3  •  f  ='3V2 

^"^Uc)^  X- Y  i^*-3,cps  90°^=  2.  3  '0  =  0 

(d)    X  •  Y  =  2  •  3  .cos  180°  =2.3-  (-1)  =  .6 

lEhe  inner  product  has  many  applications.  One  of  these  is  4  ^^st  for 
perpendicularity • 


THEOREM  3-lS*   Tf  ^  X    and    Y   are  non-zero  vectors,  then  thejj  are  perpen- 
dicular if  and  only  if 

X  •  Y  =  0  , 


Proof,    According  to  the  definition  of  inner  product 


X  •  Y  =  X 


1^ 


cos  0  • 


This  product  of  real  numbers  is  zero  if  and  oniy  if  one  of  its  factors  is 
zero.    Since   X   and   ?  aye  non-zero  vectors,  the  numbers    |x|^^  and  '[yI  are 
not  zero.    Therefore  th^  product  is  zero  if  and  only  if    cos  9  =  u  ,  which  is 
the  case  if  and  only  if  ^X   and   Y   are  perpendicular,  * 

The  following  theorem,  supplies  a  useful  formula  for  the  inner 
vectors,  ^  ^ 

THEOREM  j-13>    If   X  ^  [x^,x^]  'W^^  ^^1^  [y^^y^]  ,         \'      ,  * 


then 


*   
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3-T 


I  - 


Proof,    From  the  law  of  cosines  and  the^distance  formula  we  can  now 
write  (see  Figure  3-1^)"* 


«  1 


Example  1.    If   ?  =  [8,-6]    and    ^=  [3^]',  show  that"  't^  and   ^  are 
perpendicular,  ' 

Solutioi>,   ^  •        8  •  3  -^^  (-6)  •     =  §U  -  21+  =  0  , 
Since   I?*   and  Y  are  non-zero  vectors,  Theorem'3-12  shows  th^at  .they  are 
perpendicular*         ^  .    ^  ' 

^        >^ " 

Example  2^,  '  Find  "the  angle  between  the  vectors    t=  [h,3]    and  't  =  [-^ 


Figure  3-19 


Solution,^ 


t  *  t  =  \t\  \tl  cos  e  ,1 
^  •  ^  =  ('lf)(.2)  +  (3)(2)  =  .2 

1^1  ;  5^,   |f  I  =  2>^, 


'3f '"ff 

.%  cos  9  * 


^     |a||b|  io>^ 


.iki 


e  z  98^ 

/ 

V 

We  shall  find  further  application  for  the  fommla 

COS  $  =   . 
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!lhe  Angle  Between  Two  Linens >  An  application  of  this  fonnula  can  oe  made 
to  find  the  angles  formed  by  two  lines  with  equations  in  rectangular  form.*  * 
Suppose ^he  lines  are  ^L^^    and^  Lg   with  respective  equations 

/a^x-+  b^y  +  c^-=  0   and   a^x  H-^b^y  +  Cg  =  0  •    •     .  - 


In  ^toter    2   we  learned  that  the  respective  normals  and  have., 

direction  npibers    (a^,b^)    and,  (^2*^2^  *  these  as  vector  com- 

ponents or  vectors  along  and        •    From  the  diag^un,  [d    and   ^<t>  ^ve 

equal  measure  since  each  is  the  complement  of        ;  hence,  we  mayVind   0  , 
the  measure  of  the  angle  between"^  L.    and   Lp  ,  by  finding'  <|)  ,  the  measure  of 

the«€ingle  betve^  their  normals.  Therefore 


cos  6  =  cos  0  = 


ItvVI  ItvVI'  ;q^7^  Ji^T^ 


This^is  the  same^  formula  we  found  in  Chapter  2  by  another  approach. 


Example.  Find  the  angles  formed  by  the  lines  wi"6h  equations 
3x  +  i+y  +  5  =0    and   5x  +  12y  +  9  =  0. 


Solution.  Direction  numbers'  for  the  normals  to  these  lines  are  (3,^) 
and    (5^2)  ;  therefore,  *  / 

Q  ^     l3Mb,^2]     ,  '  1      15  +  48  63     _  63 


COS 


co'6'  e  z  .969  , 


ana 


e  filh°  . 


The  angles  formed  have  measure 


'14°   and   16^°  . 
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^  "  -  Exercises  3"7  ^ 


If   i  =  [1,0]"*  and    J  4  [0,1]  ,  find  '    ■  • 

(a)  *  i.'j  (e)    (i  +  J),  (i  -  J);,, 
M    J  •  i-                                   (f )    (21  +  3J)  •  (hi  -  5J) 
(cJuj«:  i                                  (g)    (ai  +  bj)  •  (.ci  +  dj)  . 

If  A  =  [3,-5]  ,        [-2,1]  ,  C  =  [l;,--3]  ,  find: 

fa)-A''-B  -.-      ^„    .  ,  (f)    (2B^+ 3C)  ■  (2B  -.3"C)  - 

(b)  ^^  3t^-  -      ;  (g)      +•  5t) .  (3"S  -  2?)  ■  i  . 

(c)  3A-  (B  +  C)-        '    *  (h)    (J  +  B  -  C)  .-  (B        +  C)  • 

(d)  "  2B  .  (3^+  2C)  (i)    (2A  -  3B,+  kc)  •  (5A  %^  +Ib)  ' 

(e)  (A  +  B)-(A-B)  (j)    a  ■  a  +  B -B  +  C?^c" 

Find  the  angle  between  X  and  Y  if  c|x|  =  2  ,  |y|  =.3  and.  X- Y  is 
H     °-               '       .           ■     (e)  -4 

^    '•   .  *  (f)'    5  ^        '  ■ 

-2  ^  (fr)^    6  '  . 

("^^     3  .(h)    .S'  - 
Given  f 

(a)  "a  =  lli  -  3J  •,  find    |a|^  .  '  "  , 

(b)  B  =  12i  +  5J'  ,  find    Ib]'^  .  - 

•  If  -  X  =  3i  +       ,  determine    w  so  that    Y   is  perpendibular  to    X  , 
if  is 


(a)  wi  +  *  • 

(b)  'jwi  .  [  _  '  ^  ^ 
{a)  ^Ui  +  wj        '            ^                       -      ^  ,  ^ 

*(d)  wi  .  3j     '  ;       '  ,  .     *  * 

(e) ,  Find  an  origin- vector "^in  ccanponejit  form  vhich  is  perpen(iicular  to 
X   and  four  times  hs  long,    (two  answers)        '  )l 

Given    A  =  2i  -  j    and    B  =  3i  \€>i    as  sides  of  l^OB  ;  what  kind  pf 
a  triangle  is   MOB  ?    Find  the  third  sid^^ic'.in  texins  of  T  and    B*  • 
Find    C  ,  the  origin-vectorof ^  c  ,  in  terms  of  its  urtit  vectors^ 

Let    A  =  2i  -  3j  t  B  =  -2i  +  J  .    Find  ' 

r 

(a)  the  angle  jD^tween   A   and   B  / 

(b)  the  work  done  by  A  ,  considered*  as  a"  force  vector,  in  moving  a^ 
particle  from  the  origin  to'  S  =  {2,6)    along  the  x-axis,^ 


A' s\fid  is  pulled' a  distance  of    s   ft,  by  a^Jforce  of   f    lbs.,  where 
F   repscgsents  the  force  which  makes  an  angle  pf   B   with  the  .^horizontal.  , 
Bind  the  work  done  if  -  *  .  .  * 

(a)  s  =  100  ft.)  f  =  10  lbs,,  e  =  20  . 

(b)  s  •=  1000  ft.^  f  .=  10  lbs.,  0  =  30°  .  *  '     '  ^ 

9^  *In  Problem  (8),  how  far  can  the  sled  be  dragged  if  the  number  of  avail- 
able foot  pounds  of  work  i€    1000    and  if  ^  '  '  ^  - 

'  (a)    f  =  IDQ  lbs.,  0  =  20°  ^ 
(b)    f  =  100  lbs.,  0  =  89°  .  • 

10.  Let  X  =  (cob  0)i  +  (sin  6)3    and  .      '  • 

B  =  (cos  *)i  +  (sin        .  ^ 

Draw  these  vectors  in  the  xy-plane. 

#- 

('a)-'Ffrfe.;r.  r,,  .|a|  ,  lil  ' 
,  ;(b)   Us^^those  results  .to  prove  that 

^^o^^^^  0)  =  cos  ^  cos  0  +  siii  ^  sin  0 

11.  Prove:  v-V'^  <  1  .  .  *  / 

-TlxllYl-  / 

12.  Copi&nt  o;i  the  following:  there  is  an  associative  law  for  vector  addi- 
tion: (A  +  B)  +  C  =  A  +  (B  +  C)  .  T^ierefofe,  there  may  be  an  associa- 
tive law  'for  inner  products :    A  •  (B  •  C)  =  (A  •  B)  •  C  , 


3-8.    Lays  and  Applications  of  the  Inner  (Dot)  Product. 

A  useful  fact  abput  inner  ]^roducts  •is  that  they  have  some  of  the 
algebraic  properties  of  products  of  numbers.    The  following  theorem  gives  two 
such  properties.  ^  '  •        »     ^  ^ 

mEOREM  3-1^.    If   X  ,  Y  ,  Z  ,  are  any  vectors,,  then 

(a)        (Y  +  z)^=  X-t +  7.^"^;  4  • 

{i>)  (t?)^Y  =  t(x.  y)  =  (2)- (tY) ; 


Part  0))  states  "a  scalar  multiple' of  a  dot  product  can  be 
attached  to  either  vector  factor." 


Proof.    Let   ^  =  i\>^]_r^^Jyi,y2'^  ,Z=[z^,z^]  .  Then 

«  3f .  y  +'X.  z  , 


/ 


1 


Oorbllary;    X-  (aY  +^b2;)  '=  a(X  •  Y)  +  b(X  •  Z) 


!Ihe  proofs  of  this  corollary  and  the  last  part  of  Iheorem  3-lU  are  left 
as  exercises. 

We  may  now  use  the  inner  product  to  prove  theorems  in  geometry  vhich 
involve  perpendicularity.   ^  ^  ^ 

^\      Example  1%    Show  that  the  diagonals  of  a  rhombus  are  perpendicular. 


Solution^  .  Choose  the  origin  as  one  vertex  of  the  rtfombus.    The  tvo 
adjacent  sides 'can ^Ije  represented  by  thfe  vectors   A   and   b"  vith    |Af  =  |b| 


Figure  3-20 

Thus  one  diagonal  is  represented  "by.      + 'ff'  and  the  oth^  diagonal  is 
parallel  to   A  -  B  .    To  test  for,  perpendicularity  we  calculate  the  inner 
product  of  these  two  vectors,  using  Theorem  3-1^* 


(A  +  B)  •  (A  .  B)  =  (A  +  b5  •  t (A  +  B)  .  B 

=  B*X.  A^b'.  b'^'b      -    -  ' 

But  (Tj  =  |b]  ,  that  the  inner  product  is  zero  and  hence  the  diagonals 
ar^^erpendicular,  ^         "^-^  . 

« 

-    Example  £•    Prove  that  the  altitudes *of  a  triangle  are  concurrent. 


Proof.    Refer  to  Plgure  3-21:    Let    W   and^  CT*   be^  altitudes  of 
Then   BE   and    CP   must  inti^rsect  at  some  point    H  •    AH    intersects    BC  at 
some  point    D  #    We  must  prove        _[  b3  .        ^  ^       '     '  * 

(1)  *  "b  •  (a  .  c)  ='b       .  "b  .c"     0  ;^   (Why?)        ^  ' 

thus    b  •  a  =  b  •  e  • 

(2)  Similarly,    t  •  (b*  -  IT)  i=  c".^  -  ^*  a  =/0  ; 

thus    c  •  a  =  c  •  b  •  ^  *  ^  ^  ^  ^ 

(3)  a  =  "c^'a  •    (Why?)         f      '        ^  \     .  '      '  ' 
(U)    c*.*  a  -  'b«'a  =  0.  *.v* 

(5 )  (c*  -  b)  •  "a  =  0    and    eT  _[  (7  -  b)  •  .  ,  *       ^  .  '  ^ 

(6)  Hence        _[  BC   and  the  thr6e  altitudes  8^e,<:^pcurrent*      '     '  , 

•       /  ^  . 

The  inner  product  can* be  used  to  derive  another  result,  ^^Let  '  , 

X  =  [x-,x  ]    be  a  non-zero  vector.    Then   X'  =  t-X2,x^}    is  also  a^^jon-zero 

vector  and  we  have 


0 
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X  'X'  ^.tx^^Xg]  •  [-Xg^Xj^]  =  •-:C^x^  +  x^Xg  =  6  .  .  ^• 

Hence  by  Theorem  3-12^  "X   and  X*    are  perp^ndicxaar  and  the  angle  between 
the  vectors  is    90°  .    Now  let    Y  =  [y^^^yg]    be  any  non-zero  vector.  '  We  now 
calctilate   X'*  Y  . 


0  • . 


Figxire  3-22 

To  do  so-  we  misted etennine  the  angle  between  ,the  vectors    3?    and   ?  .  a?he 
relationship  of^his  angle  to  angle  .9    i^  not  always  the  same.  In 
Fi^e  3-22  the  angle  6'  between   ?    and  "y'  is    360°  -  (90°  +  /0)  . 
IfK  Y   were  near  the  posi^iive  side  of  the  y-axis,  the  angle   6    woxild  be 
90    +:  'p^„.*»;lf  .Y^  were  between    X   and  .  X«  ,  the  angle   0'  woxild  be 


Ao      1>':'.  Vri'  "       V  ,  "  .       r        r  -x^xc    ^-    wuuxu  ue 

9P   -  ^'0  i^.    If   Yj  were  near  the  negative  sidte'-of  ithe  y-axis,  ±he  angle 


wotild  be  i  e  90^ 


i 


-COB    9'  a 


Therefore,  we  have  ^ 

+ 


'  cos- [360^ 

COS  (90°  +  0  )  ,  . 
COS  (90^  -    0  )  / 


sin  e  • 


'    ♦  V     '  /  or  cos  (   0  -  90?)' , 

Therefore,  in  any  case,  since   X»-«  f-x^^x^]  , 
X'  .?=  [-Xg.x^)  '  ty^;ygl  =  x^yg  -  ^yr^  »  |x|  | Y|  cos  0-    «  !  fx 1 1 Y|  sin  ^0 


•  ,  ^.  "  3-9 

But  from  the  fi^re,  we  see  that    |x|  sin  6   is  the  length  of  the  altitude  h 
drawn  from   X   to  line    OY   in   ZliOXY.    Thus  the  area   K    of   ^OXY   is  given  by 

^  K  =  ifYlh  •  ^ 

However,  since    h  =   X4  sin  0  , 

=  i|Y|  |X|  sin  0  =  ilx^yg  -  x^yj  •  ^  , 


3-9.    Resolution  of  Vectors.  ^  »  }^ 

In  the  first  discussion  on  vector  components  (Section  3-6),, it  was  noted 
that  the  vector    3^?  [a,b]    had   a   as  its  x~component  and   V*  *as  its  y-com- 
ponent.  0/ 


A' 


X 


B^r-  --j|f.(a.b) 


,    *  Figure  3-23 


'■Jt,  As  hef6re,  we  have  iihe  component  vectors   ai  =  A  ,    and  bj 

V  We  now  wish  to'^extend  this  concept  of  component  vectors.    Consider  any 


hbn-zero  or^igin-vectors    X    and   Y   to  points,  X    and   Y    respectively.  Let 
I  ^t|e  per|eridlcuiar|^from,  i  X    to,  OY.  meet   OY^  jin^int  ,P   as  indicated; in  ,  ,  ^ 
'  'Figure  1-2^4-;^  .TheiS^the  vectork!  m    andj^  n   qoVrespiridihg'W        '  and  aiU 


called  the  cc»5)onent  vectors  of    X   wi^th  respect  to  Y 


This  idea  is  not 


restricted  ^to  origin-vectors. 

'   '  X 
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lis  extension,  of  the  concept  of  components  of  vectors  is  .often  helpful 
lysical  and  geometric  applications,  where  t'hese  ideas  are  discussed  ipr 
terms  of  the  resolution  of  a  vector  into  vector  components.'    In  the  atove 
discussion,  we^say  ^-hat  we  resolve    X    into  vector  components    m   and  n 
respectively  parallel  and  perpendicular  to  ♦ 

From  the  definition  of  t?he  inne^  |)roduc1i.  of  two  vectors   "x   and   T  ,  we 


have 


(1)  ,  the  component  of  ."x    in  the  direction  of   T  , 

Xcose  =  ^  =  ^*^  where 
m  -lYl 

— •   represents  the  unit  vectoi-j^long  the    Y-  direction. 

|y| 

(2)  the"  component  of    Y    in  tft^i  direction  of   "jC  , 

Y  bos  e 


Y     Y.  X 
—  =  — -  where 

|x| 


X 

— -   represents  the  unit  vector  along  the   "x  directioit. 

ix|  .  • 


1/ 
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Exercises  3-8    and  3-$ 
1.    Verify  Theorem  3-1^  (b)  for  the  vectors  '  ^ 

X  =  [2,k]  ,  Y  =  M,-3]    and    t  =  5  . 
'"2.    If  "X  =  [x^,x^]    and  7=  [y^yg]  ^  prove  that    (tx) .  Y  =  X.  (tY)  for 
any  scalar    t  .    ,         '  . 
3. \PrQ!/e  the  corollary  of  Theorem  3-lU. 


a)|  ^Supply  the  ijeasons  for  |ach  step  df  thd  proof  of  the  theoxk  In 
,  Example  1  following* Thebi^m  3-lU.  f  ' 
(b)    Same  as  '  (a)    for  , the  theorem  in  Example  2. 


1-  I 


5.    Fimi,  the  al*ea  of , the  triangle  determined  by    A  =  [3,-1]  '  and  ,  B  =  [2,6j 
<nd  check  ydur  result  by  any  method.    ^         \  *  - 

^Given   X    2i  -  3J  *and    B  =  -^i  +  J 

,  (a)   A   upon    B    ,  ' 
,     (b)    B    u^on  'a 


Find  the  component  of  ' 


ERLC 
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-J,    Given  a  vector  representing  a  wind  of    30   mph,"  from  the  southwest. 

Locate  this  vector  in  a  coordinate  plane  where  the  positive  side  of  the 
y-axis  is  considered  to  lie  in  the  north  direction.    Resolve  this  vector 
into  its    m  -and    n    components  (as  described  in  Figure  3-23)  with 
respect  to^: 

.  (a)    the    X    and    y  axes. 

(b)  the  line  ^  9  =  15°  . 

(c)  the  vector    a"  =-{10,15]  .       '  ,        ^  ^  - 


'-Challenge  Problems 

1.    (Ceva's  Theorem)    Let    P   be  any  point  not  on  triangle    ABC  .  .  Let 
AP  ,  B?  ,  C?  intersect      '  "  , '  ^ 
BC  ,  AC  ,  AB  respectively 
at   Q,  R,  S  .    Show  that 

Ry 


d(A,S) .  d(B,Q) . drC,R) 
a(S,B)    dCQ,C;    d(R,A)  " 


2.  In  triangle    ABC  ,  let 
CD  1  AB   and  let    P  be 
any  point  on    CD  .  Let 

*'aP   intersect   BC    at  M 

and    BP    intersect  AC 
'  at   N  .    Show  that 

l^m  =  Ipm  . 

(Hint.    Take    D  .  to  be    0  .) 

3.  (Menelaus'  Theorem)  "Let 'i^''-^ 
,  be  any  lihe  which,  does  not 

V  pass  through  any  vertex  of 
triangle   ABC  .    Let  I 
intersect    AB  ,  AC^, 
respectively  at    P,  Q,  R  . 

'  Show  that 


d(A,Q)'  .  d(C.R)  .d(B.P) 
dCQ,C;    d(R,B;  d(P,A; 


=  1 
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133« 

140 


^#    (a)    Prove  algeb'i'aically 

NOEE:    This  is  a  case  of  Schvarz's  inequality,  another  form  of 
whi^h'is  i 

'  (vl  ^  V2  ^3^3^.^  ^  ^^1^        ^3^)(yi^  ^2^  +  yj^)  • 

(b)  Write  these  in  vector  notation. 

(c)  What  geanetric  interpretation  can  be  made  for  the  case  in  which  the 
left,  and  right  members  are  equed.^  t 

3-10^    Summary  anpL  Review  Exercises. 

!Die  chapter  Just  concluded  dealt  with  vectors  and  their  applications. 
After  'reviewing  some  basic  ideas  about  directed  line  segments  (objects  with' 
both  direcl^ion  and  magnitude ),  a  vector  was  defined  as  an  infinite  set  of 
equivalent 'directed  line  segments.    Ttie  Origin-Principle  allowed  us  to  relate 
a  vector  to  any  point  in  space  as  an  origin.    We  found  it  useful  to  select  the 
origin-vector,  that  member  of  each  set  with  its  initial  point  at  the  origin, 
^8  i;he  simplest  representative  of  a  vector.    Ttie  unit  vector  and  zero  vector  . 
were  defined  and  the  term  scalar  introduced.  •  ^ 

.  A. 

The  next  ste*  in  setting  up  an  algebra  of  vectors  was  taken  when  the 
equ^ity  of  vectors  ^as  defined  in  accordance  with  common  practice.  The 
operations  of  addition  and  subtraction  of  vectors  and  the  product  of  a  vector 
^"by  a  scalar  were  defined.    The  last  concept -made  it  possible  ^to  state  that  two 
vectors  are  parallel  if  and  only. if  one  is, a  scalar  multiple  of  the  qther. 
The  Origin-Principle  rela^  operations  with  vectors  to  the  corresponding 
operations  wi^h  their  respective  origin-vectors.    {  :  ,  r 

'It  was  then  proved  that  the  commutative  and  associative  laws  hold  for 
the  addition  of  vectors.    Scalar  multiplication  satisfied  the  associative  law 
(rs)p  =  r(sP)    and  the  distributive  laws    r(P  +  Q)  =  rP  +  rQ  and 
(r  +  s)p  =  rP  +  sP  .    The  zero  irector        has  the  usual  properties  of  the  \^ 
additive  identity;  the  additive  inverse,  .  f  ,  is  defined  by   P  +  (-P)  .  ] 

Die  definition  of  a  linear  combination  of  vectors  made  it  possible  to 
prove  some  basic  theorems  about  vectors.    Theorem  3-5  stated  that  in  a  plane/^^ 
any  vector  can  be  expressed  in  tepas  of  any  two  non-parallel  and  non-zero  ^ 
•vectors.   After  the  study  of  .vector  components,  it  was  pointed  out  \hht  any 

vector  can  be  represented  as  a  linear  combination  of  the  unit  vectors  '  i' 

H 

.  ■    -  '  13^  '         '    '  ' 
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i  =  [1^0]    and   j  =  (0,l]..    Hieorem  3-7  made  it  possible  to  determine  if  a 
point   P    lies  on  the  line  passing  through  the  terminal,  points  of  two  distinct 
vectors    A  and  ^  B   which *do  not  lie  on  the  same  line  by  proving  tha^ 
?  =  (l  -  r)T+  rB  •    Sets  of  points  on  a  given  line  could  now  be  given  a  vector 
characterization*    TSieorein  3-8  offered  a  second  method  for  dividing  a  line 
segment  in  a  given  ratio*  ,  * 

Vector  components  play  a  basic  role  In  the  application ^ef  vectors,  ^  ©le 
operations  on  vectors  were  defined  in  terms  of  these  ccxnporients*    If    X  =  [a,b]  , 
[c,d],.,^^  then      +  T  =  [a-+  c  ,  b'+  d]    and-  rX  =  [ra,rb]  .  *  , 

"The  inner  produot  ol"  two  vectors  was  defined  by   x"*?  =  |x|  |y]  cos  B 
where    Zfi   is  the  angle  between,  the  two  vectors,  with    0  <  9  <  n  *    It  was 
then  proved  tbat    if   X  =  ix^^sc^J    and   Y  =  [y^^ygJ  ,  then   X»  Y  =  x^y^  +  x^yg  . 

A  physical  application  was  presented  in  the  concept  of  work  in  physics.  An 
important  theorem  is  that  two  vectors,    X    and    Y  ,  are  perpendicular  if  and 
only  if    X  f  Y  =  0  .    The  inner  product  has'  the^  following  properties-: 

(1)    x'*(Y'  +  "z),=  }r'Y  +  x'»"z. 

.  (2)    (tx)  •  Y  =  X^  (tY)  =  t(X' Y)    where    t    is  a  scalar. 

(3)    X»  (aY  +  bZ)  =  a(X»  y)  +  b(X»"Y)^  where    a    and   b    are  scalars^ 

The  inner  product  has  many  applications  in  gepmetry*    We  showed  how  if  could 
be,  used  to  determine  an  ang^e.  between  vectors,  to  find  the  area  of  the  triangle 
determined  by  twp  vectors  witji  ja  common  initial  point,  to  prove  that  the  diago- 
*nals  of  a  rhombus  are  perpendicular,  and  to  show  that  the  altitudes  of  a  tri- 
€Uigle  are  concurrent.    The'  chapter  concluded  with  a  discussion  of  the  "resolu- 
tion  of  vectors.  ^This  concept-  has  considerable  application  in  physical  problems, 

In  the  following  ch^ter  which  deals  witri  methods,  of  proof  in  analytic 
geometry,  there  will  be  more  proofs  applying  vector  methods  to  geometric 
problems #    In  Chapter  8  there  will  be  a  brief  introduction  to  vectors  in  a 
three ^dimensio^jial  space.  .  ' 


Rervlew  Exercises  -  •       •  <. 

1.  If  -A  =  [3,-5]  ,  B  =  [-1,6]  ,  C"=  [2,3]  ,  find  X   in  component"7orm  such 
that  '                      ,  •  ^'  > 

(a)  ■X+B  =  C"+X  •    (d)    A  +-'2X  =?+ r  ' 

(b)  2A^  3B  =  Uc'+ 5X  .    .(e)    3(x  +  B)  =  2(x  -  c) " 

(c)  2(t.  B)  =  3(C  -  X)  (f)    X  +-2(?+  A)-+  3(X  +  B)  =  0  V 

2,  Prove  Theorem  3-3.  . 


3.    Prove  ISieorem  3-k. 


k.    I^t    A  ^  [2,3]  ,  B  =  [3,,*-2]  ,  c"  =  [-1,3]  .    Find  in  component  fom,  the 
single  vector  equal  to 

'    (a)    2A  +  3B.C  (4)    5(A  -  C)  +  3(C  ^  a) 

(b)  --A  -  2B  +  SC"  '  (e)    3(A  +  B  -C)  +  2(A  -  B  +  C)  " 

(c)  2(A  +  B)  -  3(B  -  C)  -(f)    5(t.  A  +  B)  -'3(8  +  A  -  C) 

"5.    Use  the  values  of    A  ,  B  ,  c" ,  as  in  Exercisl  k,  and  find   X    in  component 
fdm  so  that       '  ' 

••(a)    A  +  B  =  C  +  X   '  -;.{d)  .A  +  2X  =  B  +  q-  X 

(b)  2A  +  3B  =  Uc'+  5X  -"^'^'^re)    3(X  +  B)  =  2(X  -  c) 

.  ^    (c)    2(A  -  B.)  =  3(C  -  X) J  ':    .   (f )    X  +  2(X  +  A)  .i^  5(.X  4  B)  =  0 

6,  Use-th,e  values  of    A  ,.B  ,  C",  as  in  Exercise  k,  and  find  the  numerical 
value  Qf  A'  •> 

A^                      '  (f)    (2B  +  3C).  ("25" -  3C) 

^)    2A.  3B        •  ^         (g)    (3A  +  5B).  (3B  -  2C) 

(c)  3t-(Bj-c)  ,       (h)    (r+B-C).(B-A  +  c) 

.(d>  ^.  (3A  +  2C)  •  (1)    (2A  -  3B  +  UC).  (5A  -  2C  + IvB) 

.     (e).  (A  +  B).  (Ai.  B)  (j)    A.A  +  B.B4*C.C 

7.  Use  the  values  of    A  ,  B  ,  C  ,  as-  in  Exercise  U,\n^  find  the  numerical 
values  of 


(a)    |A|  +  |b| 

(h) 

(b)    |2A|  +  |3C| 

(i) 

.  IbiVhcI^ 

(c)    2|A|  +  3|C| 

(3) 

^(d)    |3B|  -  \\t\ 

(k) 

|2A  +  3B  +  Uc|^ 

4e)  |A-B| 

1 

(1) 

|A.B|2 

-(f)    |2A  +  3C|  - 

(m) 

2|J|2.3|B|2.MC|K 

(g).   |3B  -  UA|      H  ' 

(n) 

|A|^  +  2|jl|B|  +  JB|2  ' 
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8.  If.  i  =  [1,0]    and    j  =  [0,1]  ,  we  may  express  the  vectors  of  Exercise  h 
thus:    A  =  2i  +  3J  ,  B  =  3i  -  2j  ,  C  =  -i  +  3j  .    In  eaqh  :gart  of  Exercise 
h,  res-tate  the  original  problem-  in  terms  of    i    and    j  ;  then,  carry  out 
your  computations  and  express  your  results 'in  terms  of  these  components. 

9.  (Refer  to  Exercises  8  emd  h  above.)    Restate,  in  each  part  of  Exercise  5, 
the  problem  and  tae  solution  in  term;^  of    i    and    j  components. 

10.  (Refer  to  Exercises  8  and  4 'above.)  ,  Restate,  in  each  part  df  Exercise  6, 
the  problem  and  the  solution  in  terms  of    i    and    j  components. 

11.  Given    A  =  (h,l)  ,  B  =  (2,5)  ,  C  =  (-2,3)  ,  and    D  =  (0,-U)^. 

(a)    Find  the  angle, measure  of   /ABC  ,  /BCD  ,  [CDA  ,  and    /DAB  ;  check 


your  results. 


I 


(b)  Using^    as  the  origin,  find  the  areas  of    ADAB  ,^  ^BC  ,  and 
AOAC  .  '  '     .  ^ 

(c)  Use  the  results  froin  part  (b)  to  find  the  area  of    MBC  .  , 

12.  a?ry  to  develop,  wi,th  the  methods  of  Jbhi^  chapter,  a  ^formula  for  the  area 
.     of   MBC  ,  where    A  =  (a^,a2)  ,  ^(\,'^2^-  ,  C  =  (c^,C2)  . 

13.  Find  tfae  area  of  the  parallelogram  in  which    OA    and    OB    are  adjacent 
sides.    Can  you  a;>ply  these  results  to  an  earlier  e:^f:ercise  in  this' set? 

Ih.    Find  th^  vector  representation  of  an  exterior  point  of  division  which 
divides  the  directed  segment  '(R,S)    in  the  ratio   r  ^ere: 

(a)  =  [2,-1]  ,  ?  =  [•'1,3]  ,  ana   ^  =  -2 

(b)  -15=  [-1]  ,  ?  =  [2]  ,  and  |=^-i 
('c)  .1?  =  [2,3,1]  ,  ?  =  [1,-2,4]  ,  and  J  =  -3 

•(d)    ^=  [-V,7]  ,  ?  =  [3,-2f^d   ^  =  -  i 

^15.    Given  the  triangle    ABC   with    t  =  [2,3]  ,  t  =  [-1,2]  ,    and    ?  =  [l,U] . 

(a)  Describe  the  triangular  region,  its  Interior,  and  the  trifingle  itself, 
*  -        using  these  vectors  and  two  Scalars.. 

(b)  *^^  Show  that    [1,3]    is  a  ve^ctor  whose  terminal  joint  is  an  interior 
^  point  of  the  triangle .  -  -  -      ^  ' 

*  (c)    Show  that'    [1,1]^  is  a^vector  whose  tenninal  point  ij&ait  extejior 
*>        point  of  the  triangle .  \  • 

^■(d)^  Show  t.hat  the  segment  joining  the  points  described^ln    Cb)    and  C^l^li^' 
.intersects'  the  triangle*  ^  ^  ' 
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^iS.    Consider  the  convex  quadrilateral   ABCD   with   I*=  }  S  =  [-1,2]  , 

=  [1>^]  9  €uid  15  =  [2,k\  •    Find  an  expression  for  the  polygonal  region 
ABCD  using  these  vectors  and  three  scalars.  ^  r 

^  17*    fiiven  the  four  vectors    X  ,  fi  ,  ?  ,  and  15  ,  whose  terminal  points  are  not 
•  coplanar,  find  an  expression  for  the  "tetrahedral  region  ABCD   in  terms  of 
these  vectors  and  three  scalars.  ' 

18.    Find  the  measure  of  the  angles  formed  by  the  intersection,  of  the  lines 

j(a)    2x  +  3y  -  8  =  0    and   3x  -  2y  +  4  =  0  .  ■ 

{b)    5x  +  y  -  2  =  0    and    2x  -  y  +  6  =  0  •  -  ^       •  . 

(c)    X  +;y  +  3  =  0  and 

(^)    X  +  2y  =  0   and   x  =  U  , 
•  ♦> 
^  19*    Points    A  =  (1,0)  ,  B  =  (5,-2)  ,  and    C  =  (3^^)    are  the  vertices  of  a 

triangle »    Find  the  measure  of  each  angle  of    AABC  • 

20,    Given  points    P  =  (-3,-8)  ,  Q  =  (1U,9)  ,  R  =  {k,9)  ,  and    S  =  (-3,2)  • 
'  Find  the  measure  of  each  angle  of  quadrilateral    PQRS  ,  and  name  the 
figure. 


,    Chd5)ter  h  >      ■  .  . 

9 

PROOFS  BY  ANALYTIC  METHODS  •         '  . 

Introduction,  -m 

One  of  the  satisfactions  we  hope  you  will  gain  from  your  study  of 
analytic  geometry  is  the  realization  that  you  have  some  very  powerful  tools 
/  ^°|f^^-^^^^S  many  seemingly  difficult  or  impossible  problems.    We  can  demon- 
stmte  this,^even  so  early  in  our  work,  by  observing  the  simplicity  and 
directness  of  analytic  proofs  for  some  theorems  from  plane 'geometry  and 
trigonometry.    You  will  recall  many  of  these  theorems,  anQ  you  also  may 
recall  some  of  the  struggles  which  resulted  from  using  synthetic  methods  on 
these  problems.  ' 

/    .  "      i  ^  ^ 

By  increasing  the  number  of  methods  available  to  so^ve  ptobl^pis,  we 

creajbe  another  problem--the  uncertainty  as  to  which  method  to  use  in  .a  given 
sitJation.    We  shall  sometimes  ask  you  t'o  use  a  pai/ticular-*  metTiod  so  that  you 
may  develop  competence  and  confidence  In  its  use,    A  tennis  player"  may,  ±n 

7  ' 

order  to  strengthen  his  backhand,  be  encouraged  to  use  it  temporarily  more 
than  h"^  would  in  normal  play.    Your  uncertainty  and  discomfit  with  a  new. 


method  will  last  oniy  until  you  have  mastered  You  * 'should  und&ra^id  >-k 

also  that  even  a  competent  mathematician,  may  .star,t  with  one  m^hod^a]j<3' 
discover  later  that  it  is  not,  as  convenient  al^another  method.  1  A&^SUj,.^tu^ 
the  example's  in  this  chapter,  vocTshoijld  watch  for  clues  to  the! reasons'  for 
choosing  one*  method  ^rather  ^han  another*,^  Careful  observation 'yb  li^is*  point 
vlll  smooth^ the  way  aer^ou  pi*oceed,         <  t         -  '*  . 

For  the  purposes  of  this  chapter  we  assume  that  you  know  the  kinds  and 
» basic  properties  of  common  geometric' figures  and  that  diagonals,  medians,  and 
the  like,  have  been  defined.    These  items,  as  well*as  the  theorems  to  be 
discussed,  may  be  reviewed  in  SMSG  Geometry^  Intermediate 'Mathematics,  or 
some  equivdlent  source;  "  .  \ 


^^-2.    Proofs  Using  Rectangular  CooI^dinate•s.  ,  y 

Let  us  now  prove  some  geometric  theo-rems  in  ^ctangular  coordinates. 


Example  1,    Prove:    The  median  \o  the  base  of  an  isosceles  triangle  is 


J  perpendicular  to  the  base.  We  might 
find  the  triang}^  placed  in  relation 
to '"the  coordinate  axes,  as  in  Figure 
h-1,  with  AC  =  BC  and  with  D  the 
midpoint  Of   ^       From  an  'analytic 

'     point  of  view,  -to  prove    CD     ^  ve 
must  show  that  the  prodtrct  of  the 
§lope  of    AB    and  the  slope  of  CD 
is    -1  .  ' 


C(e.f) 


B(c,d) 


A(a.b) 


-    .  ^Figure  A-1 

lu  or^fer  to  ensure  that  the  triangle  is  a  general  one  ve  ,might  select 
coordinates  as  follows:    A  =  Ca,b)  ,  B  =  (c,d)  ,  C  =  (e,f)  .    It  follows  that 
/a  4-  c     b  +  dv 


midpoint-  D  =  (- 


2      '  2 

We  apply  the -distance  formula  to  obtain 


)  .    By  hypothesis    d(A,C)  =  d(B,C) 


(1) 


Vta  -  ef  +  (b  -ff  =/{ 


c  -  e)2  +  (d  -  f)2; 


P  P  P  P 

2ae  +  e    +  b"^  -  2bf  +  f""  =  c 


2       2  2 
2ce  +  e    +  d    -  2df  -f  f 


or 


-  2ae  +  b^  -  2bf  =»c^  -  2ce  +  d^  -  2df 


a  +  c  -  2e 


We  next  ced.culate  slopes.    The  slop§  of    CD  is 

and  the  slope  ,of    AB  ^  '  ^  . 

I  a  —  c 

The  product  of  the  two  slopes  is 


2f 


^b    -f,  bd  -  2bf 


bd 


,   2  2 
a    +  ac  -  2ae  -  ac  -  c    +  2ce 


2af     b^  °-^'2bil.^-a-^V^df  ' 


2ae  -  c>  *+  2ce 
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Equation  (l)*  can  be  written  as 


(2) 


2ae  -  c    +  2ce 


-b^  +  2bf  +       -  2df  . 


'  Substitutitig  the  right  member  of  (2)  into  the  denominator  of  the  product  of 
the  slopes,  we  obtain 

b^  2bf  -  d^  1+  2df       ,  ^ 


-b^  +  2fbf  +  d^  -  2df 


hence,  the  theorem  is  proved. '   ^  • 

1  It  vould  be  discouraging  indeed  if  all  of  our  coordinate  proofs  involved 
as  mucl)  algebraic  manipulation  as  exhibited  in  this  example.  |i;ortuhately, 
this  is  not  the  case,  and  you  may  already  see  what  can  be  done  to  sinrplify-  ^ 
the  algebra.    It  was  not^necessary  to  S^ptrs^the  coordinates  as  we  did. 

The  properties  of  geometric  figures  depend  upon  the  relations  of  the 
parts  and  npt  upon  the  position. of  the  figi)re  as  a  ^ole.  Therefore,  in  our 
example,  since  only  the  triangle  and  not  its  location  is  specified,  we  could 
Just  as  well  select  a  coordinate  system 

in  which   A    is  the  origin  and    B    lies  ' 
on  the  positive  side  of  the  x-axis. 
This  situation  is  illustrated  in  Figure 
4-2.    We  now  may  have  the  following  ' 
coordinates  for  the  points;    A  =  (0,0)  , 
^  B  =  (a,0)  ,  C  =  (b,c)  ,  D  =  (|,0)  .  * 
Note  that  severed  of  the  coordinates 
are  zero.    This  is  tl^^eature  which 
simplifies  the  al^bra  in  our  theorems, 
and  this  desirable  goal  provides  us  with 
a  genejral  guide  in  choosing  coordinate 
axes  for  all  our  problems. 


In-  actual  practice  we  are  more 


iil^ely  to  make  a  drawing  with  the  axes 
6rfented  as  in  Figure  4-3%  This  leadS' 
us  to  consider  two"  methods  of  relating 
a  geometric  figure  to  a  >set  of  axes* 


i\     •  0  B 

\  Figur^ilf-3 
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The  method  we  have  Just^  described,  that  of  assigning  •coordinates  to  a  given 
geometric  figure,  is  based  upon  the  properties  of  coordinate  systems  developed 
in  Chapter  2.    Another  method  in  common  use  employs  the  principles  o'f  rigid 


motK^,  in  which  geometric  objects  are  "moved"  to  more  suitable  locations 
without  changing  their  size  or  shape.    With  respect  to  our  current,  example, 
we  would  arrive  at  Figure  ^-3  through  this  second  method  by  assuming  a  fixed 
coordinate  system*  upon  which  we  place    AABC    so  that    A    coinoldes  with  the 
origin  and    B*  is  placed  on  the  positive  side  of  tfie  x-axis»    The  difference 
in  the  methods  is  largely  one, of  viewpoint. 

Another  idevice  which  you  will  find  useful  can  bq^  illustrated  by  assigning 
coordinates  to  ^e^vertices  of   AABC    in  Figure  i+-3  aS  follows:    A  =  (0,0)  ; 
B  =  /2a,0)  ,  C  =  (b,c)  .    The  reason.i'or  using    2a    for  the  abscissa  of   B  As 
that  we  now  have    D  ^  (a,0)  ,  and  we  can  complete  the  algebra  without  so  much 
calculation  involving  fractions.    The  principle  here  is  that  a  few  minutes  of 
foresight  may  save  hours  of  patience.  ^ 

Sometimes  we  pay  a  small  price  for  the  simplicity  we  gain,  ^or  example, 
the  choice  of  coordinates  suggested  in  ^he  previous  paragraph  leads  to  trouble 
^egaVding  the  slopes.    Although  the  slope  of    AB    can  be  found  to  be  zero, 
CD    does  not  have  a  slope,  since    a  =  b  .    (Use  the  distance  formula  with 
d(A,C)  =  d(B,C)    to  vWify  this.)    Nevertheless y4;he  problem  has  been 

AB    is  horizontal  .'and    CD    is  vertical,  and 


"feimo^ified,  for  this  means  that 
this  is  also'  a  condition  for  perpendicularity 


atal  .'and 
i 


System  in  which 
but    D    is  the  origin. 


You  might  have  chosen  a  coordinate 
AB    is  on  the  x-axis 

This  is  a  fine  ' 
^  choice.    As  you  can  see  in  Figure  k-h, 

if  we  choose    A  =  (a,0)  ,  then'  B  =  (-a,0) 
It  remains  ^for  us  to  prove  that  ^  C  lies 
on  the  y-axis»    Let    C  =  {'^c)  '  'and  use 
tl^e  distance  formula  in    d(A,C)  .=  d(B,C)*  . 
You  can  show  that    b  =  0  ;  hence,    C  lies 
;  orjl  the  y-axis  and    CD  _[  iS  . 


A 

D 

B 

Figure  k-k 


Let  us  summarize  the  procedures  we  have,  seen  in  this  example*  Usually 
there  are  more  ways  than  one  to  attack  any  given  problem,  but  certain  general 
steps  can  i)e  outlined.    It  was  natural  and  useful  in  this  example  to^jj^^>^ 
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rectangular  coorditiates,  since  we- were  coftcerned  with  midpoints,  lengths,  and 
pe3T)endicularity.    Other  situations  we  meet  later  may  lead  naturally  to 
vectors  or  polar  coordinates.    In  the  cases  for  vhi-ch  we  decide  to  use 
rectangular  coordinates,  we  might  follow  the  outline  suggested  below, 

(a)    Choose  a  coordinate  system  (or  place  the  figure, on  one)  so  as  to 

simplify  the  algebraic  processes.  Jjften  this  mearis  having  a  vertex 
of  the  figure  at  the  origin  and  one  of  it^  sides  on  the  x-axis. 

(h)    Assign  coordinates  to  points  of  the  figure-'so  as  to  accommodate , the 
hypothesis  as  simply  and  clearly  as  possible..    That  is,  make  the 
,   ^i'gury^ufficiently,  but  not  unnecessarily,  general.^ 

(c)    If  possible,  state  "^TTe  hypothesis  .emd  conclusion  in,  a  way -that  will 
correspond  closely  to  the  algebraic  procedures  being  used. 

I  W^ch  for  opportunities  to  employ  the' 
distance,  Mdpoint,  and  slope  formulas.  ^  . 

Let  us  try  another  theorem  from  plane  geometry. 

•        .^  A  .  ' 

'  Example  2.    Prove:    The  diagonals  of  a  parallelogram  bisect  each  other. 


Following  the  outline  of  our  procedures,  (a)  to  (c),  we  represent  a 

parallelogram  in  a  drawing  and  orient  it  with.resp^pt  to  the  axes  a^  in. 

Figure  k-^.    We  let    A  =  (0,0)    and  ^  ,  ' 

B  =  (a,0)  .    The  question  of  choosing    '  . 

coordinates  for    C    and    D    can  stand. 

some  discussion.    The  coordinates  of  " 
^   and    D    are  not  independent  of 

those  of   A    a^id    B  ,  nor  are  they 

independent  of  each  otheiC    How -much 

can  we  assume  about  a  parallelogram? 

We  know  by  definition  that  the  opposite 

sides  of  a  paredlelogram  are  parallel. 

This  enables  us  to  see  at  onpe  that  G 
-  and    D   have  the  same  'ordinate.    Further - 
nsore,  since  'BC  1 1  AD  ,  their  slopes  are  equal.  ^ This  suggests  that  we  use 
Jfehe  slope  formula  to  obtain  a  relation  bet^reen  the  abscifis'^CS  of  '  C    and    D  : 

namely,  that  ,the  abscissa  of  C  Is  the  abscissa  of  B  plus  the  absciss^  of  ' 
\'  T>  .    Thus  we  wi^s^'D  =  (t>,c)    and    C  =  (a  +  b,c)^  .    If  we^are  allowed  to  use 


B 


figure  lt-5 
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the  property  of  a  parallelogram  that  the  opposite  sides  have  equal  lengths, 
then  ve  shall  reach  the  same  conclusion  more  readily.        -  ^ 

Some  people  prefer  to  employ  these  elenientary  properties  of  the  common 
figures;  others  choose  to  assume  no  more  than  the  dtefinitions.    For  the 
purposes  of  this  section  we  shall  agree  that  we  may  use  the  properties 
ascribed  to  geometric  figures  by  their  definitions  and  by  the  theorems  listed^ 
in  Exercises  taking  these  theorems  in  the  order  in  which  they  ^are  listed. 

Our  current  exaii5)le  would* be  listed  after  Exer^^  \  so  the  conclusion  of 
Exercise  \  would  be  available  to  us  vhen  we  chose  coordinates  for  Figure 

The  conclusion  of  our  example  is  reached  quickly.  We  are  required  to 
prove  that  the  diagonals  bisect  each  other.  This  ^means  that  each  diagonal 
intersects  the  other  at^  its  midpoint.    An  application  of  the  midpoint  formula 


shows  that  the  midpoint  of  each  diagonal  is        ^  ^  ,  ^)  . 


We  conclllde  this  section  with  a  challenge.  Try  to  prove  the  following 
theorem  by  synthetic  methods,  and  compare  your  proof  ^with  the  one  suggested 
below. 


Example  3.  Prove:  If  two  medians  of  a  triangle  are  congruent,  the 
triangle  is  isosceles. 


We  .prefer  to  use  coordinates.    The  triangle  must  not  be  assumed  to  be 

isosceles,  so  we  assign  coordinates  in         ^  *  y 

Figure  U-6  as  follows:    A  =  (2a,0)  , 

b'=  (2b,0)  ,  C  =  (6,2c) Let   M  =  <a,c) 

be  the  midpoint  of   AC  ,  -and  -let 
'N,,=  (b,c)    be'lhe  midpo^i;^t  qf.  BC  . 
^exC'^e  shall  express  the 'i^o  the  sis, 
'd(A,N)  =  'd(B,M)  ,  in  terms-of  the- 

distance  ^ormula.^  You*  are  encouraged 

to  state  'the  ^desired  conclusion  and  ,to 

complete  the  details  of  the  proof. 

Figure  krS 


C 

m/ 

A" 

A 

B 
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The  following  exercises  are  theorems  selected  from  the  usual  development 
of  plane  geometry.    You  are  to  prove  ,these  theorems  in  rectangular  coordinates, 
using  the  "ground,  rules"  we  have  outlined.  * 

1.  /I^ie^lxne  se^ent  joining  the  midpoints  of  two  sides  of  a  triangle  is 
parallel  to  the  third  side' and  has  length  equal  to  one-half  the  length 
of  tH^  third  side. 

2.  If  a  line  bisects.  oneS*^e  gf  a  triangle  and  is  parallel  to  a  sec^jj^  v 
side,  it  bisects  the  third  side. 

3.  locus  of  points  equidistant  from  two  points  is  the  perpendicular 
bisector  of  the  line  se'gluent  joining  the  two  given  points. 

k.    The  apposite  sides  of  a  parallelogram  have  equal  lengthy.  ' 

5.  ,  If  two  sides  of  a  quadrilateral  have ^ equal  length  and  are  parallel,  •  « 

the  quadrilateral  is  a  .parallelogram.  ^  «fe 

6.  ^  If  the  diagonals  of  a  quadrilatera^L  bisect  each  other,  the  quadrilat'eral 

is  a  paralle'lograrii.  i 

7.  If  the  diagonals  of  a  parallelogram  have  equal  length,  the  parallelogram 
is  a  rectangle.  -  r  ' 

8.  The  diagonals  of  a  rhombus  are  perpendicular. 

-    ^  '         .         '  0 

9.  If  the  diagonals  ofva  parallelogram  are  perpendicular,  the  parallelogram 
is  a  'rhombus.  ' 

10.  The  line  segments  joining  in-order  the  midpoints  of  the  succ'essive  sides 
of  a  quadrilateral  form  a  parall^elogram.  '      ^  < 

11.  The  line  segments  joining  the  midpoints  of  the  opposite  sides  of  a 
'       '  quddrilal^al  bisect-estclv  otflef.     ^  /  T  '  '    -  y  ^ 

^12,    The  diagonals  of  an  isosceles  .trapezoid  have  equal  lengtj?>  > 

13.    The  median  of  a  trapeioid  is  parallel  to  the  bases  and  has  length  equal 
to  one-half  the  sum  of  the 'lengths,  of  the  bases.v,         .      _       '  f 


lU.    If  a  line  bisects  one^  of  the  nonparallel  ^es  liof  a  t^'apezoid  and  is 


parallel'to  the  bases,  it  bisects  the  othei'y^i^paraj.lel  side. 


15. 


In  any  trianfele,  the  square  of  the  length  of  a  siie  opposite  an  acute 
angle  is  equal  to  the  sum  of  the^quares  of  the^engths  of  the  other,  two 
sides  minus  twice  the  product  of  the  lengtjji  bx  one  of  the  two  Sides  and 
the  length  of  the  projection  of  the  othep/on  it.  * 


16. 


17. 
^18. 


The  medians  of  a"  triangle  are  concij 
the  medians  in  the  ratio  2:1 


frent-  in  a  point  that  divides  each  of 


The  altitudes  of  a  triangle  are  concurrent, 

A  line  through  a  fixed  point    P'  'inter*sectsi  a  fixed  circle  in  points 
A   and   B  ,    Find  the  iQcus  of  the  midpoint  of  ,AB  ♦    (Consider  three 
/ossible  positions  for  '  P    relative  to  the  fixed  circle. ) 


f 


Proofs  Using  Vectors ♦ 


We  shall  nov 'prove  s^Veral  thedrems  of  geometry  by  vector  methods,  ^me 
of  the  proofs  ^^e  more  difficult  than  those  using  methods  dlscusse^d  in  your  „ 
geometry  course  or  in  the  preceding  section,    Otl^ers  are  .accoitipli'shed  more 
simply  or  concisely.    In  any  case,  the  experience  will  be  of  great  help  in 
future  mathematics  courses  and  in  application^  to^-sci^nce  or  ^ngineeidng. 
It  vlll  contribute  toward  your  general  ability  to  solve  problems  by  giving 
you  an  additioneil  Aopl  and  aj)proacfu    ^  /       ^  \ 

We  sheili  demonstr^ite  thfS^  approaches  by  solving  several  problems /in 
detail,  •<  V  .  ^      *  ~  * 


Exaniple  1,  Prove  that  ,i;he,  median  ~of  a.  trapezoid  is  parallel  ,to  the 
and  ha?" length  equal  to  one-l^alf  the  sum  of  the  lengtWb  of  %he  bases. 

'•     .    #  .•'  .  ;' 

We  firsr  drav  and  labfel  a  trapezoid^  *  ^ ' 

ABCP    wij:h^^-pi;|  llfiE_and'wi£h    E    an'^"  '  J*"     - /. 

^ .  ^         -  —  ,      -       -^^^      ,     -  ,^  *  ^'  -  ~  --r 

the  respective  Adpoints  oft   AD    arid    gC  ,  .  ^ 

'  V      \     '  • '         *    '  ' 

If  w^Were  using  a  rectangul^o:  coordinate 

system  in  this  proof,  ve  probably '"vpuld  ^ 

choose  thfe  axes  as  in  Figure  ^-7»    But  • 

since, ^ve-  are  using  a  vector  proof,  ve  do  » 

not  need  the  ^es  at  all.-    In-  fact,. 

because  the  origin  vectors  would  not  giy.e 

u^'any  advantage- in  the  proof,  neither  do 


bases 


\^  specify;  an  origin. 


B 


A  vector  drawing  for  the  probleA  might  tKen  appear  as  in  Figure 


7 


Figure  k-S 

Something  Aould  4>e  said  about  our  choice  of  vector  representation. 
Since   E-^is  the  midpoint  of   AD  ,  if  we  represent    AE  by    eT  ,  then  m 
may  also^  be  represented  by^fa^.  ^Simila^rly,  we  choose        on  the  other  non- 
parallel  side,    c  -and    d    represent  the  bases/ 'and    x   represents  median.  W 
We  are  to  prove 

/•    •      d(E,F)  =  •|(dCA,B)  4;  d(C^D)y  -and    x  |  |       and    x  |  |  d"^.  . 

Since 'one  may  |We"  from   E    to   F^  by  going  directly  there,  or  by 
going  ^hrough    D   and    C  ^  or  by  ^oing  through^A  'and   B  ,  w6  have 


^and 

therefore, 


X  =  a     d  -  b 
X     •a  +>  c  +  b  ; 
2x  =  ^+  T-. 


iCpte  again  that  when  "moving"  around  a  vector  diag;:am,  we  add  vectors  which 
have  thp{same,  sense,  of  direction  as  our  ioo^ion,  an^  we  subtract  vectors  which 
.have  the  opposite  sense  of  direction  of  our  motion.     ^  »         *  • 

r^-  By  the  deffnltioii  of  parpuLlel  vectors,  if    2x  = -c  +  d*,  then 
3C  I  L(c  +  d)  ;  since  it  is  given  that  ^|  |  d* ,  it  foUows  that    3?  1 1  *q 
and    X  j  I  d  .    Furthermore',  if  -  2x  =  ^+  T ,  then 

^    '        ^  '  <^     .  *  ^  . 

1^)'  or  J(E,F)  =  i(d(A,B)  +  d(C,D))    ;  ' 

hence,  the  "theorem  is  proved.  You. may  wish  to  inv'estiga^e  what  happens  to  the 
proof 'if  you  alter  the  direction  of  cmy  of  the  vectors  tn  the  diagram.      .  . 


Exainple  2»    Show  that  the  midpoints  of  the  sides  of  a  quadrilateral  are 
the  .vertices  of  a  parallelogram.  # 

•  Thlk  situation  is  j^epicted  by  Figure  ^  ~  > 

in  which  ,P,  Q,  R,  and    S    are  the 
given  midpoints  of  the  sides  of  quadri- 
lateral   ABCD  .    Once  we  choose  an 
origin,  each  point  of  the  figure  de- 
teVmines  an  origin-vector,    fit  -might 
be  profitable  'for  you  to  copy  tjie  figure 
on  a  piece  of  paper, ^select  spme  point 
as  an  origin,  and  draw  the  origin- 
,vecJ:ors  to  the  vertipes, ) 


A  pc^rtion  of  the  figure  a  set  of 

origin-veqtors  is* shown  in' figure  U-10, 
We  have  alSo  identified  the  vectors  from 
A   to   P    and  from   P    to    B    in  order 
to  make  usq  or  the  fact  that  ' 
d(A,P)=M(P,B)  .  *  . 

X   Since'  V  ^  ^  «  ; 

•  '  /  * 

and  P  =     -  a  , 

^  =  A  +  b"  • 

if'   '        ^      V  ^)  •       .  ^ 

Similarly,    0^^1(6"+  T)  , 

t  =  i(A  +  d)  .  s 


Figure 


Figure  1^^-10 


(Had  we  not  been  interested  in  calll^ng  your  attentix)n  to  an  applicat^h*  of 
vector  addition,  we  would  have^ob.tained  the  same,  results  from  the  Point  JDf 
Division  Theorem.)  .  ,    ;  «  • 


'  0 
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r.  . 
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We  next  note  that  vector   P  -  Q   is  equal  to  vector    S  -  R  T>ecau8e  both 

are  equal  to   ^(A  -  C)  ♦    But  vhy  did  we  choose  an  expression  like       -  Q  ? 

There  is  a  good  reason  for  the  choice*  The  line  on  vector  P  -  Q  is  parallel 
to  ,PQ  ,  and  remember  that  we  ^e  to  show  that  certain  segments  are  parallel. 

In  ord^r  to  see  the  importance  of    P-Q  =  S-  R  us  take  a  closer 

look  at  this  situation,  using  a  different,  origin*    Suppose  we  isolate  tlie 
lower  part  of  Figure'^U-g  containing 
points    P,       and    Q    as  in. Figure 
U-H.    If  we  choose   B    as  the  origin 

and    E    so  that    B    is  the  midpoint  of  •     .  ^ 
QJE  ,  then  we  have  vectors  as  marked  on  , 
the  diagram.    The  vector  from   Q    to  P 
is    -q  which  equals   P  -  (3    and  is 

therefore  equal  to    T  .    It  follows  then 
that  the  line  on  vector   P  -  Q  is 
parallel  to    PQ  .    Similarly  the  line  on 
vector    S  -  R    is  parallel  to        ;  and. 
^ since    P  -  Q    is  equal  to  and,  consequently, 
parallel  to    S  -  R  ,  we  conclude  that 
PQ*|  I  SR  .    In  the  same  way  we  Show  that 

re  (I  '^^'^'and   PQRS    is  a  par.allelogram.  '     Figure  U-11 


Pr  Q  X 


E 


^  '  Exahjpl'e^'  'Sr^^Prove  that  the  medians  of  a  trlan^^' intersect  in  a  point 
whicl:^  is  a  peintr'  of  triseciiion  of  each  median.   *  . 


-Solution.  Let  ABC  be  the  triangle  and  P,  and  -R  the  midpoints 
of  its  sides  as  shown  in  Figure  k'12i 


9 
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By  the  Origin  Principle  we  may  place  the  origin  wherever  we  wish.  If 
we,  ^e  sucde.ssful  in  proving  the  medians  concurrent,  the  PQint  of  interf ectio 
would  be  an  ideal  choice  for  the  origin,  for  then  each  origin -vector  tp  a 
^vertex  would  be  collinear  with  the  origin-vector  to  the  midpoint  ^yS^J^ie, 
opposite  side. 

We  cannot  assume  all  three  medians  concurrent,  but  we  can  let  the  origin 
0    be  the  intersection  of  and    BQ  .    Then  to  prove  that    CR  contains 

this  point,  we  must  prove  that    R    and    C    are  collinear,  or  that    R    is  a 
scalar  multiple  of    C  .  ,  '  . 

Proof.    Let  the  origin  be  the  intersection  of    AP   and  «BQ  .    Since  P 
and    Q    are  midpoints,  and  since    P    and    Q   are  collinear  with    A    and    B  , 
respectively,  we  may.  write 

'U)    P  =  i(B  +       =  xA 

(2)    "q  =  ^(A  +*)  =  yB"  .  '      .  . 


If  wei^subtract  Equation  (2)  from  Equation  (l),  we  obtain 


i  B  .  i  A  =  xA  .  y?, 


ty  the  unique  linear  combination  theorem  (Theorem  3-5),    x  =  -  ^  and 
y  =  -  p  -^The  geometric  interpretation  of  this  discovery  is  that    0    is  a 


tri section  point  of    AP    and   JBQ  • .  If  we  substitute  these  values  in 
Equations  (1)  and  .(;2)  and  add,  we  obtain  ^  -'^v 

'  - 

Since   R  =  ^(A  +  B)  ,^the  sggond  two  members  of  this  equ^ity  become \ 

R  +  C  =  -R    oPr  =  .  i  C  .  ^ 


^        ^        '  '  R  +  C  =  -R    01^.^  R  = 


Thus,  R    and    C-  are  collinear,    0    is  on'^CR  ,  and  '>p    is  a  point  of 
trisection  of  -  CR  .  .  m    '  " 

If  we  choose  another  point  as  origin  mid  le^*  jG  be  the  point  of  inter- 
section  of  the  medians,  the  Point  of  Division  Theorem  permits  us  to  write 

-ir   1  ^  2     ,  .  ^,  ^ 


or 


*   1  -r   2/1    .  lir- 


=  i  A  +,  |(|  B  +  J  C)  =  i  A  +  i  B  +  1  C  =  i(A  +  B  +  C)  ■. 


'  We  have  not  only  solvedjthe^ problem,  but  also  have  represented  the  point  of 
concurrency  by  the  vector   i(A  +  B*  +  c)  .    This  point  is  called  the  centroid 
of  the  triangle  and  has  an  important^  property  connected  wilh  the*  idea  of  the 
center  of  gravity  of  a  physical  object.    If  a  thin  uniform  sheet  tsuch  as 
cardboard)  is  cut  in  the  shape  of  the  triarigle,  it  can  be  balahcfed  on  a 

pencil  point  placed  at  the^'point  corresponding' to  the  centi^id« 

\ 

'  c 

Exapiple  h.    Shov  that  the  bisector  of  an  angle  of  8^  triangle  divides 
the  opposite  side  into  segments  whose  lengths^are  proportional  to  the 
lengths  of  the  adjacent  sides.  •  '  *  ' 


Solution.    Let    M   bisect   /QPR  , 
and  let  the  vector  from   P    to    Q  be 
represented  by  "a",, -the  vector  from  P 
to   T    by  b     and  the  vector  from  P 
to   R    by       ,  as  shown  in  Fig' 
We  ajre  to  show  that 

d(R,T)  _  d(P,R) 


Figure  U-13 

This  problem  *involvAig  an  angle  bisdli|^r  affords  us  an  opportunity  to 
demonstrate  the  use  of  unit  vectors  in  a  ^iu^ion.    A  vector  which  bisects' 
the  angle  b^etween    a   and    c    must  lie  along  the  diagonal  of  a  rhon^us  whos^ 
adjacent  sides  lie  along    a   and    c  .    We  employ  unit  vectors  to  accomplish  * 
this  result. 

Any  vector  ^ong   't  can  be  represented  as  a  scalar  multiple  of    a" .  In 
parti cul^,  the  unit  vector  along  _a[  can  be  represented  by  •-i-    a"  or  — S — 

Then  the  vector  froin   P    to    E  .  — ,  and  the  vector  from   P    to    F  . 

t  '  ^  Ia|          _  '  ,  ■  ' 

r    ,  determine  a  rhombus  whose  diagonal   fG   bisects  the  angle  detenoined 


by    'a   and.  c  .    The  vector  from  P    to   O    is  then    '-^\+        ,  and  any_ 
vector' along  it,  say  igrom   P   to   T  ,  can.be  represented  by  a^scala^  multJool 

Alti  ici 


Now  suppose    r    is  the  ratio 


Since  the  vector  from   R   to  .( 


d(R.T) 
d(H,Q) 

i&  It  -  ?)  ,  the  vector  from  R  to  T  may  be  expressed  as  vYa  -  "c)  and 
that  from   T    to    Q   by    (l  -  r)('a  -  "c)  ,      We  may  vrite 


and  obtain    k  I  —  +  ^ 


b  =  c  +  r(a  -  c) 
c  +  r(a  -  "c)  ,  or 


"a  +        "c*  =  r?  +  (l  -  r) 


1^  •  1^ 


Equating  the  corresponding  coefficients,  we  have 


A.     r    and    -|-  =  1 


1^ 


It  follows  that 


hence, 


1  -  r  " 

/  a 


d(R,T)  _  d(P.R) 


Exercises  U-3  ■ 

1.    Give  a  vector  proof  that  the  diagonals  of  a  parallelogram  bisect  each 


other',  * 


1 


2^    Prove  by  using  yectors  ,that  a  lin^, segment  which  joins  one  vertex  of  a 
parallelogram  to  the  midpoint 'of  ' 
»•  an  opposite,  side  passes  through  a  ;  •        „        '  ^ 

point  of  trisection  of  a  diagonal. 
(JS    in  the  figure.)    Prove  also 
that  the  diagonal   ^  passes 
through  points  of  trisection  of 
OX    and    OY  . 


3 .  ^  Rework  Example  3  for  the  case  in  which  the  origin  is  selected  to  be,  the 

*  ♦  o    ,  • 

point*  A  .    Does  this  choice  of  origin  simplify  the  proof? 
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h.    In  parallelogram   OABC  ,  OP   intersects    AC    at  . 
If  ^  =  1^;  Show  that   |(S4l  = . 


Exercises  5  to  10^  are  theorems  from  plane  geometry  vhich  ^ou^lVe  to 
prove  by  the  vect6r  methods  illustrated  in  the  examples  of  this  .section. 

5.  If  two  medians 'Of  a  triangle  have  equal  length,  then  the  triangle  is 
isosceles,  1 

6.  The  median  to  the  base  of  an  isosceles  triangle  is  perpendicular  to 
the  base.    *'        I  ^ 

7.  The  line  segments  joining  the  midpoints  of  the  opposite  sid^s  of  a 
quadrilateral  bis^ect  each  other. 

8.  The  line  segment  Joining  tl^mldpointa  of  two  sides' of  a  triangle  is 
parallel  to  the  third  side  and  has  length  equal  to  one-half  the  length 
of  the  third|||Lde. 

'  9.    An^angle  inscribed  in  a  sfmJ.c^gl^J^  a  right  angle.  ^ 

10*    The  bisectors -of  a  pair  of  adjacent  supplementary  angles  form  a 
^  right  angle** 

11;        E, .and   F    are  midpoints  of-  MBG;^  as  sh^jgj;^.  Let  the  vector  from 

A    to    D   be    ^'  ,  tl?||yector  from 

B    to'  E   be    b  ,  tlje  vector^  from 

C    to|^F    be    r.    Prove  that 
A    ^  ^  . 

a+b  +  c=rO., 


h-k.'  Proofs  jJsing^Pol^  Coordinates. 

♦  *  * 

^  *  Polar  coordinates  are  useful  in  many  applications,  particularly  if  the 

problems  involve  rotations  or  trigonometric  functicJns^ 

The  following  examp-le  from  trigonometry  illustrates  one  such  use. 
•  -J 

Example  1.    Show  that  .  cos(B  -  a)  =  cos  3     cos   <i   +  sin   g    sin   a  . 

Let    /  a  '  and    /  6     be  as  shown  in 
Figure  k-lh.    We  select  points    B  aijd 
C    on  the  respective  terminal  sides  of  ^ 
the  angles  and  let    9(B,C)  =  a  , 
d(A,C)  =  b  ,  and    d(A,B)=  c  .  The 
distance  form\ila  tells  us  that 


\2 


'  1 

f 

«, 

0'  / 

^yB(x,,y,) 

L  1  1   ^ 

(1)    a"^  =  (xg  -^x^)"^  +  .(y^  -  y^) 


Figure  4-1^^ 

Now  if  we  convert  from  rectangular  to  polar  coordinates  as  outlined  in 
Section  2-5,  Equation  (l)  becomes  * 

a    =  (b  1COS    3  -  c  co^   a  )    +  (b  sin    6   -  c  sin   a  )    .  * 

Expanding  the  right  member  and  applying  the  identity  sin^  9  V  cds^  ^  =  1 
we  obtain  /      •        *  ^ 


/         2'22  ^  ^ 

\i)    a    =  b    +  e    -  2bc(cos  '  ^   cos    a   +  sin   3    sin^  a   )  •  '       "  ' 

Noting  that  the  measure  of  /BAG  =  3  -  a  and  comparing  Equation  (2)  with 
the  Xaw  of  Cosines^  for^  AABC  ,  we  see  that  * 

cos(  3   -    a  )  =  cos  *3   cos    a  +  sin    3   sin   a  .  * 

'  *  t.  *  - , 

As  for  the  next  ^ample,  it  is  unlikely  that  anyone  wo^d  choose  this 
kind"  of  proof  when  other  proofs  are  available,  but  nevertheless,  it  majr  be 
instructive  to  look  at  one  demonstration  of  a  sirapl^^  geometric  proposition 
using  polar  coordinates. 


-  li-5 


Exaniple  2.    Prove  that  the  median  to  the  base  of  an  ispsceles^triatiglre 


bisects  the  Vertex  angle. 

*  •    Consider  Figure  ^-'15,  in  which 
AC  =  BC      In  order  to  describe. the 
angles  in  (juesiion,  we  let    C  be 
the  pole*    We  also  let    D  ,  the  mid- 
point of   AB  ,  lie  on  the  polar  axis. 
Without  loss  of,  generality,  we  have 
A  =  (r,  a)*  i  B.  =  (r,^ipi  .    We  must 
prove  "    a  =  -  p  . 


B(r./9) 


i  Figure  U-I5 

To  simplify  the  notation  we -shall  let    d(c,D)  =  f  and 


d(A,D)  =  d(B,D)  =  g  .  Apply Aig  the  Law  of  Cosines,  we  have,' 
in  ^CD  ^  ' 


2       2  2 
g    =  r    +  f    -  2rf  cos  g  , 


and  in   MCD  ,  g^  =-r^  +  f ^  -  2rf  cT?^  a  • 


We  see  then  that    cos  a   =  cos  P 


Since    0  <   a  <  and 


-  3  <   P  <  0  ,  this  implies   a  \f  -  P 


'4-5.    Choice  of  Method  of  Proof  '  ^ 

It  is^  time  we  paused  to  sjurvey  'the  variety  o£.  problem-solving  tools  ✓ 
which  are  how  at  our  disposal..   We  have  a  choice  of  three  ba8ic\ystems 
— rectangular  coordinates,,  polar  coordinates,  and  vector^;  within  each 
system  we  have  different  representations  to  suii  different  puii^poses.    But  the 
question  uppermost  in  your  mind  at  the  moment  probaOTy  is,  "How  do  I  decide 
•whidh'  method  is  the  best  «one  to  use?" 


Th^e  question  does  not  have  a  simple  answer.    Some  problems  are* best 
worked  by  one  particular  method,  otiier  problems  seem  to'  be  approachable  by 
any  of  these  methods,  'find  some  problems  appear  to  be  impossible  regafdless 
of  what  ve  try. 
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However,  there  are  certain  guidelines. 'vhich  may  heVp  us. 

(1)  Try  to  decide  upon  a  coordinate-  system  vhich  is' appropriate  to  the 
problem.    Think  over'what  is  known  about  the  problemj  or  what  is  to 
pe  proved,  or  whf^  kind  of  ajiswer  is  required.'  / 

[a)    Distances  between  points,  slopes  of  lines,  and- midpoints. of 
segments  arfe  easily  handled  in  rectangular  coordinq^tfes; 
therefore,  when  these  ideas  are  present,  you  should  try  to 
fit  rectangular  coordinate  axes  t<B  the  problem. 

(b.)    If  the  problem  involves  angular  motioa  or  circular  functions,  . 
it  would  be  wise  to  look  at  the  possibilities  of  polar  fprms. 

(c)    Vectors  are  quite  versatile  and  fit  a  wide  range  of  conditions. 
Concurrence,  parallelism,  and  perpendicularity^  lines,  as' 
well  as  problems  of  physical  forces,  are  situati^ons  which  might 
^  lead  you  to  choose  a  vector  approach.  , 

(2)  ^Make  a  drawing  relating  the  known  facts  of  the  problem  to  your 

choice  of  m&thod.    Much  time  and  effort  ©q,y  be  saved  by  a  reasonably 
accurate  dra\/ing.    TJiis  not  only  helps  to  relate' the  parts  of  the 
problem,  but  it  serves  as  a  check  on  the  calculated  results. 

(3)  .Choose  coordinates  or  vectors  so  as  to  simplify  the  algebra.  Take 

«      advantage  of  all  the  given  information  at  this  stage,  but  be  carefjal 
that  you  raaintdin  geneVeility  where  it  is  required. 

(k)    Watch  for  opportunities  to  use  pa:^ametric  representations.  This 
may  be  something  new  to  you,  but  you  will  obsei^^e  frequent  cases 
in 'succeeding  chapters  in  which  this  special  method  wilj^  simplify 
troublesome  problems.  -  "  , 

(5)  WorX^many^  many  problems.    It  also  will  help  if  you  try  to  sdlv^  a 
given^roblem  in  several  different  ways.    In  this  area  of  mathe- 
matics, experience  is  probably  the  most  valuable  asset.  Sometimes 

a  chofce  of  method  can  be  explained  only  on  the  basis  of  ^.experience. 

(6)  After  you  have  completed  your  solution  to  a  problem,  it*is  wise 

>  to  look  back  .over  your  work.    You  may  see  an  unnecessary  step  you 
can  eliminate,  'an  unwai:ranted  assumption  you,  should  Justify,  ox  ^ 
.general  tightening  up  you  may  acdor^lish. '  In  any  casep^u  gain  a 
^     new  perspective  ^n  your  work  which  increases  your  understanding '  and 
appreciation  of  what  you  have  done.  ^ 

3  \  i 
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Review  Exercises 


For  Exercises  1  to  lO^  first  choOse  a  coordinate  system  vhich  you  think 
is  appropriate  for  each  theorem,  and  then  prove  the  theorem  accordingly* 

1#    The  midpoint  of  the  hypotenuse  of  a  right  triangle  is  equidistant  from 
the  three  vertices  of  the/tri^le^-  i0 

2.    The  locus  of  the  vertex  of  a  rig)it  angle,  the  sides  of  vhich  $ass 
'through  two  fixed  points,  is  a  circle.  * 

3»    The  diagonals  of  a  rectangle  have  equal  length, 

,  f 

K    Show  that  the  sum  of  the  squares  of  the  lengths  of  the  sides  of  a 
parallelogram  is  equal  to  the  sum  of  the  squares  of  the  lengths  of 
*    its  diagonals,  ,  '  ^ 

5.^  The  line  segments  joining  in  order  the  midpoints  of  the  successive  sides 
of  6ii  isosceles  trapezoid  form  a  rhombus. 

6#  The  line  segment  joining  the  midpoints  of  the  diagonals  of  a  trapezoid  , 
is  parallel  to  the  ]t)ases  and^has  length  equal -to  one-half  the  m 
difference  of  the  lengtl^s  o!f  "the  bases. 

A  il 

?•    If  lines^  are  drawn  through  a  pair  of  opposite  vertices  of  a  parallelogram 
and  through  the  midpoints  of  a  pair  of  opposite  sides  in  suoh  a  way  that' 
the  lines  intersect  one  of  the  diagonals  in  distinct  points,  the  lines 
i  are  parallel^  and-  the  diag*onal  is  trisected,^    '  '  ' 

8,    The  perpendicular  bisectors  of  the  sides  Of  a  triangle  are  concurrent 
•  in  a  point  that  is  equidistant  from  the  three  vertices  of  the  trj.angle. 

'  9#    If  two  sides  of  a  triangle  are  divided  in  the  same  ratio,  the  line*  . 
segment  joining  the  points  of  division  is  parai]^el  to  the  third  side 
^  and  is  in  the  same  ratio  to  it,  ^  *       '  ^ 

^^j^  Show  that  the  vector  joining  the  midpoints  of  t$ro  opposite  sJLdes  of  a 
vector  quadrilateral  is  equal  to  .half  the. vector  sum  of  the  other  two 
sides/  ,  .        ^    "  J 
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1^.  ^  lii  the  follTowLng  figure 


at   y     and  let 


OABC  .  pPiEP^,  and    HFGCT   are  each  parallelograms.  ^Prove  that  the 
respective -^diagonals  of  the*'parallelograms  ^  OB  ,  1^  ,  and        ,  ^ 
^extended  as  necessary,  meet  in  a  single  point   X  . 

In  par^lelogram  OACB  r^let  P 
-  and    Q   be  points^^on  diagonal> 
such  that   d(A,PT%  d(B,Q)^ .  Let 
OP    intersect  AC 
•oj  interseiWv         at  •  Y  •  Show. 
•  thaf  3a  1 1  ^ 

Ik*  Prpve  that  the 'sum  of  the  square's' of  the  lengths  of  the  sides '^of  a 
^ua^rilateral^fxceeds  J:he  sum  of  the  sqiiares  of  the  lengths  of  its* 
diagonals  .l?y  H  times  the  square  of  jbhe  length  of  the  line  segment 
that  joins  the  midpoints' the'diagon&ls.  ^ 

15«    A  band' of  pirates  burled  their  .treasure  on  an  island.^   They  chose  a'spot- 
at  vhich  to  bury.it  ±n  the  followin^^anner:    Near  the  shore  there  were 
two  large  rocfts'  and  a  large  pine  tree.    One  pirate  started  out  from' one 
rock  along  &  lin»  at  right  jangles^  the  line  betyeen  this'rock  and  ,tlie 
♦  tree/  He  marclied  a  distance  equaP'^to  the  distance  between  this  rock  and 
'the  tree.    Another  pirate  stated  o\it  from^lhe  second' rock  along, a  line 
at  right  angles  %o  ttte  line  between,  this  second  rock  and  the  tree  and 
marcned  a-^ distance  equal  to  the  ^stance  between  this -rock  and  the. tree/ 

^    The  rest  of  t"he  band  of  piratfes  then  found  the  spot  midway  between 
■  these  two  and  there  buried  the  treasure.  *  «. 
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\  Many  years  later^,  jthese  directions  "came  to  light  and  a  party  of 
treasure-seekers  saile(^'  off  to  find  thp  treasure.    When  they  reached  th^ 
island,  they  found  the  j two  rocks  vith  no  difficulty.    But  the  tree  had 
long  sinpe  disappeared,  so  they  did  not  knovhpw  to  proceed.    All  seemed 
'lost  till  the  cabin  bo^,  vho  had  just  finished  his  freshman  year  at  YaO,^^ 
spoke  up.    Remembering,  the  analytic  geometry  he  had  studied,  he  calcu- 


lated where  the  treastjre  must  be,  and  a  short  spell  of  digging  proved 
hiin  correct.    Sow  did  (he  do  it?  _ 
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GRAPHS  AND  msIR  EQUATIONS 


5-1.    Introducti6n ' 


In  Section  2-2  we  discussed  sets^of  points  and  their,janalytic  representa* 
tions .    The  relation  between  the  two  is  at  the  heart  of  analytic?  gecmietry,  and 
we  shall  review  the  fundamental  notions  briefly  here.    We  confine  the  discus- 
sion to  the  plrane^^ut  the. extension  to  space  is  immediate.    The  sets  of  points 
will  f  requently  be  the  geometric  ^*igures  we  met  earH^^  and  the  analytic  re- 
presentations will  usually  be  given  in  algebraic  or  tri^orfometiric. /orms  that 
we  have  met, before.    We  propose  to  relate  \iese  ideas  with  the  hop*e..that  your 
competence  and  appreciation  for  their  use  will  continue  to  grow. 

Let        be  a  set  of  points  in  a  plane  with  a  rectangular  coordinate  sys- 
tem.   Let    s(x,y)    be  an  open  sentence  Involving  two  variables^    Let    S  con- 
sist of  those  points    (a,b)    of  thefplane  such  \\iB.%  .s(a,b)    is  true,.  Then 
we  say   S    is  the  locus  (or  g'raph )  of  the  condition    §Cx,y)  ,  and    s(x,y)  is 
a  condition  for  the  set  "  S  .    The  plural       "locus"  is  "loci".     (It^  is  pro^ 
-nounced  as  though  it  were  spelled  "low-sigh'\    The  rectangular  coordinate 
system  in  the  plane  could  be  Replaced  by  any  other  coordinate  System  appr^-  , 
priate  to  the  problem  and^  to  the  space  In  j/hich  we  are  working.    The.  choice  ' 
of  a  coordinate  system  determines  the  "language"  in  which  the  open  sentence  is 
stated.    We^ shall  often  b€  concerned  with  the  limitations  of  a  particular, 
language,  and*  the  deji«tlls  of  the  1>ranslation  from  one  language  to  another. 

Somg/ofy^tv^yjje  ^uged^Co^Trtllfferent  way  of  talking  about  the  matter. 
In  the^eMSG "Geometry  there  is  a  discussion -of  characterizations  of  sets.  A 
copelltjion  is  said  to  charactei^ze  a  set  if  every  point  in  the  set  satisfies 

jndition  and  every  point  that  satisfies  the  condition  is  in  the^et.  The 
iTtions  we  are  chiefly  interested  in  here /are  analytic  conditions  (cSondt- 
tions  on  the  coordinates  of  points'),  whereas  in  Geometry  the  cqnditions  were 
stated  in  geometric  terms. 
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5-»2.    Conditions  for  ixpcl  or  Graphs ;  and  tiraphs  of  Oondltlons  .  ' 

OThe  discussion  above  Is  quite  general,  but  In  practice  the  condltfions 
that  matter  most  are  equations  and  inequalities.    For  example,  we  define  the 
graph  of  an  equation  (inequality)  In    x    and    y    to  be  the  set  of  points  whbs^ 
coordinates  satisfy  the  equation  (inequality).    Uius  the  locus  of  the  equation^ 

2       2  ' 
:x   +  y    =  U    is  the  cijrcle  with  center    (0,6)    and  radius    2  ,  while  the  locus 
> 

of  the  inequality   xy  <  0    is  the  set  of 'points  in  the  second  quadrant  or  in 
the  fourth  quadrant.    Using  set  notation  these  two  loci  can  be  expressed  as 
follows : 

{P  -  .(x,y)  :'x^  +  y^  =  U)  ,^ 
'       '  :  xy  <0)  .  ^ 

Using  the  same  notation  w  can  express  the  loci  of  the-  equation    f(x,y)  =  0  , 
and  the  inequality   g(x,-y)  >  0   as  follows: 

*  '  ■  ■  • 

.1      ,  -{P  =  (x;y)  :  f(x,y)  =  0)  ,  • 

,     {P  =  (x,y)  :  g(x,y)  >  0)  . 

We  now  take  up  the  problem  of  finding  an  analytic  condition  for  a  set^ofv 
points  in  a  plane.    'Riere  is  no  routine  procedure  for  doing  this',  but  the 
following  advice^ may  be  useful. 

First  a  word  about  the  choice  of  coordinate  systems.    When  the  terms  of 
the  problem  leave  you  free,  think  ceurefully  alJout  the  coordinate  system  to 
use.  ^Soife  curves  with  complicated  equations  in  rectangular  coordinates  have 
nice  paraietfric  representations.    An  equation  in  ^rectangular  coordinates  for 
a  certain  curve  may  be  simpler  than  it  is  otherwise  if  a  coordinate  Sxis  is  an 
axis  of  symmetry.    A  citcle  of  radius    3    has  a  simple  equation  in  rectangular 
cooMinates  if  its  center  is  made  the  origin,  a  ^till  simpler  equation  in  polar 
coordinates  if  it^  center,  is  chosen  as  the  pole. 

Following  , common  usage  we  will  us^  pc   and   y    for  rectangular  coordi- 
nates, and    r    and   6    for  polar  coordinates,  ^tfe  will  also  assume  in  ?ach  ca^^, 
unless  otherwise  speci/ied,  suitable  choices  of  axes  and  units.    Only  with  these 
assumptions  may  we  speak  about  "the"  locus  of  an  equation.    Without  such  assump- 
tions an  equation        have  several  quite  different  graphs,  depending  on  our 
choices  of  coordinate  systems.    Tjieae  matters  will  be  considered  more  fully 
later,  particularly  in  Chapter  6.       '  ^  »  ' 

^        After  choosing  a  coordinate  system  we  can  attack  the  problem.    We  start 
with  a  given  set  of  points.    These  points  are  not  given  to  us  in  a  basket  but  • 

»      '  '  '  r 
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instead  are  deteifeined  by  some  geometric  condition.    We  are  looking  for  an 
equivalent  condition  in  terms  of*  the  coordinates  of  points.    Let  us  look  at 
what  we  do  in  several  examples. 

■.  ' 

Example  1.    Wfe  describe' certain  sets  of  points  of  the  plane.    You  are 
asked  to _give' analytic  description  of  each  "set.  *        »  ^% 


(a)  -  All  Ihe  points  of  the-x-axis. 

I 

, •  Salutlon^    {P  =  (x,y)  :  y  =  0)  . 

(b)  xAll  the  points  above  the  x-axis. 

Solution .     (B  ^  U,y)  ;  y  >  0)  . 
  * 

(c)  All  the  points  of  the  plane  except  those  on  either  axis. 
:  Solytion.     (P  =  (x,y)  :  xy  ^  0)  . 

(d)  'The  midpoints  ^  all  line  segments  in  the  first  quadrant  which,  with 
the  coordinaJte  axes,  f;orm  a  triangle  whose  area  has  a  measure  of  12 
square  units.  .  ^  , 

Solution.    If    P  =  (x,y)    is  one  such  pointj  the  encLpoints  of  its 
segment  have  coordin^ites    (2x,0)    and'  (0,2y)  .    The  triangular 

region  will  then  have  area    ^(2x)(2y)  ,  which  must  equal    12  .  We 

have^the  simpler  equivalent  relationship    xy  =  6  ,    The  graph  of 
this  relationship  contains  points  in  the  first  and  third  quadrants 
but  we  want  only  those  with  positive  coordinates.    Thus,  our  answer 
is     (P  =  (x,y)  :  xy  =  6  ,  X  >  6  ,  y  >  0)  . 

Example  £.     Find  an  equation  in  rectangular  coordinates  of  the  locus  of 
all  points  equidistant  from  two  distinct  points.     .  ' 

Solution  *    Let  the  x-axis  be  the  line  through  the  two  points  and  let  the 
origin  be  the  midpoint  of  the  segment  determined^  by  them.    Then  the  two  points 
are   \a,0)    aid   (-a,0)  .    Let    (x,y)    be  any  point  in  the  plane.    Then  the 

distances  to    {x,y)    from    (aiO)    ancL    (-a,0)    are    /(x  -  a)^  +  y^  and 

i^x  +  a)^  +  y^  ,  respectively.    The  point    (x,y)    belongs  to  ojar  locus  if  ai^d 
^only  i/  ihe^e  two  distances  are  equal,    that  is,  if  and  only  if 


*  (3.)  '        /  t  a)^  +  y^  =  /(x  .  a.)^  +  y^ 

Thus  (1)  is*aSi  equation  of  the  locus.  (1)  is,  of  course,  not  the  simplest 
possible  equaMon  for  the  locus.    What  is, /and  how  can  you  get  it  from    (1)  ? 


5-2  . 


Example  3«    We  present  some  ana{ytic  descriptions  of  sets  of  points  of  the 
plane.    Describe  these  sets  in  ordinary  English. 

(a)    OP  =  (r,a)  :  r>  5)  .  '  ' 


^  Solution >    All  points  outside  a  circle  whose  center  is  at  the  pole 
and  whose  radius  is    5  .  ,  '  " 

Cb)  -  {P^=  (x,yj  t  |x  -  3|  =  7)  . 

^    •  Solution.    All  the  points  on  jtwo  j)ara^eX lines.    These  lines  are 
.    parallel  -^o  the  line    x  =  3  ,  'and  li^one  on^ea^TsidT^^^    and  7 
units  away.  '  ,  ' 

(c)    (P  =  (x,y)  :  xy  +  2x  -  y  >  2}  , 

Solution.    This  inequality  may  be  written    xy  +  2x  -  y  -  2  >  0  ,  or 
^^(x     l)(y  >  2)  >  0  .    This  statement  Virll  be  true  for  values  of  x 
and    y   such  that  either: 

X  -  1  >  0    and    y  +  2>0,or   x-l<0   and    y  +  2  <  0 

that  is  if  either: 

x'>  1    and    y  >  -2  ,  'or    x  <  1    and    y  >  -2  / 

,The  points  we  want  lie  in  two      '  *   '  ?- 

"quadrants"^  as  indicated  in 
Figu^  5-1.    ihe  graph  does 
not  include  the  boundaries  of 
the  regfons, How  could  you 
change  the  ^alytic  "descrip- 
tions  of  jbhe  set  to  include 
these  boundar4.es? 


Figure  5-1 
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(d)    {P(x,y)  : 

?     .  • 

Solution". 


(e) 


|x  +  1|  <  3  and  |y  +  l(.  <hy  . 
All  the  points  of  a- 


rectangular  region,  with  center 
at  the' point    (-1,-1)  .  Hie 
regi^  is    6    units  wide  and 
does  not  include  the  vertical 
boundaries ;  it  is    8  units 
high  and  does  inclutie  the 
horizoritfll  boundai^ies.    It  is 
pictured  in  Figure  5-2.  We 
note  that  the  corners  of  the 
region  are  not  points  of  the 
graph.  ^ 

{P  =  (r,0)  :  (r  -  5.0|  <  .1)  . 

Solution.    The  set  of  points* 
of  the  annular  region  be1;5jeen) 
two  concentric  circles  center- 
ed at  the  pole.    Th§  inner 
circle  has  radius    k.9  and 
the  outer  circle  has  radius 
5.1  ,  but  neither  circle  is 
part  of  the  locus',  which  is- 
illustratad' in  Figure  5-3. 


Figure  5-2 


Figure  5-3 

We  have  been  using  set  notation  because  we  wanted  to  be  perfectly  clear. 
Hereafter  we  shall  be  less  formal.    We  might  state  the  problem  of  Exercise  • 
3r(e):    Describe  and  draw  the  graph  of  |r-5»0|<.l» 

jSxample  h.    Find  an  equation  in  rectangular  coordinates  for  the  locus  of 
all  points  which  are  equidistant  from  a  given  pfei^F   and  a  given  line  L 

Solution .    The  geometric  condition  for  the  locUs  defines  a  parabbl'a,  whose 
equation*  we  now  derive  from  the  condition.    With  this  in  mind  we^let  the  line 
through    F  perpendicular  to    L   be  the  y-axis,  with  the  origin  at  the  midpoint 
of  the  segment  determined  by    F   and  the  point  where  the  peanpendicular 
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intersects    L  .    (If  ^^F    is  in   L  , -we 
pick^F   as  the  origin  and  leave  the 
further  details  in  this  case,  as  an 
exercise. )    Finally,  we  let  the 


y- coordinate  of  F 


be   ^  ,  where 


p  >  0  . '  Then    F  =  ((),|)    and    L  is 
"  5  • 


the  line    y  =  -  2. 


Let    P  =  (K,y)    be  an  arbitrary 
point  in  the* plane.    Then  the  things 

talked  about  in  the  geometric  condition 

/ 

are  the  distances  from   P    to"  F  and 
to    L  .    Using  the  distance  fojinula  we 
find  that  the  first  of  these  is 


• 

/ 

J 

/ 

• 

y 

~l  '   

\  F 

^-  ■  /  ■ 

L  :  y  =  -  £ 

y  2 

0 

/ 

V 

r 

■p^ 


Figure  5-1* 


VoTTy"  -  r;T  .  second  is 

}y  +  §1,*  geome'tric  condition  says  these  two  distances  are  to  be  equal. 

Hence    _  ^ 
(2)  ^ 


y"2 — r~ 

vx    +  (y 


_ 

2'  " 


is  an  equation  for  the  locus.    This  is  a. complete  solution  of  the  original 
prob.lem,  but  a  simpler  equation  can  be  found.    If  we  square  both  members  of 

(2)  and  combine  terms,  we  get  the  equation 

(3)  .  2py  .  - 

There  remains  the  question  of  \rtiether    (2)    and<  (3)    are  equivalent. 
The  only  operation  we  have  performed  which  might  {lave  caused  trouble  was  the 
squaring  of  both  si'dfe^.    Butsany  point  on  the  locus  of    (2)    is  on  the  locUs 
of  ^e  equation  obtained  by  squaring  both  members  of    (2)  ,  and  hence  on  the 
locus  of    (3)  •    That  the  reverse  is  also  true  can  be  shown  most  simply  by 
considering  a  more  general  problem.    Let  .(a,b)    be  a  pMnt  on  the  locus  of 

(f(x,y))^  =  (g(x,;y))^  >  so  that    (f(a,b))^  =  {6(a,b))^  .    Then  ^ 

f(a,b)  =  t  g(a,b)       Now  suppose,  further,  that  if    (x,y)    is  in  the  domains 

of    f    and   g  ,  then    f(x,y)  >  0   and   g(x,y)->0^'.    We  cannot  hajg   ^ 

f(a,b)  =  -g(a,b)    unless  both  are  zero,  and  hence    f(a,b)  =  g(a,b)  .  Thus 

2      #  "2  • 

Jf(x,y)j    =  {'&(x,y)j     and   f(x,y)  =  g(x,y)    are  equivalent  equations.  This 

result  settles  our  question  for  \is,  since  both  members  of    (2)    are  non- 

\  negative  for  all    x   and   y  *  *«  < 
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acample  5.    A  Coast  Guard  cutter,  searching"  for  .a  boat  1^  distress, 
travels  in  a  path  with  the  property  that  the  distance  (in  miles)  of  the  cutter 
.^frcm  ,its  starting  point,  0  >  is  edtial  to  the  radian  measure  of  the  an^l^  gen- 
erated ]>y  the  ray  from    0    to  the  gutter  •    Find  an  equation  of  the  path  in  a 
suitable  coordinate  system*    (Assiinfe  the  surface  of  the  ocean  is  a  plane  ♦) 

Solution^    5he  description  t)f  the  path  suggests  that  we  should  use  polar 
coordinates,  with    0    as  pole  and  the  polar  axis  in  the  direction  in  which  the 

cutter  is  heading  when  lji/S£^:tsits  search.  If  we  do  this  we  get  immediately 
the  function  defined  by  the  eqiaatttJxt??:^  =  0  .  (By  choosing  the  positive  direc- 
tion of  rotation  properly  we  can  make    B  positive.) 


The  path  is  a  spiral. 


/ 


Figure  5-5 


If  we  use  rectangular  coordinates  we  get  a  much  more  complicated  equation, 
lermore ,  no  matter  how^we  choosi 
-function.    Can  you  explain  why  not? 


Furthermore,  no  matter  how  we  choose  the  axes,  the  equation  does  not  define  a 


Related  Polar  Equations.    In  writing  an  analytic  descrip|^h  of  a  set  of 
points  we  may  use  tp/tSiTr  advantage  the  freedom  we  have  in  choosing  the  type  of 
coordinate  system,  Ihe  placement  of  the  axes,  an^the  units.    In  the  case  of 
polar  coordinates  there  is  an  ambiguity  imposed  on  us  by  the  fact  that  each 
point  now  has  infinitely  many  pairs  of  coordinates.    This  makes  s^e  matters  " 
easy,  and  s,<^^^.diff  icult.    If  a  moving  ^ointi  traces  and  retraces  its  path 'in  a 
recurrent  pattern,  a  polar  equation  for  the  locus  can  represent  this  pattern^ 
since    (r,©)    and    {r,B  +  2;Tn)    are,  for  integral  values  of    n  ,  coordinat 
for  the  same  point.    On  the  jother  hand,  since  ^  (r,0)    and    (-r,^e  +  arl 
also  coordinat^^dr  th^,same  point,  we  cannot  avoid  a  certain  ambiguity  in  ^ 
^writing  equations  of  loci  in  polar  coordinates.    A  po^nt^Q;^^^^^  on  the 

durve  represented'  by  the  equation    r  =  f{6)    also  h^s  the  coordinates 


tern. 
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(-r^  ,  0^  +  jt)  .    ]jf  we  substitute  ^he  latter  coordinates  in  the  equation  ve 

obtain  the  equation    -r^  =  f(0^  +  ir)    which  may  be  written =  -f(0^  +  it)  . 

That^is,  every  point  of  the  curve  represented  by    r  =  f{G)    is  at  the^same 
time  a. point  of  the  curve  represented  by    r^  =  .f(0  +  it)  .    We  will'call  these 
equations, 

r  =  f(e)  ,        .  ■ 

r  =  .f(e  +  ir)  , 

■I  .  t  •■ 

related  polar  equations  for  the  curve.    In  some  cases  these  ifelated  polar 

T  #  ■  ' 

equations  are  quite  different  in  appearance  and  it  taJces  some  experience  to 

recognize  that  they  represent  the  same  curve.   'On  the  other  hand  the  related 

polar  equations  may  be  identical. 

Example  6.    The  ^elated 'equation  for    r  =  5  sin  6    is    r  =  -5  sin(0  +  rr) 
=  -5(-sin  9)  =  5  sin  9  ,  ana  is  the  same  as  the  original  ejjuation. 

Example  7.    The  related  equation  for    r*=  3  tan  6  is 
r  =  -3  *tan(0  +  tt)  =  -3  tan  9  ,  etnd  is  different  from  the  driginal  equation. 

« 

Example  8.    The  related  equation  for    r  =  3(1  +  sin  0)    is  ^ 
r  =  -3(1  +  sin(e  +  it))  =  -3(1  -  sin  9)  =  3(sin  0  -  l)  ,  and  is  different  from 
tlie  original  equation.  \ 

Example  3.    Ohe  related  equation  for    r  =  5    is    r  =  -5 
from  the  original  equation. 


^  frc 

Ln^s/e 


Because  the  correspondences  between  pointrsJand  their  polar  coordinates  and 

between  sets  of  points  and  their  i?epre^0ntatiOTfs^  in  polar  coordinates  are  not 
^        '  .  '*»''', 

uniaue,  we  must  define  the  graph  of  a  polar  equation  to  be  not  the  set  of 
poinVfi  whose  coordinates  satisfy  that  equation  but  rather  the  set  of  points 
e^ch  of  which  has  some  pair  of  coordinates  that  sai^sfy  the  equation. 


. *  Exercises  ^-2 

For  each  of  the  following,  vrite_  an  equation  or  statement  of  inequality 

of  the  locus  of  a  point  which  satisfies  the  stated  condition.    Use  the  co- 

•  V 

ordinate  system  you  think  appropriate  if  one  is  not  specified.    If  you  use 
polaY  coordinates,  give  the  pair  of  related  equations  in  each  case. 
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* 

1.  A  point    3'  units  above  the  x-axis.  , 

2.  A  point    5    units  to  the  left  of  the*  y^-axis.  ^ 

3,.  A  point  equidistant  frdm  the  x-  and  y-axes.*  .  • 

\ 

h.  A  point  titice  as  far  from  the  x-axis  as  it  is  from  tHe  y-axis. 

5.  A  point    a    units  f ronf  the  origin.  ' 

6,  A  point    a    units  from  the  point.    (3;-2)  . 
7^  A  point  equidistant  from    (3,0)    and    <-5,0)  . 

8.  A  point  equj-distant  from    {2,3\  and    (5,-4)  . 

9.  A  point  equidistant  frc^  the  lines  with  equations    x  +  y  .  2  =  0  and 

^  x  +  2y  +  3  =  0.  ^  ^ 

10.  A  point  whose  distance  from  the  line  with  equation    x  +  2  =  0    is,  equ^l 
to  its  distance  from  the 'point    (2,0)*.  ^* 

11.  '  A  point  whos^  distance  from  the  line  with  equation    2x  +  y  +  2  =  0  \s 

equal  to  its  distance  from  the  point    (2,-1)  .  ^  a 

12.  A  point  the  s\m  of  whose  distances  from  tiie  points  (h,0)  and  (-4,0) 
is  . 

13-.    A  j)oint  the  difference  of  whose  distances  from  :bhe  points  ik^O)    and  - 

(.4,0)    Is    6  .        ^                                     ■        ,  .  -  - 

14.  A  point  the  ratio  of  whose  distances  from  the  lines    2x  +' y  -  4  =  0  ^d 
3x  -  y  +  1     0    is    2    to    3  . 

15.  A  point  that  is  contained  in  the  line  through  the  points    (-1,2)  and 
(5,7)  .  "  ^'  ' 

-•I6.*   A  point,  the  product  of  whose  distances  JTr^j^two  fixed  points  is  a  con- 
stant.    (This  locus  is  called  Qassini^s  Oval;  it  was  studied  'by  Giovanni 
Domenico  Qassini  in  the  late  seventeen|ih..^ntury  in  connection  with  the 
motions  of  the_earth  and  the  sun.  )  *  ^ 

17;    A  point  within    3    units  distance  from  the  x-axis. 

18.  A  point  at  least    5    units  distant  from  the  origin. 

19.  ^A  point  no  more  than    1   unit  from  the  y-axis.  ^ 
20#    A  point  no  more  than  -2    units  from    (1,3)  .  ' 

gl.   .A  point  no  nearer  to  the  origi^  t^an  ft  is  'to  the  point  '  {0,^f  . 

.1       .  , 

22.  «A  point  no  nearer  to  the  origin  than  it  is  to  the  Mne    y  =  . 
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23.    A  point  nearer  to' the  origin  thati^tc^any  point  on  the  line    x  *  10  .  * 
2k.    A  point  bet</een  the  lines    x  =        x  =  -6  . 

2^.    A  point  within  a  circle  with  its  center  at  the  origin,  if  the  radtijs  is 
"8  .inches    +  1  ^        (Note:    This  natation,  frequently  seen  in  drawings 
and  applications,  means  here  that  the  radius  must  be  at  least  7.92  inches 
long,  and  at  most    8.c8    inches  long.    We  Sometimes  say  that  there  is  a 
^   "tolerance"  of    1^^    \)f  the  stated  diifiension. )  \ 


5-3.    Parametric  Representation. 

In  describing  physical  phenomena  we  customarily  simplify  matters';  for 
example,  a  car  on  the  road  becomes  a  point  on  the  line.    In  describing  any 
motion  it  is  convenient  to  say  when,  after  some  given  instant,  a  particular 
event  occurs.    This  is  indicated  by  a  value  of  the  vari?ible,  t  .  the 
motion  takes  place  in  two  or  three  dimensions  its  analysis  may  be  made  easier 
by  considering  one  dimension  at  a  time.    With  a  rectangular  coordinate  system 
we  may  then  describe  that  part  of  the  motion  parallel  to  the  x-axis  (the' 
x-component)  by  indicating  how  it  alone  changes  with  respect  to  time,  say 
X  =  f^(t)  .    Similarly  we^may  have    y  =  f2(t)  .    Such  a  set"^  of  equations,  • 

which  the  two  components  of  the  motion,*  that  is,  the  values  of  the  two  vari- 
ables"* x    and    y    are  given  in  terms  of  a"  third  variable,  t  ,  is  an  example  of' 
wh^t  is  called  a  parametric  Ir^resentation  of  the  motion.    It  is  interesting  ^ 
t<J  note  that  the  tracking  of  satellites  is  actually  done  in  this  way. 
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Example'  1.    Two  students  observe  the  motion  of  a  ball  rolling  down  a 
tilted  plane.    The  plane  has  been  coordinatized  as  indicated.    In  this  illus- 
tration, as  In  many  physical  problems, 
the  variable       ,  represents 
elapsed  since  a  given  instant,  is 
as  a  parameter  or  auxiliary  variable. 
The  use  6f  a  parameter  is  often  of 
great  value  in  simplifying  the  presen 
tat  ion  and  solution  of  physical  prob'L 
In  some  problems  it  may  be  useful  tq/use 
.two,  or  even  more,  parameters, 

^  "  One  student  finds  that  with  suitable 
units  he  ceui  describe'  the  motion  relative 

p 

to  'the  y-axis  with  the  equation    y  =  3t 
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He  may  have  come  to  this  conclusion  by ^noting,  with  the  use  of  a  stbp-watch, 
the  y-coordinates  of  the  points  on  the  lines  parallel  to.  the'^^^ilxts.  crosVed  Jj/ 
the  rolling  ball  in  successive  second^s.  '  The  other  student^  using  £he»  lines 
^parallel  to  the  y-axis  in  a  similar  way,  finds  that  he  can  describe,  the  motion 

•relative  'to  the  x-axis  with  the  equation    x  =  Ct*^  .    Ti.ese  are  the  ^parametric 
equations  of  the  rpotioi.    If  we  want  to  express    y    in  terms  of    x.,  we  may 

eliminate    t    between  the^e  two  equations  and  obtain    y  =  Ix  .    Since    t"*  is  a 

measure  of  elapsed  time*i:t  ir,  nonnegative,  her*ce    x    and    y    are  also  non- 
negative.    Therefore,  the  graph  on  the  xy-plane ^will  be  a  ray  of  the  line 

whose  equation  may  be  written    y  =:^x  . 

Exajnple>  2>    A  plane,  flying  at    130    mile^  per  hour  at  an  altitude  of  i 
5000    feet,  drops  a  package  to  the  ground.    Assume  that  the  package  remains  /in 
one  vertical  plane  as  it  falls,  and,  neglecting  air  resistance,  determine  /ts* 
path  to  the  ground.  '  ^  ^ 

-  Solution.    We  must  assume  certain  conditions.    If,  at  the  moment  of  its 

release,  the  package  is  moving  forward  at    120    mph  (=  I76  ft.  pci^  sec), 

then  it  will  continue  to  do  so  at  the  same  rate,  whatever  its  vertical  motion 

may  be.    Under  the  stated  conditions  we  iassume* that  =  its  vertical  motion  is 

^  12 
described  by  the  formula    s  =  ^gt   ,  where    t    represents  the  elapsed  time  In 

seconds,  g  is  the  gravitational  acceleration  in  feet  per  second  per  second 
(which  we  shall  approximate  as  32)  ,  and  s  i^^  the  number  of  feet  of  fr^e 
fall.  '  \  . 

We  now  coordinatize  the  vertical  plane,  taking  the  point  of  release  as  ^ 
the  origin.    The  positive  sense  of  the  x-eixis  indicates  forward  motion,  and 
the  positive  sense  of  the  y-axis  indicates  dowiiyaird  motion. 
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yl         '  '*  -Figure  5  - , 

Note  that  the  grid  on  which  the  locu3  is  drawn  h^r  t-ecn  presented  in  a  • 
non-ctarTlard  way,  to, make,  the  diagram  easier  to  interpret^.    As  the  package 
moves  forwaSri  in  space  the  corresponding  point  on  the  graph  moves  right  and 
qrosse&  succjessive  vertical  ifhes  in  iucce^sive^  i:econdr>.    I^ie  vertical' lines 
are  equally  spaced  because  thal^orizontal  iftotion  is  uniformi    x  =  lySt  .  As 
"the  package  Tails  the  corresponding  point  on ^the  graph  moves  dovn  on  Ihe  page, 

crossing  successive  horizontal  lines  in  successive  seconds.    The  horizontal 

f.  •  .  ^  ' 

lines  are  not  equally  spaced  Lecause  the  vertical  motion  is  not  uniform,  bu^. 

A.  ''^  • 

accelerated,  ©Fnfe  spacing  was  determined  Ly  successive  values  of    t    in  the 

formula    y  =  l^r    .    The  scaTe  16  JLhe  sa:ne  on  both  axes^  thus' the  diagram  is 
ncjjb  only  a  graph  of  our  locus,,  but  also  a  picture  of  the  actual  path. 
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ve^  had  plotted.p^oints  on  a  dir- 
ferent  grid,  say  the  one  to  the  right, 
in  which  the  horizontal  scale  is  differ- 
ent from  the  vertical  scale,  then  the 
graph  would  s'till  be  an  accurate  repre- 

.^sentation  of  the  relationships  among 
the  variables,  but  it  would  not  be  an 
accurate .representation  of  the  path. 
Since  we  use  the  word"  path  hevk  in  a 
special  sfgy,  we  define"  it  to  be  the  set 
of ^positions  actually  occupied  by  a 
real  object  as  it  moves  in  real  space. 
Clearly,  a  path  may  be  represented  by 

•  a  curve  in  a  great  nun^er  ^o'f  ways  by 
different' choices  of  coordinate  systems. 

In  mfeny  physical*  problems  we  ;fLre  / 
concerned  with  the  ^^lative  r>ositions 


»  of  objects  as  they  travel  on  their 
respective  paths/  If  the  bat  is-  to  hit  the  ball,  it  is  not  enough  for  tjieir 
path?  to  cross,  they  must  be  at  the  crossifig  point  at  the 'same  time.  Ships' 
paths  may  cross  safely,  but  a  collision  cojirse  would' J>ring  them  to  the  same 
point  at  the^same  moment.  '  The  captains  of  two  ships  at^  spa  are  concerned  with 
when  and  where  the  ships  are  closest  to  each  other.    When  we  must  consider 
time  and  position  along  a  path,  we  need  some  relationship  involving  these 


q^uantitie6;,    The^Q  are  most  readily  presented  in  parametric  form. 


V 

.1. 


Exercises  ^-3  .  / 

Refer  to  Exanple  1  and  make  a  chalrt  like  the  one  below,^  showing  th|e  x 


'  and  y 


cobrj 


inates  for  ;tntectral  Values  of    t    from  t 


[to    t  =  10 


"7 — 

0  . 

1 

2  ' 

3 

.  k 

5. 

7 

8  ' 

9' 

10 



f 

y 

i 

2#/  Make  a  similar  cha3rt  for  Exaniple  2  of  this  section. 

*  • .  I  '  r  ...  /-    ' I  •■  >/ 
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3»    mte  Iparamitrij?  equations  for  the  position  of  a  point   P  =-(x,y)  *  which 


■^sta^s  on^^e  y«;axis  and  ^Ves  ^^^^^ 


ffi  r^Sraaii^s  al^^p- 


ERJC^  „ 


Its-^ove 


-he  rate  of  5  ,units 
e  xt'iELxis.'  ; 


4' 
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Write  parametric  equations  for  the  position  of  a  point    P  =  (x,y)  vhich 
starts  on  the'X-axfs  and  moves  uniformly  on  the  plane  at  the  rate  of  2 
.  units  a  second,  and  remains  always,  6   unite  to  tlie  left  of  the  y-axis. 

.5*    Write  parametric  equations  for  the  position  of 'a  point   P  =  (x,y)    vhich  , 
starts  at  the,.i^?:;igin,  goes  through  the  point    (3;^)    ten  seconds  later, 
and  continues  to  move  uniformly  ♦along  line    OP    at  that  sanje  rate  across 
the  plane*    FJLnd  rectangular  equations  for  its  locus.  •  ,  * 

''^        '  ^ 

6,  Write  parametric  equations  for  the  position  of  a  point    P  =  {x,y)  vhich 

moves  uniformly  along  a^line  across  the  plane,  and  takes    5    seconds  to 
,    go  from    (-6,1)    to    (1,25)  .     '  • 

7,  Paxametric  ^quatio^s  ,f or  the  path  of  a  point    P^=  (x,y)    are    x  =  t  , 

y  =  t^>   vhere    t   •iRdicates  time  in  seconds.    Discuss  the  motion  of  the 
p<fintuin  the  first  five  seconds,    MaXe  an  estimate,  correct  to  the  nearest 
♦  T  unit, 'of  the  distance  traveled  in  that  time, 

8.  A  point    P  =  (x,y)    travels  along  the  line  represented  by   lix  -  3y  +  2  =  0 
at  the  uniform  ^ate  of    10   units  per  second  and  passes  through  (1,2), 
when    t  =  3  .    Write  parametric  equations  for  its  .position  at 'any  %i.me^  ' 
t  .    Find  its  position  when   t  =  0*^*^vhen    t  =  10  ; 

9.  A  point    P  =  (x,y)    travels  along  t|||  line  represented  by   2x  +  3y  -  6  =  0 
at  a  uniform  rate  of   5    units  per  second  and  crosses  the  x-axis  at  the 

°  time    t  ^'  0  *    Write  parametric  equations  for  its  position  at  any  time 

10.  A  point    P  =  ,(x,y)    moves  uniformly  on  a  line  across  the  plane*  'It  goes 
through    (a,b)    at  time    t^  ,  and    (c,d)    at  time    t^  .    Write  parametric 

"equations  for* its  position  at  any  time    t  .  ^  - 

11.  A  poipt  is  moving  along  the  x-axis.,  its  position  at  time    t  '(sec)  given  by 
-X  =  cos  t  ♦    Before  you  do  any  computation  try  to  describe  the  way  the 
point  moves,    !me  cosine  function  is  frequently  associated  with  angles 

and  rotation,  Qut  there  is  no  such  motion  here.    We  must  now  use  the 
c^lne  as  a  particular  real  number  function,  whose  values,  for  the  domain 
0  <  X  <  l'.8o    are  given  in  Table  II.    /The  heading  "radian  measure"  for 
tli^t  table  Indicates  the  most  frequent  but  by  no  means  the , only  use  for 
*    these  trigonometric  functions.    Make  a  table  for >the  positions  of  the 

point  for  the  first    10  'seconds,  at  one  second  intervalsJ    How  would  you  ^ 
ind  the  position  of  the  point  at  the  6nd  of  one  minute?  lone  hour? 


I  \         \:  S   'S.  V    /'  . 
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12. 


13. 
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4ie  vertical  position  of  a  point  is  given  by   y  =  560.  -  l6t^   vhere  y 
represents  altitude  in  fee't  and    t    elapsed  time  in  seconds.    Before  you 
do  any  co^utation  try  to  describe  the  motion  of^the^^L^.    Do  you  know 
any  physical  interpretation  of  this  motion?    Make' a  table  of  the  positio^ 
of  the  point,  at  one  second^ntervals,  for  the  first    10  seconds. 

Refe^to  the  previous  exercise,  and  answer  the  same  questions  for  the 

relationship  '  y  =  120  +  6kt  ^  .  \ 

Refer  to  Exercise  11,  and  answer  the  same  question3  for  the  relationship 
X  =     sin  2t  .       '  «   '  ,  ' 


15.  Refer  to  Exercise  11,  and  answer  the  same  questions  for  the  relationship 
X  =  2  •  cos  t  .  " 

16.  If  the  points  of  Exercises  11  and  I5  were  on  the  same  x-axis,  find  a -time 
and  place  at/which  they  meet.  ,  • 


[5-^.    Parametric  Equations  of  the  Circle  and  ttie  Ellipse. 

j  ^     ^         "      \     '  -tiAii- 

1         In  many  physical  situations  an  iipportaiit  role  is  played  by  a  fixed  re- 

j  ference  point,  such  as  a  source  of  light  or  radiation^ or  a  magnetic  pole.  The 

J  associated  phenmena,  sometimes  called  focal  or  radial,  can  be  described  with 

'polar  coordinates  or  vectors.    We  should  use  the  coordinate  system  and  parar 

;  meters  which  seem  appropriate,    m^n  rotations  are  involved  it  is  usually 

helpful  to  use  as  a  parameter,  0     the  measure  of  the  angle  of  rotation  frdm 

a  fixed  initial'  positionT^ 


Example  1.  A  point  moves  around  a  circle  at  con5^tisu3jj..§j)§j=td«_'jlnd  analy- 
tic  conditions  for  its  path,. 


Solution:    Suppose,  as  in  the/ 
:J  diiigram,  the  point  starts  frcan   A  and 
' '  moves  coimter-clockwise.    Its  position 
;    at  any  poiril    P    is  given  by  the 
'  j  rectangular  coordinates    (x,y)  ,  or  the 
I J  equivalents    (r  cos  B  ,  r  sin  B)  j  that 


't 


X  =  r  qos  B  , 
r-^sin  B  \ 


IRiese  fere  parametric  equations  for  a  / 
circle,  '  \ 


ERic; 


'Figure  5^ 


We  may  express  the  fact  the  point  moves  around  the  circle  with  constant 
^peed  "by  saying  either  that  it  moves  along  the  circle  at  so  many  inches  per 
sedond,  or  that  the  radius    OP    rotates  about    0    at  so  many  revolutions  ,p|r 
minute.    Of  course,  other  units  may  be  used.    The  first  method  of  expression 
is  important  in  mechanical  problems  Involving,  for  example,  gearing,  belting, 
rimspeed,  and  so  ori!*^  The  second  method  of  expressing  constant  speed,  which 
concerns  the  amount  of  turning  done  in^a  unit  of;  timeT  is  significant  in 
timing  mechanisms' such  as  are  used  in  automatic  washers,  in  electrical  theory 
involving  alternating  current,  which  is  related  to  the  positions  of  a  turning 
armature,  and  in  the  analysis  of  many  other  phenomena  which  are  periodic,  that 
is^  which  repeat  in  successive  time  intervals. 
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In  this  latter  interpretation  it  is  customary  to  use-the^Greek  letter  o) 
to  represent  the  angular  velocity,  usuallry  but  not  ne^ssarilyXui  terms  of 
radians  per  unit  time.    Thus,  if  a  wheel  is  turnintf^  the  rate  of  300 
revolutions  per  minute,  ithas  an  angular'velocit^  o^  (3ob)2jT    radians  per 
minute,  or    lOn    radians  per  second;  that  is,  a; 
(radians /minute),  or   o)  =  IOjt  (radians/second). 


300(rpm)  ,  or   a:  =  Soqn 


If ythe  point    P    has  constant  angular  velocity 


pos^ttion    8    is  given  by .  cot 


CO  ,  (then  its  angular 
The  parametric  equations/above  become 

«  •  J  3c  =  r  cos  cot  , 

I  y  =  r  sin  cot  . 

0 

These  are -equations  of  %he  path  of  the  point. 

If  we  eliminate  thet^ parameter  by  squaring  the  member s^of  each  ^guation  apd 
adding  the  corresponding  members  of  the  new  equations  ve  obteajT 


2       2       2       2  2 
X    +  y    =  r  (cos    cot  +  sin   cot)  ,  or 


2  2 
X    +  y 


.  'This  represents  the  loc^^s 
of  the  path  in  rectangular  coordinates  and  no  longer  takes  account^ of  the  ^sir 
tion  of  th^point  at  any  particular  instant.  1  '  j| 

I        Example  2.    Twa  points  travel  on  the  same  circle^    They  start  at  the  sam^ 

I  — *  --^  .  ^  "  "   .       '       '  '  , 

,  'time  from  dianietrically  opposite  positions  and  travel  in  opposite  directions,. 

*  '  ,  ^  *  )  \ 

,  the  first  at  2  ^  rotations  per  second,  the  second  at  3  rotatiorfs  per  second* 
'  Find  analytic  conditions  for  their  paths,  and  the  times  and  positions  at  whicp 
j  tfiey  coincide.  ^  , 


Solution.  ,  (Refer  to  Figure  5-9*)  If  the  first  "point  .starts  at  '  A  «,( 
and  goes,  countfrclockwise,  ifs  equations  are  •  » 

x\=  r  cos'l^TTt  , 


(r,0), 


{ -  ■ ' 

I  y  =  r 


sii^*l;nt 
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If  the  second  point  starts  ^  B  =  (.r,0)  ,  and  goes  clockwise,  its  equations 


are 


'  j  X  =  T  cos(7r  -^67rt)  \  '  ^   '  *  .  ' 

\  y  =-r  ^n(;r  -  6jrt)  .  . 

If    t  5r.  0  ,  the  position  of    A    is  given  by    (r  cos  0  ,  r  sin  6)  ;  there-"^ 
fore    A  =  (r,0)  ,  as  iijdic^ed.    At  the -same  time    (t  =  O)  ,  the  position  of 
is  given  by   <r  cos  ;r  ,  r  sin  rr)  ;  therefore    B  =  (.!r,o)  ,  as  indicated.  - 
"As.  time  elapses,  the  angle  for^the  motion  of    A    increases,  while  the  angle 
.for  th$  motion  of    B    decreases.^    As    A    and  .  B    rotate,  only  their  angular 
positions  are  changing,  and  the  rates  of  these  angular  displacemeuts  are  hji: 
radians  per  second  and  radians  per  second."^;  At  any  instant  the  difference 

of  these  angu^lar  displacements  is  called  their;  angular  separation.    It  is 
customary  to  give  this^  angular  separation  as, the  le*t\ngle  tetw^^  the 

r 

respective  radii  to  the. (joints.    Tnus  we  use  an  angular* separation  of  | 
radians  rather  than    13»53T  radians. 

Since  our  two  points  start  with  an  angular  sejiaration  of   jr  ,  their  fifst 
meeting  will  occur  when  their  angular  displacements  from  their  starting  posi- 
tions add  to^     ;  that  is,  when    U;rt  +  fet  =     ;    :^Jt  ^.1    second.  Successive 
meet^ings  will  occur  after  this  wheh^,their  additional  angtlar  displacements  add 
to    2:t  ,  4-  ,  6r  ,  ...  ,  i.e.^when    hrX  -f  Gnt  ^'^^j:  >  ■  5^:     Tjt  ,  . . .  ,  i.e.^, 
when    t  =:  .3  ,  .5  ^  .7  ,  ...  .    Q^at  is,  they  pass  ea'ch  other  in  J.l    second,  * 
and  every    .2    second  thereafter.  -  -  * 

To  find  the  corresponding  positiorjs,  we  need  only  substitute  these  values, 
for  t  in  the  equations  of  motion.  Jt^  is  simplest  to  obtain  first  the  sue-  ^ 
c^ssive  aJ^uTjar  positions  9^  ,  1..,.^  for  their  passing  points. 

If  :       ^  =:  .1  !  e^^..kk  =  72°  . 

'         /  .^^..ag  ^1.2n  =216°  .      .     ^      •  I 

If  *3  T  -5  ,  e^^=2n  =  360°  .     ^      '  ;  ' 

Ohe  rectangular  coordinates  of  these  positions ^are  given,  say  fov    r  =  10  , 
=  pO  cos  72^  ,  10  sin  72°)  -  (I0,cos  216?  ,  10  sin  2l6°)^  ;    J  *  T/^ 

P3  -  (^/cp^  360°  ,  10  sin  360^)  .;.  .    These  are  equivalent  to  ^  ^, 

ioy09)-.^^10(.'95^  i\  .  (lo(:.8'09)  ,  10( ^  (lOd,') ,  10(o)) ^ 


In  usual  rectangular  form, .rounded  to  hundredths,  we  have; 


\  =  (3.09,'9.51)  ;  Pg  =  (-8-09  ,  -5.88)"  ;       =  (10,0)  ;  ...  . 


1. 


Example  3.  (Refer  to  Example  2,  above.)  Suppose,  in  the  previous  exanipl 
the  points  start  as  before  but  travelj  in  the  same  direction,  v^th  the  same  ra^ 
as  before.    When  and  where  do  they  pass?  » 

Solution.'    The  equations  of  motion  are  now:  *  , 

X  =  r  cos  ^itt  . 


and 


r  sin  knt  ; 


X  =  r  cos(jr  +  6nt ) 


y  =  r  sin(jt  +  6nt) 


The  meetings  (or  overtakings)  will, take  place  now  when  the  difference  of 
their  angular  displacements  is    2n  ,  hn     6n  ,  . . .  ,    The  first  meeting  wiljf 
take  place  whan  ,jr  +  6jtt  -  knt  =  2jt  \  that  is,  when    t  =  .5  sec.    After  this, 
successive  meetings  will  occur  when    n  +  6nt  -  knt  =  i^-jt  ,  6jt  ,  8n  ,  ...  ; 
th§t  is,  when,  t  =  1.5  ,  2,5     3-5.,  ....    1^  find  tjie  corresponding  angular 
positions  w$  proceed  as  in  the  previous  problem  and  find    0^  =  2jt  ,       =  ^  ^ 

etc;  that  is,  all  overtakings  will  take  place  1  second  apart,  at  point  A  , 
starting  at  the  end  of  the  first  half-second. 

Example  h.    A  point  i^  rotating  unifoiTnly  on  a  circle  of  radius    a  ,  with 
its  center  at  the  point    (b,0)  .    Find, analytic  conditions  for  its  locus.*  * 


Solutiorj.    Suppose/6he^niform  angular 
velocity,  expressed ',in^  radians  per  second, 
,4s    00  .    From  the  hypothesis  and  the 
diagram,  we  have  •  '  ^ 


X  =  1^  +  a  cos  6  , 

a  sin  6  i  I  y 


/  X 

\y  = 


b  +  ^  cos  ODt  ^ 
a  sin  (i)t  . 


These^are  parametric/ equations  for  the 
locus'.    The  first  equations  are  posi-  | 
tional  only,  the  second  equations  relate  / 
^theafiv positions  to/^ime  and  describe  the 
path  of  the  poinf.  / 


5nayi  elijalnkte  the%arameteji:s   o)  jBjid    t  . 


e/s 


Since- 


X  -  b 


—  cc  s  a)t  ^ 


FigurV  5*-^IO 


sin*a)t 


therefore^ 


2  '  2 
cos   cot  +  sin 


7 


or 


(x  .  b)2'+  = 


This  l^ast  equation  is  the  'one  usually  given  in  rectangular  coordinates.    It  is 
an  equation  of  the  locus  of  the  jJoint  and  takes  -no  account  of  its  position  at  - 
any  particular  moment. 

The  ellipse  vill  be  discussed  in  detail  in  Chapter  7,  but  we  derive  now 
its  analytic  representation  in  parametric  form.    We  start  with  two  concentric 
circles,  the  smallest  that  will  enclose  the  ellipse,  and  the  largest  tnat  the 
ellipse  will  enclose,  as  illustrated  in  Figure  5-11.'   Suppose  theijr  radii  are 
a   and   b    with    a  >  b  .    We.  describe  now  a  way  in  which  a  draftsman  c^  locate 
as  many  points  of  the  ellipse  as  he  needs  to  draw  a  smooth  curve  through  them. 
Draw  any  line  through   0  ,  meeting  the  circles  at    A   and  .  B  respectively. 
Through   A    and    B   the  lines  pa/allel  to  the  y- ,and  x-axeB  respectively  will 
meet  at  point    P    of  the  ellipse.    For  all    o    we  have    x  =  d(0,C)  =  a  cos  o  , 
and,  y  =  d(C,P)  =  d(D,B)  =  b  sin  o  . 

The  equations  are  ,y 

/  X  =  a  cos  0  / 
I  y  =  b  sin  o  ,  _ 

We  may  eliminate    Q    as  follows: 


—  =  cos 
a 


5=  sin  o 


or, 


^2  2 
-J-  +      =  cos    z  +  sin  d 
a      b  ^ 

2  2 
X  y 

a  b 


Figure  5-11 


which  «*s  the  usual  equation  of  an 

Ellipse  in  rectangular  coordinates.    Note  that  the  parameter    c'  used  here  is 
:^^not  th^  angle  between  the  positive  jjart  of  th^  x-axis  and  i;he  radius  vector  - 

OP  to  the  point  P  ;  that  is,  ijt  is  hot  the  angle  used  in  representing  P  in 
►  polar  coordinates.  ,»       .  ^ 

It  should  be  recognized  jthat  we  may  select  a  parameter  in  various  wa/s  to> 
fit  a  variety  of  'situations.  ^^IRiere /Is  never  a  unique  way  to  do  this,  so  it  is^ 
inaccurate'  to  refer  %p  '^the  ^arametf^^q  equations  of  ..^Z'.  Rather,  we  have 
Ta  parametric  representatioi] 
Ithe  chaices^  of  constants  ano 
[plan*  of  approach  .t^  the  solu-Lxon^^  g 

'A 


le  larameti^Q  equations  of  Rather,  we  have 

.oil  of  . , .  *' iwith^the  understanding  that  we  have  madi 
indlvariableV^ifeat Jbest  suit  the  hypothesis  an(i  ourf*^^ 

,iuiion,    I       '  I-   ^   !-:  V  i 


Exercises  5-4  ^  . 


1.  Vrite  parametric  equations  for  a  circle  of;  radiue    10   and  with  center  at 
the  origin, ' 

2.  Write  parametric  equations ) for  the  path  of  a, point  around  the  circle  of 
Exercise  1.    Assifine  that  i}i  starts  from  the  3  o* clock  positioa  and 
rotates  *  clocltwise^  at  the  rate  of    k    revolutions  per  second. 

3f    Write  parametric  equati9us  for  the  path  of  a  point  at        end  of  the  ^ 
minute  heyid  of  a  clock  during  one  hoUr.^  Ajssume  the  length  of  the  radius 
to  be    6    inches  and  that  the  i)oint  starts  from, the  12  o*plock  position 
'        to  which  we  assl^a  the  numbers    0   and   6o  .    Use  minutes  as  measures  of 
time.  ,  4 

,  k,  "  Write  parametric  equations  for  a  circle  with  centeV  at    {h,o)    and  radius 
3  • 

,5.    Write  parametric  e^ations  for  a, circle  with  center  at  _(0,6)    and  radius 

6.  Write  parametric  equations  for  the  path  of  a  point  moving  around  the 
circle  of  Exercise  h,  ^  Assume  that  it  starts  from  its  lowest  point  and 
moves  clockwise  at    2  rps  . 

7.  Write  parametric  equations  for  the  path  of  a  point  moving  aroiXhd  the 
cirole  of  Exercise  5.    Assume  that  it  starts  from  its  highest  jjoint  and 
moves  counterclockwise  at  ,3  rps  .  *   '  ^ 

Describe  in  words  the  motion  of  a  point  whose  path  has  the  parametric 
eauations"  given  below.    Assume    t    denotes  elapsed  time  in  seconds. 


9. 


10. 


11. 


y  =  40  sin  (^«+  lOirt)  . 
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12. 


13. 


14. 


15.. 


16. 


{ 

c 

{ 

{. 
{ 


k  +  COS  6jrt 


X  = 


y  =  5  +  sin  12;ft 


y  = 

X  = 


a  +  b  cos  2jTt 
c     b  cos  2nt  , 

p  /+  •q(cos  2njrt 


/ 

y  =  r  +  'q(cos  2njrt  -  d). 


17.    The  equations  of  motion  of  a  point  moving  unifprmly  on  a  circular  pa^  are 

•  /  X  =  6  cos  ^Ttt,:  (.t    in  seconds) 

I  y  =  6  sin  kitt .  '  ' 

(a)  Describe  its  motion  in  words. 

(b)  Mai^e  a  table  showing  the  coordinates  of  the  point  at  the  times 


.1  ,  .2 


1.0  second. 


(c)  A  second  point  travels  on  the  same  circle 'in  the  same  direction  at 
the  same  r^te,  and  starts  at  the  same  time,  but  from  the  point  on 
the  y-axis  above  the  origin.    Write  equations  for  its  motion. 

(d)  A  third  point  starts  at  the  same  time  and  place  as  the  first  point, 
but  travels  in  the  opposite  direction  at  half  its  speed.  Find 
equations  of  motion  for  this  t^ird  point.  ' 

(e)  Find  the  times' and  places  ett  which^the 'tkird  point  meets  tfie  first 
point,  as  vas  done  in  Kxamples  2  and  3.  '  \ 

(f )  Find  the  times  and  places  where  the  third  point  meets  the  second 


I      ^    point'^  '  ■ 

,   18.    Three  bicyclist/l  A  ,  B  ,  C   are  equally  spaced  around  a  one  mile  circu- 
lar-track,' (say  It  the  8  o^» clock,  \  o'clock,  and  12  o'clock  positions, 
respectively),    i    and.  B  ,  who  go  clockwise,  can  circle  the  track  in 
3    minutes  and    1    minutes  respectively.    C Kho  travels  counterclock- . 

\      .'wis^,  can  ^rble  the  track-in  .  5   minut.es.    They  start  at  the  same  moment* 
^X^^  Write  Jqiations  of  motion  for  the/ir  angular  positions  on  tke  track 


at  ithy  tike.,  t    aftei:  they  start! 


-A 


Lnd  and  illustrate  their  positions  at  the  end  of  each  of  the  first 


\     ,10'  ijiinutes. 


b-^X^^'  .Det^ihnine  the  first  5  meetingi;  who  meet;  when,  and  where? 
•    *  '  'I'  *•  *  \ 

'*•  ,(d)   When  and  where"  do  all  three  meet,  if  evey? 


.  ERIC  . 


1%  ' 
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19 •  A  point  starts  at  A  (Figure  5-9)  ^nd  moves  counterel^^j^se  at  ^  rps. 
A  second  pcjint;  starts  at  position  P  ,  which  you  are,^  £ind,  and,  moving 
clockwise  at  the  same  rate,  passes  the  first  point  eajch  tim^^^ey  cross  ' 
the  y-axis#    Write  the  equations  of  motion  for  this  seqond  point, 

5o#    Pour  points,  P  ,  Q  ,  R  ,  S    are  equally  spaced  around  a  circle  (Figure 
5-9),  with    P    at  the  3  o'clock  position,  Q   at  the  12  o'clock  position, 
,^     R   at  the  9  o'clock  position,  and  ,S   at  the  6  o'clock  position,    P  and 
Q  move  counterclockwise,  R    and    S    clockwise.    They  start  simultaneously, 
and  all  meet  for  the  first  time    10,  ^conds  later  at  the  10  o'clock 
position.  4  . 

.(a)  .Write  equations  of  motion  for  each  point, 
(b)    When  and  where  will  all  four  meet  again? 


5-5 •    Parametria  Equations  of  the  Cycloid,  ^ 

A  curve  f  reg.uently  encountered  in  physical  applications  is  the  cycloid. 
We  introduce  it  in  an  example. 

Example  1,    a' wheel  of  radius    a    feet  5*olls  in  a  straight  line  down  a 
flat«  road.    Find  analytic  conditions  for  the  path  of  anoint    P  *  on  the  rim  of^ 
the  wheel, 

^     Solution,    Something- -perhaps  years  of  experience — suggests  a  parametric 
representation,    ,       ~  '"^       -  . 


FRir 
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Let  the  line  along  which  the  wheel  rolls  be  the  x-axis,  and  let  the 
origin  be  a  point  at  which    P   touches  the  road.    Let  the  positive  direction 
on  the  X-axis  be  the  TM?rcetioh.  in  yhich  the  wheel  is 'rolling.    Finally,  let  <t> 
be  the  radian  measure  of  tlie  angle  through  which  the  wheel  has  rotated  since 
P    touched  the  road,  with    <t>"  positive  when  the  center  of^e  whee^  has  a 
positive  abscissa.    Since 'the' wheel  is  rdliing,  not  slipping, 'the  length  of 
W   is  the  same  as  thfe  length  of   PG  •    The ,  def  ini'Hon  of  radian  me.asure '  gives 
1  this  arc  length  as    a4>  .    Hence,  .      '  •  V  , 

x-^(0,j)  =  d(0,G)  ^"d(P,H)  =  a4>  -  a  sin  4>  , 
y  ^  d(P,j)  ,±  d(cf,G)  ->d(C,H)  -  a    -  a  cos  4)  , 


{ 


We  rewrite  these  parametric  equations  of  the  cycloid 


(1) 


X  =  aO  -  a  sin  0 


\  y  j= 


or 


-  a  cos 


X  =  a(<t>  -  sin.  <|>) 
y  =  a(l  «  cos  0)  . 


If  the  wheel  were  rotating  at  the  rate  of  o)   radiansrper  second,  then 
<l>  *  (ot    and  Equations  (l)  become  »  » 


I  y  = 


acot 
a 


a  sin  oot  , 
a  cos  oyt  \  ^ ' 


'      *  'tecer^^es  5-5     '  -  '\ 

1.    A  pointy  P  =  (x,y)    on  the  rim  of     wheel  with  a    2    inch  diameter. .-traces 
a  cycloid  as  tha  wheel  rolls  along' the  x-axis,    %lte  parametric  '^rguatiolte 
for  the  locus  of*.  P  ,  ,  Find  rectanguleJr  coordinat^fe  for   P  ,  correct  to 
tenths,  corresponding  to  values,  of       .'IrcMn    0°    to    360°    at  .intervals 
*of  •  30°  ,    M^e  a/  careful  drawing  of  the  graph. 


2.    One  arch  of  a  cycloii  will  just  fit  inside  a  rectangle 


6  uniW 

How  wid^  is  that  rectangle?    Choose  suitable  axes  and  then  write  .paj'a- 


metric  equations  for  the  cycloid. 

A  wheel  with  a  6  inch  diameter  is  rplling  along  a  line,  rotatli^  ^^lf/*3,  ^  v 
times  per  second. 

(a^  Choose  a  suitable  coordinate  system  and  write  parametric  equationd^t^^i 
of  the  motion  of  a  point   *P  =  (x/y)    on  the  rim.       /  ' ^ 


of  the  motion  of  a  point    P  =  (x/y)    on  the  rim. 

(b)  Jlnd  rectangular  coordinates  for  the  positions  of   P  .at  times 

t  =  .1 ,  .2  ;  '.3  ,  .4  ,  .5  .    '>.•      , ,   ■  . 

(c)  Find  the  time  and  place -at.  which   P    first  reaches  a  high  point  o,n|.-^ 
its  path 


4 

183' 


89 


r 


14./  An  autcMobile  traveling  along  a  straight  and  level  road  at    30   miles  an 
hour  has  a  vheel  whose  ou-fe^circumference  is..  66  inches. 

(a)  Ifeke  an  accurate  scale  drawing  of  one  ^ch  of  the  cycloid  traced  by  ^ 
a  poi^t^on  the  circumference. 

(b)  Choose  a  suitable  coordinate  system  and  write  parametric  etiuatiorls 
for  the  motion  of  a  poipt  on  the  rim  of  the  wheel.    Use  a  minute  as 

^  a' unit  of  time  and    3y ^^^as^n.  approximate  value  for   n  . 

Challenge  Exercises  .for  Sections  ^-3,  5^^,  2zl 

1.    (Refer  to  Figure  5-12,)  If,  as  in  the  case  of  "a  cycloid,  we  consider  a 

wheel  of  i^ius   a    rolling*  down  a  straight  flat  road,  we  may  consider  the 
path  of  a  point    P    not  on  the  rim,  but  along  a  radius   "CP  ,  at  a  distance 
of   b  -feet  from  the  center.    We  distinguish  two  cases:  "b  >  a  ,  and 
b  <  a  .    The  locus  in  the^  first  case  is  called  a  prolate  cygloid,  and 
in  the  second  case  a^ curtate  cycloid.    Figure  5-13  illustrated  d^dase* 
which  leads  to  a  prolate  cycloid,  whose  parametric  equations  yod^^are  asked 
to  find,    A  part  of , the  graph  is  shown  in  Figure  5-llt.^' 


c 


r 


/  6 


(W,io) 


BL  =  k  ,  h  ^  6' 
Figure'  " 

This  figure  illustrates  a  case  in  which    b  =  1.5a  .    (Can  yo\<  f ind  the 
9rdinate  of  the  point    Q    in  which- the  graph  cut^  the  y-axis?)    The  stu- 
dent is  urge?  to  consider  the  cases:    b  =  2ji  ,  b  =  10a  ,  arid  to  draw 
some  general  conclusions. 

The  curtate  cycloid.  .(Refer  to  Figures  5-13,  5-1^.-)    Find  the ^ locus  of^a 
point    P    on  the  radius^   CT^  ^  of  a  circle  as  the  circle  rolls  along  a  ^line.* 
d(C,P)  =  b  ;  radius  =  d(c,F)  =  a  ,  and   b  <  a  .    Chop'se  a  suitable  co- 
ordinate  system  and  draw  an  arch  of  the  graph  of  a  curtate  cyci\oid  for 
the  case    a  =  6-",  b  =  "if  .        ^  "  ,       '  -  ^ 

'A  circle  of  ^radius  <^a    rolls,  without  slipping^  on  the  outside  of  a 
circle  of  radius  rb  .    Find  an  analytic  representation  of  the  locus  of 
a  point    P    on  the  outside  circle. 

Discugsion:    We  illustrate  the 
case    a  <  "b  ,  aiTd  suggest  the'se 
relations:    length  of  AB  =. length 
of  PB  ,        aO  =v  b0  .  ^ 
C  =  ((a  +-b)  co^  0  ,  (a  +  b)  sin  0^; 
the  exam  of  the  measures  of   B  ,  <t>  , 

^M6.  I   or  90°  ;  ' 

d(P,D)  =  a  3in     ;  d(C,D)  =  a  cos 
,We  urge  ,the  student  to  experiment 
,  with  the  special  ca^es    fi^^  =  b  , 

a  =^5^b  ,pa  =»^D  .*    Such  curves 

are  galled  epicycl,6i(^s  and  . have  > 

^appli|CationB  in  astrpnomy,  and  in  mechanical  engineering^. 


(Reffer  to  the  previous  probl^, )    A  circle  of  radius    a    i^^lls,  without 
slipping?  on  the  inside  of  a  circle  of  radius    b  (a  <  b)  .    Pind^ analytic 
representations  of  the  path  of  a  point    P    gn  the  circumference  of  the 
inside"  circle.    Such  a  path  is. called  a  ^ypocycl^d.    The  student  is  urged 

1, 


a 


l^b  ,  a  =  ^b  ,  a  =  ^b  .   oin  both 


to  experiment  with  the  special  cases  a 
this  and  the  previous  exercise  the  student  is  challenged  to  answer  {jhis 
question,  without  performing  the  experiment:    If    a  =       ,  and  ve  makiS*  a 

ts  own 

circle  tf  radius  a  has  as  center  C  ^  (0,a)  ^.  A  chor^d'  isr  drawn  througl 
•any  point    D  =  (x^,y^)    of  the  cii^cle  and  extended  to 'meet,  -at    Q  ,  the 

tangent  to  tl^'  circle  at-*  A  ,  the 
end^of  the  diametey*  from    0  .  QR 
is  drawn  parallel  to    AO  ,  and'^  • 
line  is  'dravn  from^   D  _  parallel 
to    AQ  ,  ^nd  intersecting    qH  at 
P  =*(x,y)  .    Find  e^u^tions  of 
the  locus  of    P    as  the  point    D  , 
moves  bn  the  circle.    Sketch  the 
iQcus.    (This  curve/  called  jthe  witch  of  Agnes i,  was  studied  and  named  by 
a  mathematician  of  the  eighteenth  century,  Maria  GeLe'tana  Agnesi.)  .   "  ^ 

Find  an  equation,  of  the  l^cus  of  a  ppint  which  moves  so  that  the  sum  of  . 
the  squares  of  its  distances  from  two  fixed  .points  is  a  constantj^  wWch  ' 


Figure  5-16 


2^ 


Descrfbe  and  skatch  the  locus. 


we  call  2a 


Find  an  equation  of  phe  locus  of  a  point  which  moves  so  iSfiat  the  6um  o^ 
the  s^quares  of  its  distances  from  the  vertices  of  a  square  is  fcons"tant. 
Describe  the  locus  i  - 


.  squarjiii 

s  Vb 


J^nd  an  equation  of  the  locus  of  a  point  whi.ch  moves  Wb  -(Hi  thp  ^sujfi  of 
the  squares  of  its  distances  from  the  lines  containing  the  sides  of  ^p. 
square  Is  c6nstant.  '  \     ^  -  '  * 

A  line  (pawn  parallel  tQ^.thl^side    AB    of  ajntriangle    ABC  j  meets    AC  /in 
d' /SC  In    E.     The'lin^fe^-i^iE    and   S   meet^  at*'  P^%;:.  Filld  an  e^ 
of  [the  locus  consisting  of  aH  such  points^ff  .    (Hint;,*  4ied6    AB   be  the 
'x-ixls*'  and  let,  C  -  (0,c)  ,  where    c  >0  . /intrpdudi^/ as  .a  pai^aet'er^ 
t.vL  the  distance  between   ^    ^d^  the  x-axis.)  '        \  ^  "^y  ^ 


10.  Let   0    ^fid   Q   be  distinct  points.    Let    *L   be  a  JjLne . tharough    0  and 
let  'P  -^e  the  foot  jDf  the  perpend;Lcular  to  -L   t^^jgh   Q  •   Whart  is  thg 

*locx\s'  of  'P  ,  as    L   rotates  around    0  ^    (Hint:    Use  ti?e  slope  of   L  as 
an  auxiliary  variable.    Rpnember  that  some  lines  don't  have  slopes.  Does 
Q   lie  on  tfie  locus?)  K    '  % 

11.  A  circle  of  radius  -a   has, its  ^  ,  -      •  4    y  <^ 
,  diameter   OCA   along  the  polar 

axis.    From    0   a  chord'  ^    is  ^ 
drawn  and  extended  to  meet^  at    S  , 
the  tangent -to  the  circle  at  'a  . 
•Find  equatix>ns  of  the  locus  of  * 
.  '    PpvSJ^int  on    OS    such  that^ 

d(P,s)  •=  d(OR)^.    Make 'a- sketch  of  ^ 

the  graph.     (This"  licus  is  a  ^  *  » 

cissoid,  a  curVe  studied  by  the'  Figure  5-1? 

^refek  mathematician  Diodes,  who  lived  a  centui^  or  so' after  Euclid.  You 
may  learn  something'mo33e  about  it  when  you  study  inversion  lalerO 

•12.*  A  fixed  -line    BC    is  perpendicular 
;      to  the  polar  axis  at  point    A  ,  a 
units  from  the  pole.   *A  lir^e  is 

•  drawn  through.  0  meeting  BC  at 
'    R..    A  fixed,  length   i    is  marked 

off  from   R^^ithis  line'  in  both 

directioi^  locating  the  jDoints  P 

and   P'       F^ir^d  an  equation  in 

polar  .coordinates,  for  the  locus 

of*  P   '^d    P«  .    (This  curve, 
,  called  a  conchoid,  was  studied  by 
'  the  Greek  mathematician  ,NiccMede's 
^  about  two^centuries    B.C.  '  It  can 
.  ^   be  used  in  the  tr;Lsection  of  an 

*  angl§.    Try  to  discover  how. ) 


/     /  \ 

1  1 

« 

— ^ 

i  1  •  \ 

> 

> 
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;rnvo\ute*  of  the*  circle.    A  string 
of -,nb  thickness  is  wrapped  around 
a  fixed  circle;  tl^e  end  gf  the  ^ 
string  »is  at    A  .    .We  unwrat)  the  ■ 
, string,  keeping  it^aut,  and  tangent'> 
to  the  circle.  '  (PT*  is,  tangent* to 
the  circle,  and^  d(P,T)  =  length  of  , 
AT).  'Fitid  analytJic*  conditions  for  ' 
th^e  graph 'of    P  .    This  graph  is  * 
cAled*the  involute^of  ^he  circle. 
Try  to  generalize. this  idea,  and"" 
sketch  involutes  for  ^arv  ellipse^ 

^a  parabola,  ».»       pdes'  every  curve  have  ari  involute?  some  mechanicfel 

models^with  wljich  you  can  draw  involutes.  -Draw  the  involute  of  a*  square 

Suppose  a  fixed  circle  vith  radius  ;  a.'  is  Ijiternall'y  tangent  to  a  circle 
wi'th  radius    b    (t  >  a)       Fin*i  parainetr:|jC  equation^  for-the  locus  of  a 
point    P    on  the  outer  circle  as  the  outer  circle  rolls  around  the  inner 
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Circle  wij^hout  slipping 


3^' 


Figxare  5-2a 


Parametric  Equations  ,of  a  Straight  Line. 

Parametric  represerrtation,  which  we  found  so  useful  in  the  complicated 
,  cases  of  the  previous  sections  can  be  used  to  illimiinatje  and  extend  the  dis- 
cussi^on  of  the  straight  line.    Som^  of  the  exercises  of  Section  5-2  have 
already  introduced  you  to  the  ideas  and  metlfods  we  examine  now  in  more  detail.  ^ 
The  foundations  for  this^  discussion  have  ajiready  been  developed  in  Chapter  2, 
particularly  in  Se.ction  3,  wl^ere  we  find  these  equations: 


(1) 
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.•  -r 

We  recognize  that  the  ^]^an titles       ^*        and   y^'-        are  direction   '|   ^  ^ 
'numbers  obtained  from  the  cbordiAates  otAhe  ^oint    P-^  =  (x-.,y-.)  and 
'^V  ~  (^I'^i)  •    Therefore,  we  repi^b^t  them, respectively  by   i  ,  and   m  ,  and 
revrite  Equations  (1)  as 


(2) 


We  reqognize  that    t    is  a  parameter,  and  that  these, equations  are  para- 
metric  equations  or  the  line  through  the  points  and        ;  which  we  5issume 


to  be  district.'  '     .  *• 


If   \  ^       f  tT^^n        ^  Vq  f  and    ^  .  takes  the  f  om 


X  =  X 


^  y  -  y^  +  mt 


(What  is -the  geanfetric  version  o^this  hypothesis ^an'd  conclusion?) 
^  •  if        -  Vq  ;'*hen        ^  Xq,  /  .and    (2)    takes  -the  form 


'   (Wttat  is  th6  geanetric  .version 'of  this  hypothesis  and  conclusion?) 
'  '  ;  ■       \  .  *  '  •       ^  i  , 

Exam^e  1;  'Find  a  parametri^represenfation  of  "btie  line  through  (2,0) 
aild   i^h,y)  .    ^     ^         ,  • 

Solution;'  'We^tan.  choose  either  point  as    P-^'.    If   P-^  =  (2;0)  then 
^1  *  ^0  ^         ^1  "  ^0'^  ^  ^®  representation 


/X  =  2  V6t  ^ 


V  3?he  other  choice  for   P^    leads  to  thel^epresentatioa 

A  parametric  representation,  of  a  line  sets  up  "a  one-to-one  correspondence 
between  the  reaL  nctiibers  and  the  points  on  a  line  in  thQ  plane.    We  illustrate 
below  the  correspondences  established  by  the  parametric  repfeseritations,  ve 
found  for  the  line  in  Exaraple-1.    ,  ^  "     ^      '    •  . 
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Figure^.5-21a 


;  Figore  5-2Lb 


'  ^bcample  2;  'Find  the  intersection       the  line  through    (4,2)  and 
(2,-ii)    ar\,d  the  >lin©.Jhrough^( -3,^1)  -and    (-4,^)  \  ' 

:  '        .         ,    .     ■  • 

•  Solution:    The  lines  may  be  represented  jparametrically  as  follows: 


X  =  U  »-  2s^  ' 
y  =  2  -  .6s  ,\ 


'^fe^  wish  to  find  all  points  which  lie  on  both  lines.    Now  the  point  (x,y) 
ll^s  gn  both  lines 
and    t    such  that 


^"■^ll^s  gn  both  lines  if  and  only'if  there  exl-st  values^  -s-^    and   t^    of  s 


All  suph  values  pf    s  ,  and   t*  ,can  be  fomid  by  Solving  simultaneously  the 


f 


equations  ; 


U  .  2s  =  -3  i    t  ,  . 


i  2 


-1  +  3t  . 


The  only  solutions  are    s  =  a  ^  t  '«=  -3  .    Substituting  ^these  in  either  pair 
~~Ji^^B^^:Bmtr±c^_e^  we^'flnd  J:hat  the  only  point Tof  intersection  is 

.(0,-10),  •  •  ' 

,     '  -  n    ■  *  .  , 

It  would*  hav'e  \?e«n  ^te^correct  ^to'iise  the  sage  letter  for  the 
parame*ter  in  the  parametric  representations  of         exiai        .    However,  this' 
would  have  led-  to^  difficulties  l&ter  ii^the  problem.y  Do^you  see  why?  Cai>. 
you  find  another  method  of  getting  Woimd 'the-difflcaj^ties?  "  ^       ^  - 
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In  previous  sections  of  this  chapter  we  related  the  parameter.'  t  to' 
elapsed  time.    In  such  cases  the  parametric  equations  gave  us  equations  of 
motion  of  the  point   P  .    Ihe  graph  of  the^e  equations  was  directly  related 
to  the  patri  of  the  point.    Example  3  shows  how  this  approach  can  be  used  for  ^ 
the  line.  -  '  -       ^  -  '  ,     *  ' 

^        Example        A  ball  is  rolling  along  a  l^vel  surface  in  e  straight  line 
with  constant  velocity.  -The  surface  is  provided  with  a  Cartesian  coordinate 
system  with  the  foot. as  the  unit  of  length.    At  10:00  a.m.  the  ball  is  at 
{h;2)    while  one  second  later  it  is  at    (2,-1^)  .    A  second  baH,  also  ^rolling 
alotig  the  level  ^surface  in  a  strai'ght  line  with  a  constant  velocity,  ^  at 
•(-i^,2)    at    10:00  a.m.,  at    (-3,-l)    one  second  lat'er.''  We  ask  whether  the 

•  two  ]MJ.s  will  collide.    In  other  words,  w^  want  to  know  not  ;^ether  their 
paths' rjf^epsect  but  whether,  if,  they  do,  the  two  "balls  are  at  any  point  of 
intersection  »at  the  same  time.    We  assume,,  in  order  to  simplify  the  problem, 
that  the  balls  have  zero  radii  and  will  collide  only  if  their  centers 
coincide.      /  '  V  4 

Solution;   The  path  of  ^e, first  ball  is  represented  by,  the  equations 

'Further,  if    s    is  the  number  of  seconds  \4^ch*hdve  elapsed  since  10:00  a.m.', 
the  equations  algo  tell  us  ;^ere  the  Vail  .is  at  any  time,    for  if  we  set 

^  s  =^0    (10:00:00  a.m. ).  we  getit^  ^  k   .and    y  =  2  ,  while  if  we  sejfe^*^  =  1 
(10:00:0;L  a.m.)  we  get    x  =  2    ^d    y  =  -1^  .    Further,  in    s    8econd*8  Istarting 
at    10:OP:'OD  a.91. ,  an  object  whose  motion  was  reps^ented  by  thes^e  equations 
would  travel  \  '  . 

i/(x  -  h)^\  (y  -  2)^'=       +  36  s  =  2710  s^^ 

feet.    Thus  the  distance  travelled  is.  a  constant  multiple  bf  tj;ie  time  taken 
and  the  speed  is  constant.    Similarly,  ihe  jnotion  of  the  Second  ball  is     '  '  ' 
described'  by  the.  equations  •  '  / 


5-6-  • 


*  \ 

Oipr  problem  is  to  find  out  whether  the  abscissas  of  the  pbsitidns  of 
the  tvo"  balls,  aiid^  the  ordinates,  are  ever,  simultaneously*  '(s  '  =  .tj  ^qaa\^. 
In^ther  words  we  ask  whether  the  system  of  equati.ons 

.  2t  =    +  t  ; 

U'.  6t  =    2*-  3t  . 
lias  a  solution.    Clearly  not,^  since  Jhis  pair  is  equivalent  to  the  paij 

1 3t    o\  ^-  . 

Thus  the  balls  do  nolT  collide.    .         ,  -      »\      '    '  - 


^  If  direction  cosines  are  used  in  a  parametrio  representation  of  a  lllne, 

the  parameter    t    has.  an  interesting  interpretation :  Since/ 

•  2  V  .    ^  .    .        .  ■     .  ■  ' 

,    the  absolute  value       the  param^tel-  is  the  distaAce  of  the, corresponding  . 
point    P    from   P-  .  '  -  ' '  ,  •  ' 

ExtoplQ  k.    Find,  on  the  line  through    P    =/l,5)*  and   P    =  (5)8)  ,  twc^* 
.points  which^are    3   units  distant  from   P'  .     '  ^        ^     '  1 

.  ^  ^     Solution,.  Direction  numbers^fox   P^P^,  are    {h,3)  ,  and' direction 'cos iii^s 
c^ri^^aken  as       ,         .We  may  th^  write  parametric  equations  for  ia 
^_  terms- of  direction  cosines  as   — - 


•     Hie  substitution-  t  =  i  3    givejs  th|.  coordinates  of  botl^  points j,' 
(l  +1).,  or:K3.1^,6.8)   -and  "(-1.1^,3.2)  .• 


I 
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:ercises  5-,6 

Find  two  \>2t^anietric.  representations  .for  each  line  through  one  of  the 

<  *  ^         '  '  •  '     ;  !  \ 

^    '    folloying  pairs  of  points,  using  each  pair,  in  both  possible  orders/ 
*  «     •  *■ 

^-      (a)  (5,-1)  ,  (2,3)          ■  (e^  (l,l)'  (2,2) 

^  (b)  «V,0)       (U/l)'  .  (f)  ('-1,-i),  (1,1)  -      ^  ' 

■.     "(c)  (2,-3),,:(2,3)  >  ^t-g)  '(i;0)    ,'(0,1.)  . 

■     (d^)  (.1,W  ,  (-6,4)  /•.  -   1(h)  (2,-2),,  (-2,2) 

2.    Drkw  the  graph^of  eath  of  the  lines  in  Exercise*  1,.  plotting,  on  ^ach, 
,  the  points  corresponding  *to  the  values    -1,0,1,  and    2    of  the^ 


Find  the  intersection  of  each  of  the  folloving. pairs  "of  lines,  ^hen  the 
lines  do  not  intersect,  what  do  you  notice  about  their  equations? 

(^)WX  =5.+  s  ;  '  .  ^  /X  =  U  -  2t.    ^      y        '  '  ^ 

(y>"2  -  s  ly  =  -6  +  3t    _     '    ^  * 

'  '  iX-  2  -33       \  *  ;    /X     U  +  6t 

^■^^    iy  =  l'+2s  •  -    -  '   -       iy=-5^1'Ut.  ,  • 

/X  =  -3  +  s  'jx  =  -2  -  t    ■  . 

ly  =  2  -  3s  \.  (y  =  -1»+  3t 

*^  ,    Find  a. pair  of>  (parametric  equations  for  the  line    L    with  equation  , 

2x,-  3y  +  1  =  0  .  *  *     *        '  '  ■  ' 

'bl    Let    Li    have  the, parametric  equations  '  ' 


(y  -  ^0  *** 


'Let         =  fx^^y^)*-  ^\  ^  =  ('^2'^2^*  points  on    t  given  by    t  =tj^ 


and    w  -  "2 


spectivelj^.'  '  Prove  .that    ^'(P^,P2)  =  VjJ^'+<hI  jt^  -  t^| 


A  ball  is  rolling  on  a  level  floor  along  the  line  through    (l6,2)  and 
(U,7)    and  "in  the  'direction  from  tlie^fi-rst  point  towards  the  second. 
(The  unit  of  length  is  the  i'ootv)    Its  speed  is  •  26    feet  per  secbnd^ 
Find. parametric  equations  for  its  motion^  measuring  'time  from  tlie  - 
^instant  when  it  is^  at  fl6,2)»v 


7,    Let    S    be  a  set  of  points  in  a  plane.    A  point        is  sometime.s  called 
•  a  center  iDf '5   if    S    i.s  s^Smetrip  about    P' A.p^ametric  representa- 
tion  of  a  line  r^iay  be' used  to  prove 'that  a'point  is  a  center  of^a  set  of 
^  points.    Let/ S   be  the  circle  with  equation        +         U  .    Any  line 
^    through  th$  oVigin  h^s  a  parametric  representation    x  =  At  ,  y     ^.t  , 

>n.th   >^    +-M'  .    Substituting  these  expressions  for   x    and    y;  in 

.    the  equation  of  the  circle  we  get  '  *  . 

^  •         At    +p.t=4j  . 

.or        ,    .    •  *    ^        t"^  =  1|  .  - 

:    ,v     .  ,         t    =  t  2  . 

Sind'ig'  the  answer  is  independent  of    A .  and    p.     ,  every  line  throiigh 
the  origin  meats  the  circle  in  the  points  given  V  "t  =  -2    and    t  =  2  . 


These  are  equidistant  from  the  origin. 


U)    Show  that  the  origin  is  a  center  for    b^x^  +  a^y^  =  aS)^'.  * 

(b)  Show  that  the  origin  is  a  center  for   y  =  ax^  .    (Discuss,  the  case 
when   a  >0    and-^he  case  when    a  <  0  .) 

(c)  Show  that  the  origin  is  a  center  for   y  =  -       '  . 

•  •  ,  .  '  .      ~  /  .       ^  - 1    i  , 

-o,    A  set    S*  o"f  points  in  a  plane*  is  called  bounded  if  there  is  a  rectangle 
^  ^     which  contains    S  .    Prove'  that  a  bounSe^  set  in  a  plane  h^s  at  most 
* '7  o'ne  center.  ,  Is  .this  also  true  for  imboiuraed  sets?" 

9.    Find,  on  tbe  line  through    Pq  =  (1,5)-  and        =  (5,8),  two  points  at 

unit  distance  from   P.  .         ^  '  . 

*  :  .  *v  *  1  '  .  . 

*  *  *  '    .     *^  ' 

Find,       tlie  line  through    A  =  (.3,5)    and    B  =  (0,9),  two  points    P  and 

Q    such 'that    d(B,P)  =  d(JB,Q)  =  5d(A,B)  .  ;         .       '  • 


10. 


5-7. '  Summary.      ,  , 

*        .  •  '         '  "  /  * 

We  have  investigated  the  relations  between  certain  geometric 'and  algebraic 

entities.    The  geometric  objects  were  sets  of  points  not',  As. we  have  said,  given^ 
to  us  in  a  basket'  but  determined  by  c^rtai»  conditions  or  descriptions.  The 
corresponding  algebraic  expressions  were  statemeribs  of  quality  or 'inequality. 
The  relations  between  them  wpe,  approached  through  a  coc^dinatization  of  the. 
^"space"  fn  which  th4  sets  were  presented  to  u§.    Then  our  knowledge  and /in- 
genuity and 'experience  led  us  to  an  algebraic  description  of  the  set,  iVthe 
tenninology  of  our  coordinate  system. 

-V  ^ 

20.0^ 


We  have  shown  tfris  process  in  detai>l  in- a  number  of  situations.    We  have 
applied  parametric  representation  in  situations  involving  angular  displacement 
and  motions  along  a  circle  or  line.    If  a  set  of^ points  has  any  special  pro- 
perties  or  geometric  appearance,  how  is  this  reflected  in^its  analytic  repre- 
sentation? •  If,  for  example,  the  set  of  points  is  syimnetric  in  any  way,  could 
we  tell  that  from  its  equation^    If,  on  the  other  hand,  some  analytic  repre- 
sentation shows  a  particular  algebraic  property,  what  is  the  geometrrc  counter- 
part?   What  would %be  the  geometric  effect  of ^imposing  certain  restrictions  on 
the  domain  or  range  of  the  variables  that  appear  in  the  analytic  representee 
£ions?'        \  •  .    '  .  •    "  *  ^ 

/      •  •  •       .  -.  •  ' 

In  ouiv^ext  chapter  we  will  invest iga,te  in  detail  many  such  relations 
between  curves  and  their  analytic  representations. .         .  '  • ' 

(     •     .  ■  -    •  ■ 

1 Review  Exercises  - 

1,    We  describe  certain, sets  of  points,    Ydu;  are  ask*ed  to  give  ,aA  analytic 
desc^ription  of  each.,  '  -  '  '  , 

(a)   'All  poi^^ts— eq^uidistant  f rom»  the  x-  and'y-axes. 
/        (b)    All  poi"fits  equidistant  from  the  poi-nts    A,=s  (5,0)  ,  and    B  =  (li,0)  . 
(c)    All  points  equidistant  f^'om.   A  =  (5,0).  an4    C     (5,8)  .  ' 
^    (d)    All  points  equidistant  f3;9m    C  =  (5,8)    and    B  =  (ll,0)  • 
*^  (e)    All  -points  at  distance  '3    f rdm  •  C  =  (5,8)  .  '   '  j 
•*    "(<y  All  points  at  distance    3    from  the  line    x  =  5  .  , 
^   *  (g)    Ail  points  at- distance    3  '  from  the  line    y  =  -2\ 

"All  points  at  distance    3  .from  the  line    3x  -*4y  f  7  =  0  . 
(i)*  .All  points  at  distance    h    from  the  line    x  =  k  .  • 
(j)    'All  points  at  dista^ice    p    from  the  line    y  =  q*  . 
(k)    All  points,  at  disl^ance    d    from  the  line    ax  +  by  +  c  =  0  . 
"(l)    Ail  tJoints  twice  as  far  from    A  =  (5,0)*   as  from  (ll,0)  • 

(m)    All  points  equidistant  from  .the  point    C  =  (5,8)    and  the  x-axi^. 
• (n)    All  points  equidistant  *from  the,  point    A  =  ^(5,0)    and  J:he  line    x  =  1, 
(o^    All  points  equidistant  from  the  point    p  =  (5^3')    and  the  line'' 

3x  -  i^y  +  7  =  ^0  .    *  *    *       \^  ^ 

(pj    Ail  points  equidistant  from  the  line*   ax' +  hy  +  c     0    and  the 
point    P  =  (r,s)  'not  on  that  line.         ^  '       ■  •  ?* 
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If   A  =  (-3,1)  ,  B  =  (5,3)  ,  C  =  (1,5)     find  an  anafytic  representation 

'  of 

(a)  "  ^     .  (d)  BC 

(b)  AB  '(e)  BC 
*(c)    AB                          '  (f )    BC        '  • 

(j)    th^  interior  of    [ji^C  . 

(k)    the' interioi-  of    /bgA  . 

(l)    the. interior  of    ^CAB  . 
,  (m)    the  interior  of    AABC  .  *  ' 

(n)    the  line  through    A    and  parallel-  to^  BC  .  ' 
,  (oj  ,  the  line  through    B    and  partallel  ftu    CA  . 
'(p)-''  the  line  through    C   and  parallel  to    ^  . 

•  (q)    the  line  co^taining ^altitude    AD'  of    AABC  . 
(r)    the  line  containing  altitude    BE    of'  AABC  . 
(s)  -the' line  containing  altntude^         of    AABC  .  *  ' 
(t)    the  line  containing  the  median  of*  AABC  'through    A  .  ^ 

*  (u')    the  ;Li?ie  containing  the  median  of   AABC   -through    B  .  ^ 
\v)    the  line  containing  the  median,  of   AABC    through  C. 
(v)    t^e  pair  of  lines' through   A  *and  jg^allel  to  the  axes, 
(x)  ^  the  perpendicular  bisector  of    AB  .    ,  * 
(y)-  the  perpendicular  t>isector  of    BC  • 

(z)    the>cirale  cor^ainin^.  A  ,  B  ,  .and    C  .  *  . 

The^Tolloving  expressions  are  analytic  descriptions  of  certain  sets.  You' 
are  asked  to  describe  each  set  in  ;^ords,  igiving  ita  name,  its  location  i^n 
the  plane,  and  any  specia2r.geometric  properties       may  have.    Sketch  the 
graph' of  each.  '  •  ^ 

(a)  ;|  +  y  =  1       .  -        (-j)-  |x  -  i'  ' 

(b)  I  +  I  =  5         .    ^  .  (k)    |x  +5|  <  If  . 

(c)  ,  J.  ='!&  •  •  (1)    |x  -  a|  <  b 

2       2'  •  ' 

(d)  +,y   =  16  ,  ^                     (m)  ■  xy  =  0 

(e)  +  9y^  =  16  '■ .  .               (n)    (x-  r)(y  +  2)  =■  0-       •      '  '  •  • 

(f)  .'  x^.-        =.16  *        .     (o)   x^  -  3x  -  10  =  o' 

(g)  9y  =  16  '                ,  (p)   x  <  y  .- 

(h)  '  9^  -'x^  =  16  '   r      iq]   x,^  <  y^  .  . 

(i)  ;  y5  -'9x  =  1^  '      Cr).  x<K^ 
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h,.  .Give  Verbal  descriptions  of  each  of  the  sets  described  analytically  "with 
polar  coordinates  below.    Give  its  name  if  available,  its 'location  on  the 
plane,  and  any  special  gecfeetric  properties  it^may  have.  ' 


(1) 

(m)    r  = 


(15) 

<9  , 

\^) 

r  <o  ' 

(e) 

6  =  2 

(f). 

(g) 

r  =  29 

(h) 

r  <  e 

(n)  r  = 
(o)  r 


(P) 


sin 

e 

-3 

cos 

e 

.  -2 

cos 

*  5 

cos  0 


sin(9  -  J)' 


(q)  r 


\  sin(e  -  b) 
1  '  ? 


*'sin  0 


(t)   .r  =  0  . 


(i).,  |0  -  2|  =  .1  ■ 
(j)    |r  -  5!  <  -1 

^        -     •  -  ;  f 

Write  the  related  p'olar  equation  or  inequality  for  each  part*  of  Exercise 
k  above.  ; 

Eliiajnate  the  paraihetpr  in  each  pair  of  jparametric  equations  below. 

(f)    7x  =  3  3in  t 

ly  =.  r  COS  t  -  « 


(a), 
(b) 
.  ■  (<=) 


),    p  =  '1  +  t 

'  -     =  1  +  t 

t": 


2t     .  . 

t  +  2 


t  +  1 
+  t 


(e) 


j   '      2  1 


7 


_(g) 
(h) 

(J) 


fx  =-2  +  3  cos  t. 
y  =     -  ^-Trtn  t 

fx  =  2  sin  t 
y  =  sin  2t 

/ 

~  HiTt  '  - 
■^y  =  -^ 

h  ,cps.t 

(^••=  sin  2t 
y  ^  ^in  it 
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A  point  moves, on  a  line  from  A  =  (3,7)  through  B  =  (0,3)  a,t  the  rate 
of  1  linear  unitipex  second.  Write  parametric  equations  for  its  path, 
using- seconds^  as,  units  for 'the  parameter    f.         !  i  * 

A  point  moves  on^a  line  from  the  origin  through  point   C  =  (1,^).  eX  the 
»rat^  of   5    linear  units  per  second.    Write  parametric  equations  for  its 
path,  using  minutes  as  units  for  the  pammeter    t  .        ~  •  # 

A  point  'A    moves, along  a  J-ine  vith^p'arametric  equations  for  its  j 

path:  1  +  3t  ;    point    B   moves  along  a  line  vith  parametric  ^ 

|y  =  3  -,t     .  -     \         >  ;  .     ^         '  ^         ^  f  ]  . 

equations  for  its  path:       ,^  =  5  -  2t  ,  dOA,B)    when    t  =  ^  ,  and 

I  y  F  11  +  t  * 

when    t  =  5  .  ^  ' 

The  path  of  has  equations 


The  path  of    P     has  equations 


V 


jX  =         +  i^t  , 

(y  = +  m^t  . 

jx  =  x^  +  i:^t , 

(y  r  y^  +    t ' ; , 


2  ,  *"2  ; 

Express    d(P£,P2),,  when    t  =  2  ,  in  terns  of  the  constants  iri  these  " 
equations.  ,        ^    .  ^  t 

< 

Write  para)fe'1>ric  eqiaations  for  each  patlx  of  ♦a  point  .around  the  rim' of ^  a 
dock  if  .the  path  has*  the  foliowing  des'cription  (assume  uril,t  radius)! 

(a)  Staprts  at  12  o*cl6c^  position,  and  moves  (Counterclockwise  at    3  rps 
(revplutions  per  ^cond).  •  ,  ' 

(b)  Starts  ^at  6  o* 'clock  position  and  moves  clockwise  at  2-  rps. 

(^)    Starts  at  k  o*  clock  pos^^tion'and  moves  counterclockwise  at  1  rps. 

(d)  Starts^t  9  6* clock  position  and  moves  clo'ckwise  at  k  ips. 

(e)  Sbai^ts  at'  8  o^clock  positijon  and  moves  counterclockwise  at  i  rps. 

Find  the  time  and  place  of  the  first  meeting,  ^ffesuming  a  simultaneous 
§tart  of  the,  points  described  in  Exercise  11: 

(a)  a  '  and  b 

(b )  a   and  c 
(9)    a    and    d  ^ 

(d)  a    and  e 

(e)  ^b   ,and  c 
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(f) 

b 

and 

|d 

(g) 

b 

and 

i 

h 

(h) 

c 

and 

Id 

(i) 

c 

and 

e 

(J) 

d 

and 

e 

IS*  .A  point  is  rptatlng-counterclockyise  at  2  rps  at  al\^stance    3  .from  the 
X    point  Find  analytic  conditions  f or  path;. 

'  IH.    Appoint  Is  rotating  cloclod.se  at  ^  rRp  at  a  distance  of    2'   from  the  point. 
(-1,0)      Find  analy;tix:  conditions  for  its  *path. ,  *       »    ^  -  * 

15.. ^e  give  analytic  descriptions  of  the  patWs  of  certain  points  around  the 
/      riraxDf  a  clock.    You  are* asked  to^descri^be  these  parts  in  words.  'Assume 
t'  measured  in  minutes.  '  ^. 


(a) 


X  =  k  *cos  hnt 
h  sin'Ujrt 


(b)  'xp  =  6  sgs(^  ^^fert)  ■ 
.         ly  =  \ 


ly  =  6  sin(|+  6jft) 


wx  =  10  cos(jr  -  lOjt^)  ' 
ly  =  10  sin>(jr  -  lOjrt) 


1  . 

=  8.  cos(Ujrt  +  1(f) 

\^*Q  sin(Vjrt  +  jr).  X  , 

(e),     /X  =  2  sin 

ty  =  2  cps  2jTt 


^160    Find  parametric  representations  for  the  ellipses  desjsfibed  below: 

(a)  center  at  the  origin,  major  axi$    10   a^ong  the  x-axis,  minor  eixi^* 
6  ♦  *      *  *        ■      . '  * 

(b)  center  at  the  origin,  x-intercepts    t  Jk,  y-intercepts    t.h  ^        '  ^ 

.  (c*)   major  axis  horizontal  and  the'ellipfe  jd.ll  just  fit  T:?etween  the 

• 

2    '2  <^'£'*2* 
'  «  ,      'circles*  x   +  y    =5    and*  x    +  y   =  6       *  '   ^  .  ^ 

'  '      '      '  >       .  '  \  *  I 

17^.    A  wheels radius    12    intlj^s,  tujning  at*the  rate  of    3    rps,  is' 

•  rolling  aSwn  a  s-^raight,  level  road.    Assume  a  coordinate  system  as  , usual* 
and  wi:*ite  parametric  equations  for  * 

.    (a)   a  point    P    on, its  rito;  ^     ^         ^  *  "  • 

*  (b)  ,a  point    Q  ,  six  inches  in  f rom' the^im.    Ca  challen^  problem*) 
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- Chapter  6  ^  , 

CURVE  SKETOTENG  AM)  LOCUS  PROBLEMS 

6-1.    Introduction    .       "     •         \  ^ 

We  have  by  this  time  made  a  beginning  in  the  discussion  of  sets  of 
points  and  their  analytic  descriptions.    We  have  introduced  and  used  various 
coordinate  systems.    We  have  use^  parametrise  representations,  finding  them 
paiA^icularly  useful  in  physiQal  applications  involving  rotation  or  other  ^ 
motion,  and  in  locating  positions  on  a  path.    Now  we  investigate' Siore  of  the 
details  and  try  to  develop  more  competence  (and  confidence)  in  this  powerful 
language  of  analytic  geometry.  ^  *"  ^\  ' 

/  ••     '  ■      *  "  ' 

6-2.    General  Principles  •        ■  . 

*  ■    ■  '  f  »  u 

The  study  of  analytic  geometry'  has  two  major  concerns.    One  of  these 
is  the  relation  ©f  geometry  to  algebra;  the  other  is  the  relation  of  algebra  • 
to  geomett:y.    We  must,  therefore,  consider  t.wo  basic  situations. 

*        A.    We  Bre  given  a  set  of  points.    What  would  be  a* good  analytic 

representation  of  that  set?    If  we 'had  two  sets  of  points  how 

would  their  geometric  relationships  be  revealed  in  their  analytic 

*  * 

}  ..representations?    (§ecmetry  to  algebra.)-  ^  > 

B.    We  are  giyen  an  anai^ic ^representatioif  of  a  set  of  points.  What 

can  we  now  say  about  the  geometric  properties  of  that  set?    If  we  ' 
had  analytic  representations  of  txo  sets,  how  .could  we 'use  these  ..I 
to  reveal  and  develop  their  geometric  relationships?    (algebra  tof^f^ 

geometry . )  '  ,  '  '  ^  v 

i  •  I  '  i  • 

t  If  . 

^     In,  the^first  situation  wQ|,^st  distinguish  imme^ately  between* the  cases 

we  sfiaai  treat  in  this  text  and  those  we  leave  for  later  worl^.    If  a  set  of 

points  ccaues  to  us,*  say,  from  a  chart  of  the  results  of  an  experimen-^  or  a  ,  , 
'^ctjrve  ,drfiwn  by  ah  autoidatic,  recording  devicre^  it  might  bl  useful  to  h^i^  a 

simple  analytic  representatibn  of  that  set.  We  do  not  treat  such  mat|^s  in 
^ tills  book,* although  they  have  important  applications  fh  science,  am^axe  the 

subject  of  much  current  mathematical  research.      '  a-^^'^ 
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The  sets  of  points  with  which  we  shall  concern  ourselves  must  corned 
•    .   already  structured  by  some  geometric  condition  oi;  prop.e;rty.    Our  task  will 

be  to  translat.e  this  condition  into  4nalytic  terms  through  our  choice,  of 
»        coordinate  system  and  mode  of  algebraic  oK "trigonometric  representation^ 

For  ex^ple  we  may  be  interested  in  , the  « set  of  all  points  equidistant  from 
t^  given  points.    What*  type  of  coordiTiate  system  is  best  suited  to  GtesJiiibe 
this  situation?.  Can  we^^implify  the  description  ty'a  wise  choice  of  axes  and 
units? 

On  the  other  hand  suppose  we  meet  the  e^cpression    2»  +  3y  +  5  >  (J  . 
.  'What  get  of  points  does  it  describe?    Is  it. a  configuration  we  can  visualize? 
WlSfe  are  its  properties? 

'  / 

In  this  second  situation  the  variables  come  to  us  alreac3y  named,  and  the 
context  and  notation  usually  in^iea^^e  the  type  of  coordinate  system  and  the 
^        choices  of  axes  and  units.    The  analytic  .representation  may  exhibit  some  * 

pecial  algebraic  or  trigonometric  properties  .which  we  expect  to  see  reflected 
in  certain  geometric  properties  of  the  corresponding  graph.    We  do  not  define 
the  general  t'crm,  "property",  but  illustrate  and  commeht  on  those  we  shall 
consider.         "  ,  -  ; 

Example  1.    Discuss  the  equation    y  =  sin  x    and*  its  graph. 

■Discussion:    We  assume  th^ft  the  domain  o^   x    is  the  set  of  real  numbers 
^   and  note  immediately  that/  whatever  the  value  of  -  x,  we  always  have    |y|  <  1  • 
If  a  gxaph  of  this  equatit>n  were  drawn! on  the  usual  rectangular  coordinate 
jirid  the  geometric  interpretation  of  this  statement  is  that  the  entire  graph 
is  contained  in  a  strip  two  units  wide,  centered  on  the    x-axis,  and  of 
infinite  length  to  right  andlj^ft.    We  sometimes  describe  such  restrictions, 
on  the  graph  by  saying  it.  is  bounded  abive  and  below,  but  not  at  the  sides. 
Any  comment  indicating  whatfregions  of  the  plane  may  or  may  not  be  occupied 
bj^  a  graph  is  part  of  the  discussion  of  what  is  f^'^lled  the  extent  of  the 
graph,  *     ^  *  *       '  *       .  " 

'  We  note  al^o  from  the  given  relationship,  that'  for  each  value  of  x* 
there  is  a  unique  value  of    y  ,  but,  not  vice  versa.    That  is,  y    is  expressed 
as  a  function  of    x  ,  but    x,  is  not  a  function  of    y  .    [The  geometVic.^ 
version  of^  this  consent  is  that,  if  the  graph'  were  drawn  on  th6  usuaV 
rectangular  coorcUnate  grid,  each  line  parallel  to  the _y-axia  would  intersect 
the  graph  exactly  oncet    What  can  you  say  about  intersections  of  the  g^'aph 
with  lines. parallel  £o  the  x-axis?         "  *  ^  /        .  * 

-  Of\' 
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note- also  that,  since    sin(x  +  2njt)  ^  sin.  x    for  integral  values  of 
^    n  ,  the    y   valued  vrill  repeat  endlessly  through  the  xangfe    -1  <  y  <  1  • 
We  say  in  this,  case  that    ^   %z  a  peribdic  fimcjiion  of    x  .  ,If>  ^.^ri  general^ 
y'=  f(x)    s<^'j{hat,N  for  some 'fixed  p     0  'and  for  all    x  ,  f(x  +  p)  =  f(x)  , 
then  we  s^y  that   -y    is  a  periodic  jTunctidn*  of    x  .    In  .that  ^case 

J     ^        f(x  +   2p)^=   f((x   +  p)^+   p)    :=   f(x  +  p)   =    f(x)  . 

Tlie^efOT^f^for  such  functions,    f{'x  +  np)  =  f (x)    for  integral  values  of  n 

If  ^  5/>  0   and  there  is  no. smaller  positive  number  which  satisfies  the 

-requii^ement:    f  (x  +  p)  =  f  (x)    for  "all    x  ,  then  we  say  that'  f{x-)    is  a 

:  ^periodic , function  2L   ^  >  SL  Pg^^oct   .P  •  .      V  . 

i  ^  •  '       ^  ' 

f   '  Specifically,    y  =  sin  x    is  a  perlo'dic  ,f unction  of    x    of  period    2jt  . 

,    What  are  the  periods  of  the  periodic  functions,  y  =  cos  x    and   y  ^  tan  x  ? 

t 

Note  that  it  is  the  function  which  is  periodic, .  npt  the  graph.    A  particular 
^    function  may  have  q,uite  different 'looking  graphs,  depending  on  our  , choices 
t    of  coordinate  systems.    The  perigdicity  of  a  function  may  "be  more  readily 
I    seen  in  some  graphs  than  in.  othej^"^    The  graph-^n  Figure  6-1  can  "be  inter- 
!    preted  t)D"^i ve~ the*  same  information  atout    y     gin  x    as  is  given  "when  we  ' 
say  that'  y    is  a  "bounded  periodic  function  of    x    of  period    2jt  .    What  ♦ 
other  information  a"bouf*t'he  function  can  lie  inferred  from  the  graph? 


Figure  6-1 


We  have  chosen  the  usual'  rectangular  coordinate  system,  using    x  and 
y    as  abscissa  and  ordinate  respectively,  and  o"btalned  the  familiar  and  ^ 
beautiful  siqe  curve.    Do  you  see  the  reiaffeion  "between  the,  shape  of  thli^\ 
jCurye  and  the  related  words;    sinuous,  ancL  Insinuate?  «  '  ^ 
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We  could  have  chosen  a  ,i5olar  coordinate  ^stem  for  a  graphic  representatroiK* 
of   y  =  sin  X  .    We  may  expect  a  different  looking  graph  on  a  different  'gHd^  ^/ 
but  ve  should  expect  also  to  have  some  geometric  counterparts  of  the  algebraic 
properties  we  mentioned  earlier.  '     '  ir  '  f* 

-  When  we  use  polar  coor^dinate^ 'we  customarily^ use  as/^ariables  not    x  aM^^ 

y  'ijxt        and    6       r,   is  now  a  measure  of -the  polar  distance  to  the  tfoint 
{r,6)  ,  land    6    is  ja^measure  of  the  angle  between  the  polar  axis  and  the  polfer 
ray  through  .  (r',6-)Lv7  In -this  context  some  author^  say  that    r  /  is  a  measure  ' 
of  the  distance  or  modulus^,  aiM  that    0    is  a  measure^'of  the '.argument ,  or  I 
amplitude.  . .  ,  \       -        ^  ^  ,  j 

A  strong  note  of  caution  must  be  made  in  discussions  of  polar  graphs  of' 
eqiiations.    From  the  fact  that  a  point  does  not^have  a  uhiq^ie  representation 
in  polar  cooriUnates  we^exj^ect  that  a  set  of  points  may  iaave'^everal,  perhaps 
quite  dissimojiar  analytic  representations .Any.  discussion  of  the  relai^ion 
between  a  graph  and  its  analytic  representation  in  polar  coordinates  must  tafce 
account  of  this  lacl^  of  uniqueness.    We  remember  ^that^a  Doinl    P  ,is  on  the 
graph  of    r  =  f{Q)    if    P    has  at  least  one 'id air  of  TDolar  coordinates  Vhich 
s^'^fef y  t'^^^s  Equation.    Thus  the  poipt    P  =  (10,5)    is  on  the.  polar  graph 
of    r  =  ^26     because    10  =  2(5)  ,  bUt  the  same  point  could  also  have  been 
lacated'by  the  coordinates    (10,5  +  2n)  ,  or    (-10,5  +V)  f  °^  others,  where. 
*the  coordinates  do^  not  satisfy  the  equation    t  =  26 

^  The  polar  graph  of    r  =  sin  6  is 
given  ip^  Figure  6-2.    Can  you  now 
interpret  the  graph  to  show  that  r 
is  a  pe'riodic  bounded  function  of  61 
We  may  note  that^  the' related  pdlar 
equation  for  this  graph  is  '* 
r^=  "  sin  ('8  +  n)  =  sin  6  ,  hence'^is  ' 
identical  with  the  original  polar  . 
equationJ" 


FigUj^e  6-2 


Both  FigU2;e  6-1  and  6-2,  which  are  graphic  representations  of    y'=  sin  x 
exhibit  a  geometric  property  called  syxmi^^try.    Ine  als6l:5ra;c  coanterpart  of 
this  property^ will  be  discussed  in  detail  after  the  following  exercises. 


t  Exercises  6-2(a) 

« 

1.   Give  boiinds  for  the  graphs  of  the^ fOlTowing  equations. 

(a)  .y  "=  a  sin  x  (f)    y  ==  0.6  sin  x  +  0.8  ^cos  x 

^  fb)   y     sin'  2x    -  -  /  <^    (g)    y  =  2  Mn  x  +  3  cos  x 

(c)    y  =  e  -  sin  2x  *  (h)    y  =  a  sin  x  +  b  cos 


(d)  y  =  -  sin  2x  (1) ,  y  =  sin^  x  - 

(e)  .  y  =■  U  +  2  sin  (3x  +  f)         (j)    y  =  sln^  x  -  cos^  x 

J 


^      ^  i 
2.    Express  in  termg  of    a  ,  b  ,  c  ,  d    the  bounds  and  the  period  of  the 

grapii  of    y  =  a  +  b'  ^in  (cx  +  d)  .    •    ,  ^ 

6-2(b)    Symmetiy  "  .  • 

The  graph  in  Figure  6-1  Is  symmetric  .with  respect  to  the  origlij  (and 
.^»-jiiany  other  points),  and  to  the  linfe    x  =  j    (ahd'mEiny  other  linei) .    The /\  - 

C  graph   in  Figure  6^  is  symmetric  i-ith  respect  to'the  ppint   '([i,  |)  ^  dnd  to 

^    the  line    Oi-^  -    (and  many  other  lines).    We  shall  concern  oiirselves  wii^  only 

the  types ^of  ;5ymmetry  you  hay,e  already  m&t/J.n"  earlier  courses.  'We  give  their 
definitions  Ijere  for  the  ^ke  of  completeness. 

'  •  ^  '     ^  ^       •    '         .  \         ^  ^: 

^  Point  Symetry.    Given  a  set  of  points  '  S  ,  and' a  fixed  point   il  .    S  is 
symmetric  with  respect  to   M   if,  for  pdi  Lnt    P   of   S    there  is  a 
corjresponding  point'  t«    of  _  S    such  that    M  \is  the  midpoint  o?    PP«  (W^^ 
^     "po^i*  is  'called  the  point-symmetric  ima'ge\of   P   with  respect  to   M  ,  or, 

when  the  context  makes  the  3reference^  clear,  the^  image  of   P    with  respect  to 

•  Line  Symmetry..  -Giveu.  a  set>f  [joints    S  ,  and  a  fixe(J  line    L  .    S    is  . " 
sym&etric  with  ^resp^ect  to        if,  &)r  each' point   P  -of   Q   there  is  a 
corr^spotfding  point    P«    qf   S   such  that    I^.  ?8  the  perpendicular  bisector  * 
of PP*      'L  .  isvsometimeg  called  an  axis^  of  syimnetry  of  the  set    S  \  which 
may  have  more  than  one  such  axis.  ^We  sometimes 4)orrow^erniinolo©r  ftom  the 
applicatlms,  tind  cedl    L   an  .axis  of  reflection;  in  that-^se  we  may  also 
call   P*    the  reflected  image  o/  P    with  respect  to'   L  ,  or- simply,  ^the  / 


refl^ctioit  of  *  P   in   L  .  ' 


^  '210 


ERIC        ,,.      .  . 


4,'k  •         "  " 


In  rectangular  coorcjinates  we  readily  establish  ^in  algebraic  test  for 
symm^trj^  with  respect  to  the  origin.    The  point        ^  ^^'^1^  iinage 

^'l  ~  ^"^^'^1^    ^th  respect  to 'the' origin.    If         is  on  the  graph  of 

f(x,y)  =  0   then   f  Cxj[,y^)  =  0  .    If  the  graph  Is/  symmetric  with  respect  to 

the  origin,  for  e^ch  point       ;=  (x^,y^)    on  it^the  graph  mus^  also  contain 

the  point    P*  =  (-^c^^-y^^)  •    That  is,  whenever/  f(x^,y^)  =  0    we  must  also 

have   f(-x^,-y^)  =  b  .    This  yields  our  test 


The  graph  of  an  equatio^  in  rectangular  coordinates  is  symmietric 
with  respect  to  the  origin  ,if  an  equivalent  equation  is  obtained  by 
replacing    (x,y)   by    (-x,-y)  ;  ^ 


We  may  now  test  the  equation   y  =  sin  x     which  may»  be  written 
y  -  sin  X  =  0  .    If  we  designate  the  left  member  as    f(x,y)  ,  we. have: 
f(-x,-y)  =  -y_-^sin(-x)  ,  or-^y  i-  sin  x  ,  or    -(y  -  sin  x),  ,  or    -f(x,y)  . 
This  is  clearly  equal  to^zei^  Tirtienever   f  (x,y)  "Is  equal^to  zero;  therefore, 
the  graph  is  symmetric  with  respect  to  the  origin.  — 

Hi- 

As  a  second  ex&nple  we  may  test  tlie  equation   y  =  x     whose  graph  is 

called  a  cubic  parabola*'  If      ^rrilJe  iihts  etjiiation  as    y  -       =  0  and 

call  the  left  member   f(x,y)  ,  then. we  find   f(*x,-y)  =  (-y)^-  (-x)    f  -y.  +  x 

=  -(y  -  X  )  =  -f(<^,y)       Cleafly  this  is  zero  whenever    f(x,y')  U  0  ,  thus 
our  test  for  symmetry  is  satisfied,^  and  the  graph  is  symmetric  fdth  respect 
.to  the  origin*  -  -  ^\ 

The  test 'for  ^ymmetiy  with  respect  to  any  point   M  =  (h,k)  other 
,than  the  origin,  is 'not  at  all  difficult,  but  will  not  be  presented  here*  If 
a  cuive*has  such  symmetiy,  we~  can  usually  find  a  simpler  analytic  representation 
tor  it  if  we  use  the  center  of  'symmetry  as  a  new  origin. 


J    In  rectangular  coordinate S'  we  can 
find  a^- simple  aigel)raic  test  for 
symmetry  with  r^spept  to  the  axes . . 
Tfie  pdint,  P     (x,y)    has  the  image' 
P*  =  (-x,y)    with  respect 'to  tl^.^ 
y-axis,"  and   P"  =  (x,-y)*  with  respect 
to  me  x-axis-^ —  ♦         /     '  * 


* 

.  '  p' . 

p 

1 
1 

0 

t 

1 

i  p" 

.  (x,->) 

•Figure  6.^3 


Th*|pse  relations  lead  to  our^test. 
If  the  graph  is  symmetric  with  respect 
to  the  y-axis,  then,. for ^each  point 
P^  =  (x^,y^)    on  the  graph  thete  must. 

he  a  point    P^*  =  ^"^'^1^  ^^^^ 
the  graph;  that  i^,  if    f(^^,y^)  =  0  ,  so.aWmuk   f(-x^,y^)  =  0  .  This^ 

means  that  the  equations    f(x,y)'  =  0  ,  and   f(-x,y)^=  0  -must  he  equivalent 

equations.    We  show  that  th6  graph  of    y  =  sin  x    in  rectelngular  coorintftes 

does  not  have  this  type  of  symmetry.    This  equation  can  he  ^.vritten  as 

y  -  sin  x.=\^  ,  or    f(x,y)  =  (j)  .    Then"'  f(-x,y),  is    y  -  sin  (-x)  or 

y  +  sin  X  ,  which 'clearly  neeii  not  equal  zero  when   f<x,y)  =  y  -  sin  x  does 

*      !Ehe  test  for  symmetry  with  respect  to  the  x-axis  is  analogous  and  we 
summarize  these  two  tests: 


The  graph  of  an  equ^ition  in  rectangular  coordinates 'is  syxmnetric 
with  respect  to  the  * 

v(a)    X-axis-,"  if  aft  equivalent  equation  is!  obtained  hy  replaciijg 

{x,y)  ,  hy    (x,-y)  ;  t  . 

(h)    y-axis^  If  an  equivalent  equatioa  i§  obtained  hy  replacing 

(x,y)    hy    (.x,y5  .  .  j 


^It  is  quite. possible -for  a  graph  to  he  symmetric  wilfh  respect  to  hoth 

2         2  '1  '   '  ' 

.axes.    The  graph  of  -x   +  Uy   =        is  an  ellibse  and  it  exhibits  such  * 

double  symmetry  both  algebraically  and  geometrically. 


!     Figure  - 
:       •    I  ;  ^      •  ^  % 

If    y    can  be  expressed  as  an  explici-^  function  of  *  X  ,  y  =  f  (x)  , 
such  That    f  (x)    contains  only  even  powers  of    x   then  we  say  that   y  is 
^  ^^^^  ^^^ction  of    X  ,  an^  recognize  that  its  'graph  is  symmetric  with  respect 
to  the  y-axisi   Some 'examples  of  eyen  functions  of   x'^  are:  '  *' 


*  '-2  2      ^  h  /5        2  2  1 

-  y  =  Jx    ,  y  =  X   +  3x    ,  y  =  /x   -  3x    ^  y  ='  2x   -  -g^  .  '  ' 

2         2  *  — 
Note  that  the  equation   x   +  define    y   as  a  function 

yof    X  /  or   X    as  a  fun<!tion*of    y  .  , Rather,  it  yields  expi^ess^ns  for  y 

,as  two  (even)  functions  of  ■  x  ^  that  is),    y  =  ii^6  -       ,  and  y  =  -  -  x^^. 

The  graphs  of  these  functions  axe  semi- circular  arcs  ea^ch  of^which^!^  in 
f^ct,  syiimietric  with  respect  to'the  x-axis.  '  '  , 

Where    x    and   y    lare  relate^  implicitly,  hy  an  equation*  f(x,y)  =  0  , 
we  may  still  use  the  concepts  above.    If   fl2:,y)    contains  only  even  powers 
of    X*,  -fihen  '  f(x,y)  =  f(-x,y)  ,  and  ijhe  graph  of   f(x,y)  =  0   will  be 
syimuetric  with  respect  £0^ the  y-axis.  "^us  we  •may  still  relate  thi^  symmetry 
of  the  graph  tq  ^even*^;aciic^s  even  when  those  functions^ are  implicit.  Some 
exai^les  of  even>lin]^cit  functions  are:    ^  ^     .   ^         "  . 


2      "  U  2  * 
(a)*   X  y  +  X  y    =  10     whose'  graph  is  symmetric  with  reject. to  the 


y-axife  but  not  -the  x-axis; 


^22  U*    *"    '  -  * 

(b)  X  y    +  33cy    +  2x,=  0  ^  yhose  graph  is  symmetric  with  respect  to^ 

j  the  X-axis,  but  ndt  the  y-axis;  ^  • 

(c)  X  y    +  2x   +  3y    -  h     whose    graph  is  symmetric  with,  r^gy^ct  to 
bathL  axes. 

*  '  ^22  .  "  ~ 

Note  that        graph  t)f   x   +  l^y    =  *36  'is  symmetric  with  respect  to  .the 

origin  also,  since    f(x,y)  =  f(-.x,-y)  /  Which^'if  aijy^  of  the  graphs  o'f 

a  .  b  ,  and    c  ,  aboye^  are  symmetric  with^  respect  to  the  origin?  , 


6-2 


netry  vitYi  respect  to  otlier  lines  will  not  be.  generally  discussed 
here,  but  tjiere  is  a  simple  test.^for  syinmetry  with  respect  ^iq,  the  linep  which 
bisect  the  angles  formed  by  the  axes. 
OThese  lines  are    L^:    y  =  x  and 

L^-    y  =  reflection  of  ^ 

P  =  {x,y)    in  is    P»  =  (y;x) 

and  in    L^,  is        =  (-y,.-x^    as  may 

be  seen  nn  the  figure.  ^ 


\ 


\ 


^  The  corresponding  test  f^ollow8-^ 
as  before  and  may  be  stated  thus:  \ 


"  p"/ 


p 

■  .  >/  ■ 

/  / 

•  ,  / 

 -r  


X 


'  t  (-yrx) 

'        Figure  6-4 

The  graph  of  an  equation  in  rectangular  coordinates  is  symmetric  with 
respect  to  the  line,  '  ^ 

(a)  y  =  X  /if  an  equivalent  equation  is  obtained  by  replacing 

Cx,y)  by   (yjx)  ;    ^  .    -  ^  ^ 

(b)  y  =       ,  if  an  equivalent  equation  is  obtained  by  rep^^acing  > 
(x,y)    by    (-y,-x)  .*  '      '  '  ^ 

Samples:  '  ^         *  *      ^  ' 

1.    The  gsaphs  of  the  fdllowing*  equations  are  symmetx-ic  with 
respect  to  the  line   y.^x  ; 


(a)  xy  =  6 

^   (b)  xy,  =  x^  +  y^ 

1.1  1 

/  X      2       2  2 

(c)  X   +  y    =  a 

(d)  X  +  y  =  10 

^  (e)  x^  +  y^  -  6x  -  6yV>2. 


0  ■ 


2»    The  graphs  of  the  following  equations  are  symmetric  with- 
respect  to  the  line    y  =  -x  :  ' 

/<b)    y     X  +  3 


2  2 
*{c)    X   +  y    -  6x  +'6y 

(d)  x^  =  ^  +  xy  ^ 

(e)  y  =  X  y   +  x  . 


-=1  ■Uii^r^ 
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sc6pe  of  this  book. 

7 

/  The comments  oij  syinmel^  in  rectangular  coordinates  have  their 
counterpdrts  in  polar  coordinates.    Point  synmietry  with  respect  to  the  pole 


If  a  graph  has  an  axis  of  symmetry  parallel^:  to  the  x-axis  or  the  y-axis 
it  may  jfiave  a  simpler  analytic  .representation  ifl  we  use  nev  coordinates 
based  dn  this  axis  ^f  sySm^tgry.    Such  tra^isformations  of  coordinates  are 
considered  in  detail  in  Chapter  10.    Tests  foi^symmetry  v^th  respect  to 
otherylines  than  those  mentioned  are*  available,  but  they  are  beyond  the 

4 

ve  the 
c'  to 

requires  that  the  graph  of  f(r,9)  =  0  contain,  for  each  point  -P  =  (r^^^^j^) 
/the  corresponding  point    P*  =  ^'""^l'^^  '    "^^^^  condition  wi^ll  be  satisfied 

if  '  f(r,9)    is  an^even /unctiort  of    r  .    Note  that  the  condition  is  , 
sufficient  to  establish  such  symmetry  but  it  is  hot  necessary.    Thus,  ^  the 
graph  of    r  =  5    i-S;.a  circle  with  radius   _5  »  and  it  does    have  such  ^ 
.symmetry,  but  •this  eq^nation  does  not  define  an  even  function  of    r.  .    We  will 
n'ot  analyze  the  general  situation,  but  note  that    r  =  5    and    r^  -5  are 
related  polar  eq.uations  for  the  same  circ}.e»    These  eq.uations  may  be  wrftten 
as    r  -  5  -  Ov^and    r  +  5  -  0  ,  and  then  combine!  as  ior  Chapter  5 

multiplying  corresponding  members  to  get    r    -  25  =  0  .    Thi's  equation  does 
cgive    an  even  function  of    r    and  its' graph,  whicS  is  the  same  as  that  ^of 
r  =  5'   and  of    r     -5  ,  is  therefore  symmetric  with  respect  to  the  pole., 

The  point  'P  =  (^r,0),  has,  as  its  image  .with  respect  to  the  li^e 
containing  the  polar  axis,  the  point    P*-  =  (r,-8)  .    We  will  not  treat  line 
symmetry  in  general,  bu1j  we  note  an  easy  test  for  symmetry  with  respect 
to  any  lihe  though  the  pole,  say  the  line    0  =  k  .  'In  this  case  the  points 
P  =  (r^k  +  ot)    and    P*  =  (r,k  -  a)    are  line-symmetric  images  for  any  value 
of    a  .  ' 


•  \  \ 

1  :  : — ^ 

Figure  6-5 


■2  ^ 

I 


Vfe  state  a  test  for  such  symmetry: 

The  polar  graph  of  an  equation  ;ls  syipmetric  with  respect  to  the  line 

©  =  k  .  if  an  equivalent  equation  is  Qj^tained  by  replacing    (r,k  -f  a)  by 

(r,k  -  ot)  .    In  particular,  the,  gi^dph  viU.be  symmetric  with  respect  .to  the 

/      •       •  #  ^ 

line  along  the  polar  axis  if    f(r,^)  =  f(r,-e)  ♦ 

These  should  ^gain  be^ecogni^zed  as  sufficient  but  not  necessary 
conditions.    6ince  we  have  infinitely  n^any  polar  representations  of  the 
^symmetric  poiAts    P    and    P«    we  could  have  infinitely  many  test  for  such 
sj^nmetry.    The,  test  we  have  presented  is  the  simplest;  to  apply,  and,  with  ' 
the  concept  Qf|  related  polar  equations,  is  ?idequate  for  the  work  of  this 
course.  1  '          "  -  ' 

1  . 

If  we  go  back  to  an  equation  firoai  Exsonple  1,  r  =  sin'0  ,  we  may  write 
it    r  -  sip  0=0,  and  .call 'the  left  member  of  this  equation    f(r,0)  .  The 

diagram  there  suggests  that  the  line    ^  =  g    is -an  axis  of  symmetjy  and  we 
compare^^J^^j^^^a>-  and   f(r,|  -  a)  .    The  first  of  these  becomes 

r  -  sin(|*  a)  ,  or    r  -  cos  a  ;    The  second  of  these  beccSes    r  -  sin(|  -  a) 

or   35^  -  cos  a      The,  identity  of  these  expressions  established  the«  line  . 
symmetry  of  the  graph,  as  indicated.    We'  may  hav^  stated,  in  corresponding 

manner,  that  -the  point       =  (r,|  +  a)    is  on  the  curve  if!  and  only  if  the 

coWesponding  point    P«  =  (r,|  ^  a)    is  on  the  cUrve.  '.This  is,  in  effect,- 
what  ve  have  shown* 

r     '  .       ,  *  ^    i  \ 

^    /     .  Exercises^^2(b) 

1.   May  a  set  of  points  have  two  centers  of  symmetry?    Discuss  your  answer, 
V    with/ examples.  ,  • 

2p    Give  an  example  of  a  set  of  points  vMch  has  exactly   2    axejB  of  symmetry; 
e^9fefy   3  ;  exactly    k  .     ^  ^  ^    ^  ♦ 

3.    Gltve  an  example  of 'a  set  of  .points  which  has  aii  infinte  number  of  axes 
of  symmetry,     _jj      •  V 

U«    If  a  graph  is  symmetric -with  respect  to  both  axes  must  it  be  symmetric 
\       with  respe.ct  to  the  origin?  Illustrate. 

■5^  -If  a  graph  is  symmetric  with  respect  to  the  origin  must  it  be  symmetric 
with  respect /to  both  axes?  ^ 

.  •  ^  X  0 
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6.  •  Discuss  the  symmetry  of  the  graphs  of  each  of  the  equation8>  listed 


(a) 

=16 

;X"^  -  y"^  =  X  +  y  ^ 

(I) 

(c) 

y  =  x^  ^  |x^  ^  5!^ 

(m) 

(d) 

x(x^  +  y^)  =  y(x^  +  y^) 

•  .» 

2  2 
X  y  +  xy-  =1 

(0; 

.*     ^  7 

-  K 

— '^^  (f) 

(x  +  y)^  +  2(x  +  y)  =  1 

(p) 

(x  +  y)^  +  3(x  +  y)  =  1  • 

(4) 

•  .,(h) 

2     '3       2  3 
X    +  y-^  =  y    +  x"^ 

1           '  * 

(r) 

-  • 

\       2  2^      U      '  -2 
X   +  X  y   +  y   =  'x  +  • 

(s) 

.  •  (J) 

\ 

X   +  y   =  1 

(t) 

„    .  2  ^ 


1  +^osl0 


-^3  -  cosdej-  |) 

2"      2  ' 
, r    cos    0  =  10 

r^  =  20 

r  =  2  sin  39  .  *  '  ^ 

^    ^      .         .  ,  ^  .       ..     .  r  =^3  +  2  cos(0  +  |) 

^  ^  r  =  a.+  b  sin  0  * 

^    ^   Ch?Q.l^hge  Problems        *  ] 

1.  (For  discussion)    By  analogy  vith  line  symmetry  in  two  dimensions, 
^^onsider  symmetry  with  respect 'to  a  plane  in  three  dimensions.  We, 

are  familiar  with  our  refleclied  images  5n  a  wlrxot  aQd  accept  the, fact 
that  there-is  a  ."reversal'S'of  some  sort.    The  .reflection  of  my  right 
f      hand  is  the  "left  hand"  of  my  reflected  ima^.    Wh^  is  this,  reversal 
only  left-ilght?    Why  is  there  not  also  a  reversal  of  top-bottom,  ^o 
that  ray  reflected  image  would  appear^o  stand  bn  its  l:\ead? 

2.  Given  the  line    L:    ax  +  by  +  c  =  0   and  the  point        =  (x.,y  )  not 
^    *  ill 

on  the  line.    Find  coordinates  for    P^  =  ^^^^2^  9         syimnetric  image 

;  f         '  ^      ;  . 

of    P^  ,  with  respect  to    L  .  '  ^ 


6-2(c)    Extent.  \ 

2         2  ^ 

We  discussed  the  equation  x  *  +  Uy  =36  »  Earlier  from  the  point  of 
viey  of  symmetry.  We  use  it  now  to  discuss  the ^ extent  of  a  gi'aph.  This 
equation  yields  two  equations  irtiich  define    y   as  a  function  of  \  , 

y  =  2^36  -  X     and  y  =,  -         -  x    .    We  see  that  if  we  take*  values  of 


|x|    large  enough  ve  shPll  have  in  both  cases  corresponding  values  of  y 
which  are  imaginary*    Since  our  graphs  consider -only  real  values  of    x  ,and 
y   we  now  inquire  about  possible  values  of   x   vhich  will  lead  to  real  values 
of  y  ,  anjj  vice'verga.    In  these  cases  ve  must  have  ,-6  <  x  <  6  V  or 

|x|  <  6  .    For  these  restricted  values      *  . 
of^.  X    the  corresponding  values  of   y  \  ^ 

range, from    -3   to    3  .    (The  geometric 
ve^^'sions  of,  these  restrictions  can  be 
applied  to  the  graphs  of  both  functiohs 
of*  X    defined  above,  but  Xt  is  more 
useful  to  consider  the  union  of  these 
graphs;  that  Is,  the  graph  of  the 
original  equation 


36 


From  the  discussion  above  we  see  that 

the  points  of  the  graph  all  lie  in  a 

rectangular  region    12    units  wide 

*  \ 
and  6    units  hl^h, -centered  at  th^^-^ 

orJ.gin.    If,  in  general,  we  can^'expf^ss 

y  'as  a  function  of    x  ,  and  there  are 


y 

< 

y 

> '  \* 

> 

Figure  6-6 


such,  re  strict  ions  on  values  of  x  as  will  yield  only  real  values  for  V  , 
ve  say  that  the  domain  of  the  function  is  bounded.  Thus,  all  points  of  the 


graph  of  the  function   y  =  ^36  -  x     are  confined  to  a  strip  bounded  by  two  . 

vertical  lines,^     =^6  ^  as  indicated  in  Figure  6-6.    If,  in  general,  the 
possibly  T'-al  values  of  -  y   )^re  similarly  restricted,  we  say  that  the  range 

of  the  function  is  bounded.    Thus^  all'pointil  of  the  graph  of   y  =  - 

axe  confined  to  a  strip  bouiide^  by  two  horizontal  lines,' y  ='±J  ^  as  indicated 
in  Figure  6-6.     If  both  the  domain  and*  range  of  a  function  are  bounded,  wg 
say  that  the  function  is  bounded,  in  which  case  its  graph  ±s  confined  to  the 
intersection  of  a  vertical  jand"*  horizontal  strip,  and  is  therefore  "confined 
to  a  rectangular  region.    Ihese  ^erms  are  usually  applied  to  equati^S*  and 
their  graphs  even  when  the  functions  are  only  defined  implicitly.  Thus^f**^ 

when  we  say  that  the  graph  of    x^  ^ky^  ^  36  •  is  bounded,  we  ind±etete  ^t  - 
it  is  contained  in  a  rectangle,  as  mentioned  earlier. 


6-2' 


Tf  the  equation  were  x 

y  = 


■  -  liy  =  36  ,  we  would  obtain 
f(x) 


-  2 


.  We^noWnqte  that  we  must  take  values  of 
radicand  non-negative;  :bhat  is, 
|x|  >  6  ,  which,  will  he  ^rue  if  either 
X  >  6   or   X  <  -6  .  Geometrically, 
this  means  tliat    y    is  defined  only 
for  points  on  the  edges  or  outside^ 

*  the  vertical  strip  bounded  by  the 
lines,  which  are  the  graphs  of    x  =  6 
and  X  =  -6  •    Jfith  these  restrictions 
on,^  X    we  may  now  have  any  value  of 
y  •    The  original  equaticm  yields  two 

equations  which  define    x   as  a  function 

*^ 

:  of   y  ,    X  =  V36~7 


36--. 

I- 

, large  enough  to  make  the' 


y 

<  . 

.  i 

1 1 1 1 1 

J 1 II 1 

i  ' 

'  0 

hy  and 

/  2~  ' 

X  =  -V36  +  ky      and  we  see  that  x 


-  Figure  6-7 
in  both  cases  is  defined  for  all  values 


of  y  .    It  is  not  c"ustomary,  in  this*case,  to  speak  of    y  =  ^  Vx"  -  36 

as  a  bovmded  function,  but'  merely  to  say  that  th6  domain*  of  x  excludes 
certain  values,  ,  *  .  - 


Another  concept  emerges. when  we  consider. 


y  =  x 


The  domain  of    x  is 


^also  restricted  here  since^  x  cannot  equal  zero*  With  this  exception,  y 
is  defined  for  all  values  of.  x  .  Geometrically,  points  of  the  ^ph  are 
available  except  at  the  places  where  the  abscissa  is  zero,  therefore  this 
*graph  does  not  touch  or  cross  the  y-axis*    If  we  inrite  the  eq.uafion 


we  see  that  the  gii^ph  does  not  touch  or  cross  the  x-axis.  Also, 


from  the  fact  that    xy*=t  1  ,  we  must  ha-^e   x    and   y    either  both  i>05.itive 
or  both  negative,  which  means,  geometrically,  tha^;  we  Axe  confined  to^  the  ^ 
first  and  third  quadrants  exclusively.    Fcom  the  equation   xy  =  1    we  s^ 
alsd  that  as  we  take  points  of  the  graph  nearer  the  x-axis  we  must 'take  them 
farther  "from  the  y-axis,  and  vice-versa.    A*  line,  such  as-^^Se  x-axis  in  this^ 
case,  to  "which  points  of  the  graph  approach  more  and  more  closely,  but  which 
contains   no  point^of  the  graph,  is  called  an  asymptote  of  the  graph.  The 


2lh  . 
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graph  of   y  =  -   has  tvo  asymptotesi 

namely,  the  x-axis  and  the  y-axie. 
Oar  exanwles  will  illustrate  €h^- 
treatmenii  of  asymptotes  in  several 
situations,  but  we  make  a  general 
observation,  'If  our  analytic  repre- 
sentation can  ^e  written  as 

whei^e    g(x)    may  equal  zero  for  some 
yalue  of   x  ,  sHy   x  =  a    then,  .for 
this  value  of    x     y    is  not  define^. 
Also,  if,  f (b)  ^  0   tjien,  in  general, 
as  we  take  "values  of    x    clcTser  to  b 
the  corresponding  v^ues  of  *y  become 
-greater  in  absolute  yalue.  Geomet- 
rically this  usually  means  th^t  Ys  we  taite  points  closfer  to  the  line    x  =  b 
they  must  l?^e  f^her  from  the  x-axis.    Thus,  the  line    x  =  b    is  a  vertical 
asymptote.    If    g(x)  =  0   has  roots    \  >  ^2  ^  ***  *        these  are  not  roots 
of   f(x>  =  0  ,  there  will  ,  ia^general,  be, vertical  asymptotes,. x  =       ,  , 
x*='b2  ^  •••  .    There  is  no  kifficulty  in  revising  these  comments  to  apply 

to  horizontal  asymptotes;    If 'we  can  write    x  =          j  and   H^)  =  0  has'roots 

,       ,  ...  ,  and  these  are  not  roots  of    h(y)  =  0  ,  ►then,  in  general, 
there ^will  be  horizontal  asyi^ptotes^  y  =       >  y  =       ,  ••.  • 


'Figure  6-8  * 


*  Ebcample;    Discuss  and  sketch  the  graph  of 

'       y  ~  o  • 

2x  -  3 


Solvation;    The  equation 'can  b^ written  as    y  =  (x  +   fj^^^^ce, 

fim  the  discussion  above,  the  curve, has  as  vertical  asymptotes  the  lines 


-3-^  and  .     =  r  ;    y    is  not  'defined  for  tj^ege  values^of 


but 


y    isrdefin^d  for  all  other  values  of   x  .    If   x>  1  .and  increasing  then 


6-2 


y   is  positive,  and  decreasing*  For. 
large  values  of    x    the  values  of 
X  +  3   and'  x  -  1    are  relatively 


close  to  values^of 


X  ,  and   y  is 


'Figure  6-9 


relatively  close  to   —  ,  which  is 

fP  X  • 

pos it ive-3 /therefore,  tlife  corresponding 
points  of  the  curve  are  close  to  the 
X-axis.    If    0  <  X  <  r  the  numerator 
is  positive  and  the  denomina'tor  negative; 
therefore,  y    is  riegative.    The  curve  ' 
still  approaches  the  line    x  =  1  as 
an  asymptote,  "but  from  the  other  side. 
If    -3  <  X  <  0    the  numerator  and 
denominator  are  both  negative,  there- 
fore   y    is  positive.    As  before,  me 
""curve  approaches* the  line    x  =  -3  ^.s 
an  asymptote.    If^  x  <  -3    then  t]? 

numerator  is  negative,  the  denominator  positive,' and    y    negative.'  The 
curve  again  approachesrthe  line    x  =  -3    as -an  asymptote,  but , from  the  left 
side.  '  • 

For  negative  values  of    x    with  large  absolute  value  the  "value  s;-6f 

*       «  *  ^  *  ^  *,     •*  ■  • 

X  +  3    and   x  -  1    are  relatively  close^  to    x  ,  and  the  corresponding^'VaJue' 

1  *     '  ,  •  ' 

of    y    is  relatively  close  to   —  ,^  which  is  now  negative.  ,  That  is,  'as  we  \ 

take  points  of  the  graph  farther  to  tjie  left,  they  must*be  qloser  to  the 
Xraxis,  from_below.^  Th^  graph,  pictured  in  Figure  679,   shows  that 
algebraic  emd  geometric  relationships  we  have  discussed. 

A  discu^ion^of  the  aiji)ea3fence  of  a  s^aph  for  large  values  of    |xj  , 
or',  |y|  ,  whether  we  takfe  ^xT^^fe^  y    positive  or  negfittive,  is  part  of  the 
discussion  of  the  extent  of\he  graph,  and  is  sometimes^ referred  to  as  a 
discussion, of  the  behaviour  of>^e  graph  for  extreme  values  of  the  variable  1 

^**-s^   The  concept  of  excluded  values  because  of  a  zero  denominator  lias  one 
further  application.    Consider  . 


) 


y  =  X        ,  and  ■  y 


X  -  2 


./ 
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and  then  remove  the  common  factor 

'  "60  aiTive  at  the  first  equatipn      ,  *      '  *  ^  " 

'       '       ;       =  X  ♦+  2 
As  a  matter  of  fact,  the  two  equations  and  their  graphs  are  different  in  a  \ 
small  .but  si^iif leapt  way.    In  tjie  first » equation,  y    is  defined  for  all    x  ; 
in  the  second  equa^on   y    is  defined  for  all  ,  x  ,  except    x  =  2  . 
Geometrically,  the  graph  of  the  first  equation  is  a  line;  the  graph  of  the 
second  equatior^-is  a  line  excefit  for  a  missing  point  at  the  place  where 
*  X  =  2  ^  that  is,  it  is  an  interrupted  line.    (Coitid  you  internipt  this  line  ^ 
at  tlie  place  where    x  =  1^,  also?)  *  '  * 

The  discussion  of  these  exclude4  points,  *lines,  or  regions  is  useful  in 
describing  the  extent  of  the  graph.  /It's  all  vwy  well  to  know  where  the 
graph  does  not  go,  but  we  are  still  eonc:^jTied*with  the  points  throiigh  whfch 
it  does  go,  that  is,  .with  drawing-  the  ,g^^.    The  most  straightforward  way  ^ 
of  drawing  the  graph  o£,  an  equation  is  to  plot  a  number  ^of  points  qn  it  and 
.draw  a  curve  through  them.    I^  the  equation  has  the  form   y  ^  f  (x)    y6u  can 
make  a  table  showing  the*  value*  of    y    corresponding  to  each  of  a  .number  of 
values  of   x  .    You  have  done  this  many  times  in  the  past,  and  there  is  JfOR 
need  to  go  into  detail  again, here.  ,  However,  it  is  worth  reminding  you  that 
you  should- think  about  how  ma^iy  -veilues  of    x   to  use,  and  whijeh  ones,  and 
how  to  jpin  the  corresponding  points, «.        -  <  -  ^  -  -    .  ^ .  >-     -    —         ^  - 

As  in  an  election  poll,  w§  .take  enough  samples,  with  special  attention 
to  certain  critical  ^ots,  until  we.  have  some  reasonably  clear  idea  of  how 
the  whole  picture ^will  look#    There  will  always  be  some  disagreement  about  how 
many  are  "enough",  and  what  is  "reasonably  clear".    Our  sampling  can  start 
at  some  easily  available  points.    On  our  grid  we  can  most  easily  find  t^e    •  f 
places  where  the  graph  crosses  the  axes.    Since  the  x-axis,  for  example, 
has  the  equation  ;  y  =  0  ,  wis  may  solve  simultaneously:  y=0,y=flx;; 
^  that  is,  we  may  find  the  roots  of  the  equation    f(x).  =  Or  ,  1^  order  to  find  : 
the  abscissas  of  these  crossing  points.    If    f(x)  =  0   has  roots    a^  ,  a^  , 

•     ,^  then  these  numbers  are  the  x-iritercepts  of  the  graph,  \^ich  goes 
through  the  points    (a^,0)  ,  (8^2,0)  ,  ...  #    These  points  are  easily  plotted 

217  '  ^ 
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"on  the  grid,  as.  are  the  points  ,of  intersection  of  the  graph  with  the  jr-axis. 
But,  no  matter  hov  many  potnts  you  plot^  there*  always  remains  the  question 
pf  how  tl^e  curve  behaves  elsewhere •    IJb  ijs  tb 'cast  further, light  on  this 
question  that  you  should  investigate,,. b^fo2::e  any  extensive  computation,  the 
properties:  of  the  curve  ^d  its  analytic  representation , in  the  manner  we 
•  have  Just  illusjtrated •    We  summarize  this  type  of,  investigation  in  mnemonic' 
form:    "Xllheck  the' SEPIA  first."    (§ymmetry.  Extent,  Periodicity,  Intercepts, 
Vsymptotes.*)      '  ■       '         '  ' 

The  curves  and  equations  -with  wl^i'ch  we  deal  'in  this  course  are  reasonably 
well  behaved,  and  the  points  of  the^  graph  are  usually  smoothly  connectje^j; 
with  certain  notable  exceptions,    'fire  have  already  dealt  with  graphs  pf*  in-^^  •! 
equalities  in  Chapter  5  ,  and  will  not  deal  with  them  at  great  ^gth  here^,  ' 
but  will  consider  than  in  the  ' examples  \^enever  there  is  any  matter 'of    '  / 
special  interest.  -  ^>  ^  ^v.  '^  / 

A  curve  usually  ^eparates  the  plane  locally  into  two  region^  abcv^^;ici  \ 
below,  inside  and  o^sid^,  7..).    In  many  cases  in  this  tekt  th^  points  in  \ 
these  two  regions  are  precisely  those  whose  coordinates  satisfy, one  or  the  ^"'^^ 


other  of  the  inequalities  we  obtain  from  the  original  equation.    Thus  the  /^^C/ 

2       2  •  *  '  V^^-i 

graph  of    X.  +  y    =25    is  a  circle  of  radius    5  ,  centered  at^  the  origin. 


2      '  2 

OSie  graph  of    x^  +  y    <  25    is  the  interior  of  that  circle,  and  the  graph  of 

X  +      >  25   is  the  e:(fberior.         ^       *      •  ^  '  •      i*  v 

^    We  have  used  rectangular  coordinates  in  this  general  discussion,  but 
much  of  it  can  be  adapted  to  polar  coordinates,  though  the  graphs  will  not  « 
have  the  same  geometric  properties.    In  polar  coordinates  the  goraphs  of  > 
inequedities  are  sometimes  unexpected.    Thus  the  graph  of    r  =  5    is  a^ 

cirole,  the  graph  of    r  >  5    is  the  region  outside  that  circle,  but  the  graph 

1  * 
of    r  <  5    is  the  entire  plane.    The  graph  of    r  =  ~   is  only^a  remote  cousin 

•  1         •  V 

to  the  graph  of    y  =  -  •    The  rectangular  graph    (a  hyperbola)    has  a  vertical' 
asymptote,  the  line   x  =  0  ,  and  this  is  a  geometric  conse^u$n,ce  of  the 
'  fact  that    y    is  not  defined  for    x  =  0  .    From  the  equation    f  =  ^  , 
we  see  that    r    is  not  defined  for    6=0;    nevertheless  the  line  0=0 
contains  the  point    P  =  (-       O)  .    This  pQint  has  infinitely  many  other 
polar  representations;  including  particularly   P  =  (  -  ,  Jt)  ,  and  since     "       '  1 
these  coordinates  satisfy  the  equation  .  r  =     ,  we  must  allow   P   on  the 


ERLC 


graph  of   a  =  0  .    There  are,  as  a  matter  of  fact,  infinitely  many  o'ther 


points  for  which  we  can  find  s6me  pair  of  poJ.ar  coordinates  that  satisfy  ^ 

r  =  ^  ,  and  which  lie  on  the  line   0=0.    Therefore^ ^his  line  is^  not  §n 

'1  /  ^ 

asymptote  for  the  graph  if    x  =     •  / 1  * 

%     "  ^  r  5i  ■ 

«        •     -1    *     '  .                 •   /  sine 
The  graph  of    r  =  ~   does,  ;  -r  — 

nevertheless,  have  ?  true  asymptote,  )  j 

the  line  corresponding  to    r  =j— :         ,  /     /        \  *      ^         *    1  ' 

sm  0  '  .  /     /         \    •  i  > 

but  the  discussion  of  this  must^  consider         V     ^^-^  / 

the  value  of   ^i^-fi  q     g^^g  closer 

^ »   .      0  •  ' ,        '  « 

/  •^ 

to    0  ,  and  this  discussion  is  beyond  the    ^      ■*        /  , 

scope  of  this  book.  Figure  6-10  ^ 

We  will,  in  the  examples  anc^  text  that  follow,  use  polar  representation 


at^n||m 


or  any  other  that«|jkms  appropriate  to  the  problem  and  our.  purposes,  and 
^    1/  ^ 

carry  the  dlscus^^to\he  ievelfand  detail  that  seenT fitting.    Our  examples 


will  "illustrate  the  general  principles  above,  and*  some  ideas  of  less  general 
application,  but  the  student  is^urged  to  extend  his'  own  experience  by  doing 
as^any  of  the  exercises  as  he  can.    One  suggestion  \f*have  found  valuable: 
an /equation  and  its  graph  should  be  consfdered  in  a  dynamic,  rather  than  a 
static  way.    If  we  haves  y  =  ffx)  ,  what  happens  to  ,y   Wieh »  x    increases  a 
little,  when,  x   approaches    0  ,  when    x    gets' very  large?    If  we  have  a 
point   Pq  =  i^QfVQ)  of  the  graph,  how  does  the  curve  look,  near  that  point? 
Think  of  the  point  ^as  moving^ along  the  curve,  and  our  analysis  as  eTmbVing^  ^ 
picture  of  the  poin^  rathei>^han  a  snapshot  of  the  entire  curve. 

6-3 •    Conditions  and  Graphs  (Rectangular  Cpordinates)* 

In  this  section  we  shall  discuss  a 'number  of  examples  In  detail.  This 
discussion  will  bring  together  and  apply  a  number  of  topics  you  first 
studied  separately.    We  shail  illustrate  also  some  useful  approaches  that  may 
be  new  to  you.     •  ^  •     j  ^     /  '  ' 

•  Example"  1.    Discusi^s  and  sketch  the  graph  of       y  =  x  +  ^  .  y 

0  X 


6-3 


Solution*    There  is  no  symmetry  with  respect  to  either  axis,  since  we 
do  not  get  equivalent  equations  by  replacing   x    by  '  -x  ;  or    y    by  , -y  . 
There  is  symmetry  with  respect  to  the  origin,  because  we  do  get  an  equivalent 
equation  by.^replacing   x   by    -x   and  y   by    -y  .    There  is  'a  vertical 
asymptote,  the    y^axis,  whose  equation  Is    x  ^  0  .    For  large    |x|    and  • 
X    either  positive  or  negative,  y   and.  x   become  relatively  equal,  since 

i   becomes  relatively  small.    Geometrically  this  means  that  the  graph 
^  •  '  *  . 

approq^es  the  line    y  =  x   asymptotically,  from  above,  oft  the  right,  and 

from  below,  on  the  left.  '  *  »  * 

We  shall  graph  this  equation  in  a  way  which  may  be  new  to  you,  by  addition  I 

of  ordinates.  You  can  draw  fairly  accurate  graphs  of  y  =  x  and'  y  =  - 
^ '  ^  •  ♦  '  ♦  X 

with  almost  no  effort.    Do  so,  with  respect  to  the  same  axes.    Then,  for  each 

t  » 

of  a  number  of  different  values  of   x  ,  add  the  y-coordinates  of  the  points  on 
the  two  curves  with  |:hat  x- coordinate .    The  result  is  the  y- coordinate  o5  the 

0  1 

^orrespoQiding  point  on  the  graph  of    y  =  x  +  —  ,    The  addition  can  be  done 

using  marks  on  the  edge  of  a  piece  of  paper,  but  you  must^pay  attention  to  the 
algebraic  signs.    The  sketch  below  illustrates  the  process. 


f  X 


Figure  6-11 
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We  suggest' this -sequence  of  steps: 


Draw  the  f  aMliar  curves  @  and  (5) .  ^ 
2.    At  several  points  along  the  x-axis  erect  perpendiculars  to  meet  the 
 t>{q  curves.    In  Figure  6-11  the  ordinate  segments,  a*,  t  ,  c  ,  we^re 

found-this  way  at    X'  =  i  ,  x  =  '1  ^  x  ="2  •  ^  (We  shall  ^efer  to 

these  ordinate  segments  simply -as-^jthe-ordinates^ ) 
3»    Add  the  corres,ponding  ordinates  for  the  tvo  curves  with  due 
regard  to  sign.    In  Figure  ^-11,  a  ,  the  or^nate  at 

X  =  —   is  raised  to    a*    ahove  the  hypexhola;  "b    is  raised  to 

"b*  '  ahove  the  hyperhola;  c    is  raised  to    c'    ahove  the  line; 
and  so  on.      "  ^  .  - 

hr^^  Connect  the  new  points  thus  found,  to  get  the  new  curve. 


'  ISxample  2(a)    Sketch  the  graph  of   y  =  x   +  2  . 


Example  2{h)    Sketch  the  graph  of    y  ^  sin  x  -  3  • 

y 


y 


{ 

K 


_l  I  I  ^ 


A 


id) 
I 


y  =8inx  -  3  ' 


Solution  2(a).    Draw  the  familiar  graphs-  of    y,  =  x    .  indicated  by 

^  i 

@  in  the  figure  and  of   y^  =  2  ,  indicated  "by  (g)*in  tha^Qgure.  Then 
"raise" every  point  of  ®  2  units,"  as  indicated  "by  the  dashed,  lines,  to  get 


the  graph  ©  of    y  =       +  y^  =  x   +  2  . 
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2(b)    The  solution  should  be/cle^r  from  the  figiire  and  is  left  to  the 
student.  "I  .     »  ^ 


The  process  of  graphing  b/  subtraction  jof  ordinates  is  related  to  "J^he 
process  of  graphing   y  =  -f(x5    from  the^aph  of    y  =1f(xi':..  ^  The  discussion 
of  symmeliry  in  the  previous  ff&ction  indicates  immediately^  that  these  two 
,  graphs  ^re  symmetric' images  of  each  other  witlj  respect  to  the  x-axis.  That" 
^    is,  the  graph  of    y  ^  -f(x)    is^.the  reflection  of  the  graph  of    y  ^  f (x)  , 
with  respect  to  the  ^x-axis.  / 

A  *  ^ 

Example  3(a)*    Sketch  the  graph  of    y  =  -  x^  • 
'  Example  3(b)*    Slc^cl^the  graph  of  >  =  -  cos  x  ,       ,  ] 

Solution:      (Refer  to  Pigure^  6-13) 

y 


\ 
\ 


1 


i      -  2 


\y=-x 


cos  X 


Figure  6-I3  ' 


3(a)    Construct  the  familiar  graph  ©of    y,=  x        then  extend  the  ordinate  ^ 

s 

of  each  point  of  ®  down  its  own  length  through  'the  x-axis  to  get  the 
reflected  points,  which  we  connect  to  obtain  the  solution^ (s) • 


3(b)   'The  solution,  indicted  in  Figure  6-I3,  is  left  to  the  class* 


Vte  may  now  sketch  graphs  by  subtracting  ordinates,  sinc<e,  if  y 
^y  =  f(x)  -  g(x)  ,  then    y  4f(x)  +  (-g(x))  . 
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■Exa3^^U{a)>  Sketch  the  graph  of  ,  y  =  3^-  x 


Example  ^(b)«  Sketich  the  -graph  of  y  =  1  -  sin  x  • 
Soiotion  i^(a)>  ;"(Refej:'to  Figure 


\ 


Figure 


We  suggest  these  steps:  '  ^  ,  ^ 

(1)  Draw  the  familiar  graphs  (D  :    yi  =  x    ,  and  (D  y,  =  3  • 

(2)  Reflect  @  with  respect  to  the  x-axis  tp  get  (2):    y^  =  -x<  • 

(3)  Add  tTie  ordinates  for  (2)  and  (D  to  get*  (s) :    y^  =  3  -  ^  • 
ThisXast  step  is  equivalent  to  adding  5  units  to  each  ordinate  of 
(2),  a^  indicated  on  the  graph. 

^^yi^^^'^^'  We  may  extend  these  graphical  methods  to  the  multiplication  of  ordinates 
'We  have  already  done  this  in  some  cases  but  "Slot*  with  this  tenainology.  The 
graph  of   y  =  '2  sin  x   illustrates  a  simple  application  of  this  method.    We  ' 
^  compare 'this  graph  with  the  graph  of    y^  =  sin  x    and  recognize  that  when 

y.  =  0   then   y  =  0  ;  when  y,  >  0   then   y  >  0     and  when   yA<  0  ,  then 
1  '  ^1  '       >^  -Lv^  ^ 

y  <  0  ;    We  just  draw  the  graph  of    y^  =  sin.x  ,  and  double  the  ordirikte^  to 


\ 
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find  ^corresponding  ordinates  for  y  =  2  sin  x  .  It  is- as  if  the > graph  were 
stretched^  vertically,  avay  from  the  x-axis.  * 

^     Example  5(a)  ♦    Sketch  the  graph  of"  y  =  2  sin  x  . 
Example.,:^) ♦    SJ^etch  the/graph  of    y  =  2x^'-  8  . 


y  =  25inx 


y=2(x'.4) 


Figure  6-15 


Solution  5(a).  'Wg  sketck  the  familiar  graph,  ®  :    y^  =  sin  x  ,  then 

double  eacli  ordinate  of  Q  to  ^fthe  graph,  (s) :    y  ^  2  sin*x,  .    Note  that 

for    6  <  x^<  jt    we  have    0^<  X^  '^' ,  therefore    0  <  fey^^  <  2  .    Thus  (§)  is 

"bounded  between    2    and  ^  -2  .  '  If,  liipre  generally,  y  :=  a  sih  x  ,  then  y 
is  bounded  between^  |a[    aijfl   ^|a|  .    fn  this  case    |a|    is  called  the 
amplitude    of  thia  3ine  cuj^e  ♦        is  t'he  measure  of  the  maximum  departure 
of  points  of  the  cujrve  from' the;^axis,  and  has  important  physical  apjoli cations. 


%  - 


Solution  5(b).    We  haye  illustrated,  the  sequence-  of  graphs: 
® :    y^^Y   J  © :  ■       =      -     i,(D  :    y  =  2(x^  .  h)  .  •  We  could  have  found 
the  same  graph  with  the  sequence  (l) :    y^  =  x^  ;  (D :    y^  =  2x^  ;  '   \  ' 
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Q)  :    y  =  Six    -  4  ,   'We  leave  the  details  to^^the  student. 

We  may  in  general  relate  the  graph  of   y  =  bf(:t)^to  yiat  of    y^,  =:  f(x) 

if   h    is  a  constants    Both  graphs  cross  the  x-axis  at  the  sanve  points.  If 
,S  >  0  ^  then  both  graphs  ^are  above  or  below  the  x-axis  together .    If    b  <  0 
*    then  the  -graphs  of    y  =  -bf(x)    and        =  f(x)    are  together  above  or  below 

the  X-axis.,   in  Jbhis  latter  case  we  graph   y^  =  Jb|  f(x)  ,  then  reflect  this 

graph  in  tY\^  x-axis  ta  ge^  the  graph  of    y  =  bf(xX 


V  2 

Example  6(a) .    Sketch  the  graph  of    y  =:  -2x 


Exaimple  6(b) .  .  Sketch  the  graph  of    -3  sin  x 
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^     •         Figure  6-l6 

Solution  6(a) .  *  Sketch  the  familiar  curve  (l)  :    ^  =»x^  •    Double  the 
ordinates,  which  in  t^ii?  -case  are  all  non-negative,  to  get  (D :    y^  =  2x  . 

9 

Finally-  reflect  (g)  in  the  x-axis  to  get  (S):    y  =  -2x  . 

Solution  6(b) .    We  leave  the  solution  tp  the  student.    Note  that  in  ^ 

2  2    *  2 

Exanqple  6(a)  we  could  have  used  the  sequence   y,  =  x    ;  y-  =  f x    ,  y  =  -2x  . 

^  '  '  \ 

That  is  we  could  have  reflected,  then  sl^retched  to  get  the  final  curve,  in 

.  both  6(a)  and  6(b)  .    We  leave  these  detailsr  to  the  student. 
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*  Oir  fin^  cases  concern  multiplication  of  ordinates  with  variable  factors. 

,  T  ^^ese  are  the  most  difficult,^  the.^most  interesting,  and  the  most  use.ful'of 
the  applications  of  these  methods  of  graphing  by  combinations  of  ordinates. 

"Example  7»    Sketch  the  graph  of  '  y  =       -  x 

Solution.  ' 


Figure  6-1? 


We  could  sketch  the  graph  by  subtraction  of  ordinates  but  we  choose  to 
.illustrate  the  method  ^f  graphing  by  rmiltiplication  of  ordinates'.  Thus 
y  =  x(x  -  l)  ,  and  we  draw  the  graphs  ®  :  ^y^^  =  x  ,  and  (2) :    y^  =  x  -  1  ; 

two  parallel  lines.    When    x  <  0   then    y^    and   y^    are  both  negative  and 


X  <  0   and  decreasing  then    y  Is 


their  produ\;t,  y  ,  is  positive?  If 
positive  and  iixcreasing,  and  correspjsnding  points  of    S  ^  are  in  the 
third  quadrant. 


ERIC 


Since    y  =  y^y^  ,  clearly   y   must  equal  zero  when  either    y^    or  ^  y^ 

equals  zero,  thus  the  graph  S  Intersects  the  x-axis  at  A  and  B  •  Between 
0   and  A   we  have    0  <  x  <  1  ,  with  ®  above^  and  (5)  below  the  x-aodLs .  In 

226  '  , 
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this  interval        >  0  ,       <  O  and  therefore   y  <  0   arid-  the  graph  is  below 

the  .X-axis .    Between '  A    and        we  have   1  <  x  <  2    and  both   y^  and 

positiv«5  thei^efore    y  >  0  .    The  graph  indicates  that  since  (l)  and  (g)  are 
above  the  x-axis  then  (s)  must^-b^  also.    However  in  that  interval    ^  ^  ^2  ^  ^ 

therefore    y^y^j^   is  a  proper  fractitfeal  part  of   y^  ,  thus    y  =^72^1  ^  f 

therefore  (s)  is  above  (§)  but  below  (l)  .  '  ^  .  > 

As    X    increases  beyond   B    w§  have    x  >  1  ,  y.    and  .y^    positive  and 

inci^asing,  and   y    incr^£j;«g*even  more  rapidly*,  thus  (g)  is  above  both 
(D  and  (D .  f  ,        ^       ^  -      *  • 

We  ^ave  taken  this  time  to  discuss  the  graph  of  what  is,  after  all, 
only  a  parabola,  because  the  analysis  and  method  will  help  in  more  difficult 
■    and  unfamiliar  situations  •  ,    A  ^ 


*  Example  8.  ^Skfetch  the  graph  of   y  =  .Ix  sin  x  • 

-i6olution.    We  are  familiar  with  the  graphs  of    y^  =  .Ix  ,  and  ^y^  =^  sin  : 
Since*  sin  x    is  a  bounded  periodic  function  of    x  ^we  have    jy^l  ^1  and 
IjTj^I  <  |.lx|  .    The  graph  of  this  last  condition  is  the  pair  of  lines  ®  and 
@  in  Figure  6-I8, 
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We  have  compressed  the  scale  along  tSie  x-axis  for  the  purpose  of  getting 
enough  of  the  graph  qn  the  page  t<j,  illustrate  the  discussion. 

_When   X  >  0  ,  all  points  of  -the  graph  lie  within,  or  on  the  boundary  of 
the  angular  region  f5"i%ied  by'i^he  right  half -lines  of  ®  and  (g) Since 
yi'^^yg  ^  ^    ^"^"^  e'^^^fli^ero  when  either        *  or    y^    equals"  zero,  y^ 

a  zero  only  at  the  pr^^/but    y^    is  zero  at  integral  muitipXes  of   ^  . 
A3/so,  \jhen  have    y  =  .^Ix    and^wherf  y^  =  -1  '  we  have    y  =  -  .Ix  , 

Which  meams  that  the  graph  (s)"  W.11  touch  alternately  the  lines  .1    and  2 
at  points  where    x  =  |  ,  ^  ,       ,  . . .  .  - 

We  leave  the  rest  of  the  discussion  of.  this  graph  tp  the  student  but  ' 
mention  an  important  applicatipn.  ^  ^  * 

If  we  consider  how  the  graph  of    y^  =  sin  x    is  changed  by  the  variable 

factor   y^  =  .Ix  ,  we'raay  think  of  the  amplitude  of    y    ,  as  changed  by  this 

variable  fafetot.  In  this  example  we  may  (^jay  that  the  amplitude  of  sin  x  is 
increasing  linearly.    If  we  had   y    =  f  (x)  sin  x    then  we  also"have  a  sine 

*   '  •  ft 

wave  whose  amplitude  i.s  being  cljanged  or  constrained  by  the  variable  factor 

f(x)  i    The  graph  of   y^    would  be  constrained  by  the  symmetric  curves; 

y  =1  f  (x)    and  -f(x)    and^uld  oscillate  between  them,  touching  them 

alternately  when    x  =  jt  ,  3jt  ,  5Jt  ,      .  ,  as  before. 

*'  .  This  systeipatic  changing  of  the  amplitude  is  Called  amplitude  moaulation 

ahd  is- the  basis  fQ;r  AM  radio  reception.    A  typical  equation  here  would  be 

y  =  sin  lOOQnt  sin  lOOOOOOnt  .     .  ""m 

\  .  •  '  ^ 

This  graph  "would  show  a  rapidly  oscillating  curve' (the  cari;^er  or  . 

radio  frequency,  or  RF  wave)  moduiated^^y  a  less  rapidly  oi|cillating  curve 

{the  sigTial,  or  audio  frequency,  or  AB^/wave).  ^  ^  ' 


'  *  Figure  C-IS  '  I 

rhis^sketch,  not  to  scale,  illustrates  ttfe  idea. 
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The  methods  just  discussed,  for  relating  graphs  of  equations  to  graphs 
of  more  familiar  equations  by  coSbining  ordinates  are  caLleV^y  some  aut'hors, 
composition  of  ordinates.  We  apply  similar  techniques  in 'polar  graphs  in  some 
ex^raple)s,  later.  •  ,  -  , 

We  consider  now  some  further  examples  of  "graphs  of  equations  ih  ^Pentangular 
coordinates.  ^ 

Example  9.    Ux    -  9y    +  8x .+  36y  +4  =  0.    From  this  equation  it  is  not 
obvious  whether  the  curve  is' symmetric  with  respect  to  any  point  or  line,  or 
whether  it  has  dny  asymptotfes.    Nor  can  we  easily  see  what  parts  of  the  plane 
it  does  or  does  not  enter.    We  can  find  as  many  points  ,on  it  as  we  have  the 
patience  for^  since  picking  a  value  for   x    gives,  us  a  quadratic  equation  for 

y  •  •  / 

The  sensible  approach,  howe^r,  is  to  use  a  trick  you  learned  in  algebra: 
complete  th,e  square  in   x    and   y*  .    We  get 

h{x^  +  2x  +  1)  -  9(y^  -  =       +  U  -  36 

or  '00 


These  numerators  are  related  to  distances  from  the  lines    y  =  2  and 
X  =  -1  ,  and  we  might  expect  a  considerable  Simplification  in  the  discussion 
of  this  graph  if  we  h^d  new  coordinates  based  on  these  lines  as  axes.  Such 
.  transfprmati^ns  are  carried  out  mor^  generally  in  Chapter  10^  but  we  show 
the  details  here  in  order  to  ^continue  with  our  discussion  of  the  graph. 
If  ve  let    u  =  X  +  1    ^d    v  =  y  -  2    the  equation  becomes 

2*2, 

(1)   /   ^.  ..  T-Tr-^'    ■  ■     ■  "^^ 

This  equation  is  :considerably  easier  to  iiandle,  and  is  recognized  as 
an  equation  of  a  hyperbola.    You  know  something  about  hyperbolas,  but  we 
continue  with  our  general  approach  so  that  after  you  have  seen  ii.work  in 
familiar  situations*  you  may  be  able  tp  use  3ft  i^n  unfamiliar  ones^ 

She  graph  is  symmetric  with  r,espect  to  .both  new  axds,  and  hence  with 
respect  to  the  origin.    If  we  solve  (l)  for   v  '  in  terms  of    u  get 

f  =  t  £        +  9  .    This  makes  it  clear  that  for  a  large^  positive  value  of    u  , 

the  two  values  of  v  are  one  large  and  positive,  the  other  larg^  and  negative. 
(1)  also  shows  that  if    (u,v)    is  any  point  on  the  graph,  then    t^l         .  Fpr 
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.,2 '     2  2 


>  0  ,  ana  since  -jj  ^=i^-j-.>i  ,    rphus  no  point  of  the  graph  lies 

above   V  =  .-2   and  below  v  =  2  •  '  ' 

Now  1^^  us -consider  the  part  of  the  curve  whicB  lies  in  the  first  quadrant. 
For  this  we  cai"use  the  equation  , 

where    u  >  0,  .   It  seems  aOmost  obvious,  that  ;Aen   u    is  large,    v   is  very 

2  '  *^ 

nearly  equal  to   ju  .    We  can  confim  this  gtess  quite  simply.  Clearly 

2  p  '  ' 

V  >  ju  ,  so  let  us  consider   v  -  ^u  ,  in  the  hope  that  we  can  prove  it  ap- 

proaches   0    as    u   grows  very  large.        -     *  ' 
v-fu  =  f/f7T.|u  / 


=  |{/u^  +  9  -  u) 


=  2(yu^  +  9  +  u)(/u^'  4-  9  -  u) 


/ 


2  u^  4-  9  -  u^ 
3 

9  +  u 


9  +  u' 


*     '  By  taking  large  enough  values  of   u   we  can  "make    v  -  -ju   as  ^  near  tij^zfero 

as  we  like.    Thus  we  have  shown  that  in  the  first  quadrant/ the  graph  lies 

2  *  * ' 

above  the  llae   v  =  ju  but  arbitrarily  close  to  it  for  large  enough'  u  •  In 

'     2  ^  *    "  <^ 

other  words,    v  =  jU  is  an  asymptote  of  the  curve.-  By  similar  arguments  we 


can  showj^hat    V  =  ^u    is  also  asymptotic  to  the  paft'of  the  curv^  in  the 
third  quadrant,  and  that    v  =  7  ju     is  asymptotic  to  the  parts  of  the  curve 

* 

in  the  second  anjl  fourth  quadrants. 
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The  results  above  have  been  stated  in.^erms  of  the  new  coordinates,,  They 
can  easily  be  restated  in.  terms  of  the  old.    For  example,  the  asymptotes^ are 

*      .  p  •  ' 

.the  lines    y  -  2     J  |(x  +^1)-  .  /    -  ' 

Finally  we  consider  the  intercepts  •    Setting   u  =  0    in    (l)  we  get 

2  '  *  - 

=  1  ,  so  the  V- intercepts^  are    2    and    -2  •    Setting   v  =  0   we  get 

2  ^'  . 

u  ' 
— -.fcc=  1  ^  which  has  no  solution.    Hence  the  curve  does  not  intersect  the  , 

u-axis.'  The  x-  and  y- intercepts  can  be  fe^d  by  the  same  sort  of  procedure, 
but  since  we  are  chiefly  interested, in  sketching  the  cu»ve,  let's  not  bother 
with  them» 

•         V     y  '  ^ 


Figure  6-20  *  ' 

The  h^^bola  is  sketched  above.    Notice  that  we  can  draw  a  fairly  ' 
accurate^raph,  without  finding  the  coordinates  ^of  any  points  but  the  vertices* 
(What  are  the  vertices  of  a  ^erbola?) 


ERIC 


231  _ 

236 


When  you  first  studied  the  hy^erbpla^you  learned  that  the  asymptotes  of 
the  hyperbola         *         \  •      »        •  .    *  " 

\  2       2  < 

^  a      b  *  ^  .    »  * 

are  given  by  the  ejauatiqn  ^  .  '  ' 

•  *  2       2  • 

2     ,  2  ^  • 

a       b  . 

r        "  <  *  ' 

This  is^  an  illustration  of  a  principle' which  is  sometimes  useful  in  sketching 

^  loci*    It  gan  be  expressed  loosely  in  the  fqllowing  way.  If 

fCx,y)  =  g(x,y)  •  h(x>y)  ,  the  graph  of    f(x,y)  =  0    is  the  union  of  the 

graphs  of   g(x,y)  =  0    ^d    h(x,y)  =  0  ,    Thus  since 

•    x^  -  y^  -  X  +  5y  -  6  =  (x     y  +  2)(x  ^+  y  -  3) 

the  graph  of    '  '  ^  ,      |  *  * 

2       2  * 

'  X    -  y    -  X  +      -  6  =  0  .'U-.^.v-''^* 

.  is  the  pair  of  the  liness^ich  are  the  graphs  of 

X  -  y  +  2  '=  0 

and  . '  * 

X  +  y  -'3  =  0  ;  f 

Before  trying  to  prove  the  principle  we  had  bettei^  find  out  more  accu- 
rately what  It  says*    Let's  "factor"    x  +  y  : 

X  +  y  =  tx  '  -  y  )- 


X  -  y 

,  •        ,  .        ,  ^ 

Iftifortuna-teiy^^^he  graph  of  ,  . 

^     ^         .  X  +^  y  =  0 

■is  a  line,  the  graph  of  ^ 

2  2^ 
X    -  y    =  q  '  . 

is  two  lines,  while  the  graph  of  / 

1 

•1  "  X3 


Is.  the  mill  ^iet.  •  • 


The  difficulty  lies  in  th4  notion  of  factoriSg^    When  we  speak  of  factor- 
ing  a  pbsitive  integer,  we  mean  expressing  it  as  the  product  of  two  smaller  - 

.    ^positive  integejTs.    ^^en  we  speak  of  factoring  a  polynonial,  ye  mean  expressing, 
it  as  the  product  of  two  polynomials  each  of  lower  degree  than  the  giveA  poly- 
nomial  and  having  coefficients 'of  some  specified  type  (say  rational  nunibers). 
Qhere  is  no  suctoa^reement  as  to  what  it  means. to  factor  an  arbitrary  function. 

^^For  our' present  purposes  it  is  enoiigh  to  say  that  wq,  have  a  factorization  of 
f(x,y)    if,  for  every   '(x,y)    in  the  dortiain  of  ^  f  ,    ,  . 

fCxjy)-"^  g(x,y)'-  h(x,y)'  . 

Of  cour^,  this  allows  6:^interesting  factorizations  like 

^.^    •        +  _y^  =  1.  (x^  +  y^) 
but  it  excludes'  the  sort  of  thing  that  got  us  into  trouble  above i  since 
x  +  y   is  defined  for  every    x    and    y  ,  \^le  — - —   is  not  .defined  if 

\    f       "      ■   ^        ^ "  y 

x  =  y  . 


Vath  this  interpretation  of  ^"factor"  we  can  state  the  principle  referred 
to  above-  \^        -    ^ ^ 

THEOREM  6-1*    If   f(x>y)    has  trife-factorization 

f(x,y)'=  g(x,y)  •  h(x,y)  . 

The  graph  of   f(x,y)  =  0  '  ijs  tfie  union  of  the  ^phs  of    g(x,y)  =  0 
and    h(x,y)  =  o  ,       ^       ^         .  ) 

Proof:    The  point  '-(^^b)    is  on  th^  graph  of 

f(x,y)  =  0 

if,  and  only  If,  .  '        -  . 

S  f(a,t)  =  0  ;■ 


But 


and  hence 


if,  apd  only  if 


f(a,-b)  =  g(a,b)  -hCa,!))  ^ 


«' 


.   f(a,b),=  0  '  ,  ^ 

g(a,b)  =  0 


6-3' 


or 


h(a,b)  =  0 


that  is,  if,  and^only  if,    (a,b)    lies  on  the  graph  of 

,     g(x,y)  =  0 

or  the  graph  of  .  *  *  • 

'    h(x,y>  =  0  • 


^  ■ 


Example  ;^0,  Th^  graph  of 
is  made  up  of  the  graph  of 


-  X  +  2)(x^  +  hy^  -  2x  +  l6y  +  13)  =  0 


y  -  X  +  2  =  0 


and  the  graph  of 


r 


x^  +*Uy^  -  2x  +  l6y  +  13 '=  0  . 


!me  fomer  is  a  straight  line.    If  we  rewrite  the  equation  of  the  latter  in 
the  fom  '       ;     '/  . 

5  1     '    ^  - 

we  see  that  it  is  an  elli]j^e,  with  cen'ter    (1,-2)  ,  syihmetric  about  the- lines 

x  =  l     •    .  ^ 

and  *  % 

y  =  -2 


and  with  major  pid  minor  axes  of  lengths  h  md  ^  ,  respectively.  Both 
graphs  are  sketched  below. 
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If  we  are  given  pro  paxametric  equations  for  a  locus  in  a  pleine,  there 
are  two  methods  of  sketching  the  locus  (ui>less  the  eqliations^are  too  compli- 
cated) •   We  caa  eltoinate  the  parameter  between  the  two  equations  and  graph 
the  resulting  equaticsa^^n    x    and   y  ^  or  we  can  choose  sane  values  of  the 
^  parameter,  compute  the  cctoesponding  values  of   x   and   y  ,  and  draw  a  curve 
through  the  points  thus  detemined;.    We  illustrate  both  methods  in  the  next 
example*  .  ,  ' 


Example  11.    Draw  the  graph-of  the  parametric  equations 


(1) 


X  =  Ut    -  2  ,  y  =  Ift  • 


Solution >    First  let's  eliminate  the  parameter  ar^ graph  the  result^ 

•  Substituting 


equation.    From  the  first  equation  we  find  that/'2t^  kiSLt-E 


this  ifS*"the  second  ecjiation  gives 

(2)  y=^x+^f. 

le  grailph  of    (2)    is  a  parabola.    It  is  sketched  beL 


-6  / 
-4   /  , 

T  — r      »  T — — 

'6   -4  Q 

— 1 — 1  

£  4 

Figure  6-22  *  ^ 

Now  let^s  use  the  second  method  described  abov^e.  Tiie  table  below  shows 
the  results  of  oir  computations*  ^ 


t 

-2 

-1 

;0 

1 

2- 

X* 

2' 

-2 

2 

Ik 

O  } 

y 

6k  . 

0 

k 

6k 

We  notice  at  once  that  we  have  found  no  values  of  x  smaller  than  -2  ;  It 
would  be  natural  to  jump  "to  the  conclusion  that  we  had  chosen  the  values  of 

t    foolishly,  but  that  is  not  the' -explanation.    Since^?  x  =  4t    -  2  and 

kt    >  0  ,  it^  follows  that    x>  t2^  for  every  point  on  the  jgraph.    The  trouble 


6  W 
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is  that  Equations  (l)  and  (2)  -are  simply  not  equivalent.    The  graph  of   (l)  f* 
is  half  a  parabola.    It  is  the  intersection  of  the  graphs  of    (2)    and  the  \ 
inel^uality   x  >  -2  .    If  you  look  back  over  our  reas9ning  you^vill  see  it  /' 
proves  that  the  locus  of    (l)    is  contained 'in  the  locus  of    (2)  ,  but  it  does 
not  prove  they  are  identical.  >^  . 

Obviously  the  "elimination  of   t   was  not  as  hannp-^^s  an  operation  as  it 

looked  and  we  must  study  it  more  carefully.    At  a  certa^  >Dint  we  found  from 
•»    >"  •  •  , 

2     X     2  ' 
the  'first  equation  in    (l)    that    2t    =  — g —  •    Then  we  squared,  getting' the 

*            ~~h     (x  +  2)^ 
equation,  i^t    =  ^ — ^    .    These  two  are  not  equivalent,  since  in  the  first, 

)  -        .  ■   

X  >  -2   while    the  second  puts  no  restriction  on"  x'y^^Thls  is  no  surprise  . 
since  the  same  sort  of  thing  cc^es  up  in  the  solution  ok  equations  involving 
radicals.    In    future  we  shall  be  careful  not  to  square^ \or  divide  by  zero,  or 
ok)  anything  else  of  that  sort  when  eliminating  g.  parame't^,  and  then  perhaps 
we*ll  not  get  into  trouble  as  we  did  above.    Unfortui^tely  it  isn't  that  simple. 

^    Exanrple  12>  ,  What  locus  is  represented  by  the  parametric  equations 
^  (3)    "  .     ^  X  =  sin  t     y  =  sin  t  ? 

Solution >    Eliminating  ^t    in  the  onli^  sensible  way  gives  the  equation 
y  =  X  .    The  graph  of  this  is  ^a  line^,  whi{^  "the  lopus-  pf  "(3)    is  the  segment 
detennined  by'  (-1,-1).,  and    (l,l)  .     Equ^icjns  (3) 'are  an  analytic  condition 
for^a  segment  stated  without  inequalities.^    'i^        ^  * 

There  is  no  simple  way  out. of  this  difficulty,  and  we  end  our  discussion 
'  with  the  warning  that  when  you  eliminate  the  parameter  from  a  pair  of  para- 
metric equations  for  a  curve,  you  must  then  check 'to  see  whether -the  locua^f 
*  >  , 

the  resulting  eqxiation  is  the  locus  of  the  original  pair  of  equations. 

The  nature  of  the  parameter  may  impose  certain  natural  restrictions  or 
bounds  on  the  values  of  the 'variables  involved.    In  some  problems  ve  may  wish 
to  im[P9se  such  restrictions^  and  in  that  case  we  have,' not  a  difficCdty,  but  ' 
^  special  tool.    It  is  important  that  we  i^earn  the  uses  and  limitations  of 
our  tools,  so  that  we  do  not  try  to  u§e  a  screwdriver  to  drive  nails. 

All  the  analytic  conditiojis  we  ha*^  .considered  so  far  in  this  section 
r     ^  '  '  ' 

have  been  equations.    Our  last  two  examples  deal  with  inequalities.  ,   '  ' 


i 
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^^^^Q°g>^e  M*  ^DisucBs^d  sketch'the  locus  of  the  inequality. 
<  \  .  2x  -  3y  +     <  0  • 


V  •     Solution.    We  shall  use  simple  arguments  aljout  inequalities.    Suppose  . 
(^c^j^Yq)    is  on  the  line   2x  -  37'  +     =  0    ,  so  that    2:^  -  3y^  +»4  =  o\ 

Now  consider  a  point    (x^,y^)  ,  with   7^  >      .    Then   3:^>3yQ  and 

2Xq  -  Sy^  +  4  <  2Xq  -  3yQ  +  4  =  0  .    Thus    (xQ,y^)    is  a  point  of  the  locus. 

Similarly,  if   y^  <  y^  ,  2x'^  ..3^|+  4  >  0  ^d  is  not  a  point  of 

the  locus.    Thus  any  point  directly  above  a  point  of  the  line  is  in  the  locus, 
vhile  any  pq^nt , directly  below,  a  point  of  the  line  is  not.    Therefore  the  locus 
±'b  the  half -plane  indicated  below.. 


Figure  6733 


Example  ih.    E^bcubb  and  Bketclji^i^i^dcUs  ofitjve  tnequal^^C^ 

-  8x  -  y  +  7  >JK. 


,^   /  ^ 


form 


Solution.    By  9caiq?leting  the  square  we  can  rewrite  tMs  inequality  in  the"^ 

2(x  •-  2)^  -  ^  -  1  >.0  .  '  ■ 
Now  BuppOBe-  2(2^  -  2)^  -       -i:  =  0  ;     If        <  Yq  -then 

'^■0,'  2)    -       -  ,1  >  0  .    Thus  if    (XqjYq)    is  on  the  graph  of  the  equation  , 


(5) 


2(x     2)^  -  y"+  1  =  0   ,  . 
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*       land   y^S'yQ  >  V6  see  that    (x^^y^)    is  a  po^t  of  our  locus.  similar 
^gument  we  can  show  that  if        >  yQ  ^  is' Hot  a  point  of  our 

jj^s  locus.   Thiis  pur  locus  is. the  set  of  points  belov  or  on  the  parabola  repre- 

sented  by  Equation  (5).-  It,  or  rather  some  oi  it\  is  shaded  in  fhe  sketch 
*     "  ^  \  ' 

below.  \  ^ 


X 


Figure 


Exercises  6-3 

In  these  exercises  discuss  and  sketch  the  graphs  of  the  conditions 
given.    In  your  discussion  you  may  fin^  it  useful  to  consider  symmetry, 
extent,  periodicity,  intercepts,  and  asymptotes.    When  the  condition  is  a 
pair  of  parametric  equations,  eliminate  the  pe^raraeter  if  you  can,  but  be 
then  to  indicate  any  restrictions  onobhe  values  of  the  variables. 

y  =  2 
2.t   y  =  -3  ' 

5.    y^=  -X  +  3  ' 

^6.    y  =  2x  -  i  ^     ^        .      ^      '  ^ 

*  7.  '  3c  -  2y  +  3  =  p 

8.    2x  +ey  -  5"  =  0  '  ^. 

f-f'=i      '  ■ 
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10 


11.  x  =  l-  2t,.  y=2  +  3t 

12t  X  r  2t  ,  y     -2  -  t 

13  •  x^  +^         Ux  +  2y  +     =  0 

i  lU.  x^  +  y^  +  2x  -  3  =  p 

15 .  x^  +       +  2x  -  2y  +  2  =  0 

'   16.  y^  -  x(x  -•2)(x  -  3) 

17.  x^  =  (y  +  l){y  -  l)(y  .  h) 


lo. 

2 

-  8y  -  X  =  0 

19. 

sin^2x/^  ' 

20. 

X  = 

sin^^y 

21. 

y  = 

2  sin^x 

22. 

> 

X  = 

cos  y 

23.' 

y  = 

1  +*'coa  X 

2h, 

y  = 

tan  2x  f 

25. 

y  = 

2^ 

y  = 

2-f  ^ 

27. 

y  = 

2 

2^  ^ 

28. 

y  = 

3^ 

29. 

y  = 

in  X         (Note:  This 

30. 

y  = 

2 

in  X       -  (See  above.) 

31. 

y  = 

'logg  X  - 

T2. 

X  = 

t^  +  1  ,  y  =  5t^  +  U 

.33.    X  =^  ,  y  =  3t 

3^.  X  =  2  cos  4>  ,  y  =  2  sin  <t>  •  ; 
35 •    X  =  2  cos  ^  ,  y  -  k  sin  <t> 

36.    X  =  3  cos    (t>  ,  y  ~  3  sin  <{> 

2  2 
X  =  sin    <t>  ,   y  =  cos    (t>^  ^ 

2^2 
38.,  X  =  pec    9  ;  y  =  tan  $ 

39.   y>x^,  < 
r  2 

v  I- 


4-0  \ 
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'hi.  '      -  2x  -  %  +  2  <  0 

op  .  ' 

k2.    X   +  y   +  Ux  +  6y  +  9  >  0 

i*3.    y^  = 

kk.    x^  +  xy^  -Uy^  =  d 

i*5.  '  x^  +  xy^  -  3x^  +  y^  =  0 
46.    x'^y  +         x  'a  0  ^ 

U7.    x^  +  y^  = 


•  Graphs  and  Conditions    (Ppjar  Coordinates) 

In  this  section  we  discuss  the  problem  of  sketching *the  graphs  of 
ismalytic  conditions  in  polar  coordinates.    The  most  important  such  conditions 
are  equations,  and  we  shadl  confine  our  attention  to  this  case  except  for  a 
few  exercises.  y  •  - 

♦  •The  most  straightforward  ^^ay  to  draw  the  graph  of  an  equation  in  polar  * 
coordinates  is  to  plot  a  number  of  points  of  the  locus  and  draw  a  curve  through 
them.    If  the  equatioli^ has  the  fpm    r  =  f(8)  ,  we  can  construct  a  table  giv- 
ing the  values  of    r    corresponding  to  a  number  of  values  of    0  .    No  matter 
how  many  points  we  plot,  tjiere  always  ranains  the  question  of  how^the  curve 
behaves  elsewhere,  that  is,  between  the  points  we  have  plotted.    If  the 
equation  is  not  too  complicated,  we  can  get  a  good  deal  of  information  by 
studying  the  functions  involved.  ^  ^  \ 

-As  was  the  case  for  equations  in  rectangular  .coordinates,  we  can  often  - 
get  useful  infoimation  about  the  cuarve  by  considering  symmetry  and  extent  ♦ 
Asymptotes  of  curves  given  by  equations  in  polar  coordinates  are  not  easy  to 
find  from  the  equations,  a^  we. shall  not  discuss  the  problem.    However, ,  if  ^ 
the  curve  has  a  *f airly  simple  equation  in  rectangular^ coordinates,  ve  may  be 
able  to  find  its  asymptotes  by  stu(^ying  that.  j  \  '[ 

As  you  know,  given  a  polar  coordinate  system  in  a  plane  ^  each  pojLnt  ha^ 
infinitely  many  pairs  of  (joordlAates.    This  fact  giVes.  rise  .io  certal|i  diffi-  ] 
'  culties  that  we  have  already  met  in  .Chapter  5  but  we. now  conside/  them  in 
greater  detail.    As  in  the  previoug  section  we  shall  develop  additioti^^-v, 
theory  and  useful  methods  of  approach  in  our  discussion  of  a  number  of 
examples*  *  '  . 
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Example  1,  'sketch  and  "discuss  %e  graph  of  the  equation    r  =  2  cos  0  . 

.   Solution.    Strictly  speaking j  ve  should  state  explicitly  that    r  'and  8 
are  to  be  interpreted  as  polar  coordinates.    We  shall  n^ft  do  so  in  the  rest 
of  this,  section,  since  there  is  no  danger  of  ambiguity. 

Since    |cos  %\  <  1    for  all    9  ,  the^^graph  is  bounded.  Since 
cos  (-a)  =  cos  e   for  all    Q  ,  if  the  point  is  on  the  graph,  so  is 

the  point    (^^,-8^)   ,    Thus  the  graph  is  syjimetric.vith  respect  to  the  line 

cont'fiSSng  the  polar  axis.    It  is  also  symmetric  with  respect  to  the  point 
(1,0)  ,  but  it  is  much  easier  to  show  this  by  using  an  equation  in  rectangular 
coordinates  for  the  locus  •    The  table  below  shows  the  values  of  r 


corresponding  to  several  v^s  of  e  .  I^ie  cosine  function  has  period  2jt  , 
so  any    O-interval  of  length   2jt    will  do. 


e 

0 

+  jt 
"  2 

^   +  3jt 

- 

r 

2 

V5 

0 

-2 

The  graph  is  sketched  below. 


0 


/ 

/ 

\  » 

—i  —,±±11  ^ 

\  \^ 

.(/.o)   ■  '',(2:0) 
«  / 
/ 

*       '        '  f~ 

%  X 
s 

>». 

In. 

*  Figure  6-25 

;It  looks 'like  a  circle  (probably  because  it  jw^  drawn 


a-ss).  .but 


all  we  know  so  far,  even  if  we  make  use  of  oxir  knowledge^  of  Jbll^osine  func- 
tion, is  that  it  is  roughly  circi^lar.  ,  " 
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That  the  graph  really  is  a  circle  can^be  proved  as  fioirows.    The  graph  of 

r^  =  2r.cos  0   is  the  same  as  the  gra-ph  of   r     2  cos  G    .    For  the  only  points 
that  might  be  on  the  former  but  not  on  the  latter  are  points  with    r  =  0  ,  and 
the  origin,  which  is  on  the  latter,  is  t)ie  only  such  point,.    If  we  take  a  . 
rectangijlar  coordinate  system  with  its  axes- in  the  usuatpasiH^ons  wi^h  re- 
spect to  the 'polar  axis,  we  find  that  the  grapTi  has  the  equation 


2^2 
X    +  y 


2x^. 


Exaiaple  2.    Sketch  and  discuss  the  grap!r6f  the  equation^  r  =  sin  3  B  . 

Solution.    Tl-iis  graph,  too,  is' bounded,  since    |sin  3  0|  <  1    for  all 
e  •    Whether  there  is  a  point  or  line  about  which  the  graph  is  symmetric  is 
not  obvious  from  the^equation,  so  we  postpone  the  discussion  of  syraraeibiT"  till 
we  have  sketched  the  graph.    It  will  prove  nothing  but  it  will  suggest  what 
is*  probably^  true.    The  table  below  shows  the  values  of  'r    corresponding  to  a 
number  of  values  of    0  .    If  ve  needed  a  fairly  accurate  graph  of  the  equation 
we  would  have  to  consider  more  values  of    6  ,  but  #ince  we  know  how  ^%lri  3  0 


/•^  varies  with 


G  y  this  table  will  d6. 


It 

z 

3 

2 

2n 
3 

T 

T 

3  • 

3it 
2 

5^t 
3 

lljt 

1 

0 

•  -1 

0 

1 

0 

-1 

0 

1 

0 

-1 

^"^^  Figure  6-26  ^  '  - 

.  *-  »      *  '  «^ 

The  sketch  suggests  there  is  syiranetry  about  each  of  the  lines    ^  r  T  > 

-    -V      .  ■       .    >  -    X'        '       ■  ■ 

0  =v.^  /  aJSPl^     "p^  •  check  the  tirst  0^  these  conjectures.    If  we 

•  -v.  •  ■   1  . 

o     ,     •      :     •  24.7  .  "  • 


wish  to  bompare    f +  a)    and   f (|  -  a)    we  obtain  in  the  first  case 

r  =  sin        +  a)    and  in  the  second  case   r  =  sin  3(^  -  a)  .    These  become 

r  =  sin(|  +  3a)  ,  and   r  =  sin(|  -  3a)  ;  vhich  in  turn^  bectjme   r  L  cos  3a 

and  ,r  =  go's  3a  .  The  identity  of  these  equations  establishes  the  symmetry* 
ve- were  checking,  'fhe  same  method  can  be  used  to  deal  with  the  other  lines, 
^e  graph  is  not  symmetric  about  any  point,  but  we  shall  not  prove  this. 


Example  3>    Sketchand  ^discuss  the  graph  of  the  equation   r  =U  -  2  sin  Q 

Solution.    Once  more^  the  graph  is  bounded,  ^and  we  postpone  the  .discussion 
of  symmetry  until  below.  .  - 


This  time  we  shall  sketch  the ^aph  without*  making  a  table,  .introducing  ; 


first  an  Auxiliary  graph  of  a  kind  that  ,is  often  useful  in  graphing  polar 

2  sin  X 
led  to  do 


*  equations.    Thi^"  auxiliary  graph  is  the^graph  of  the^  equation  y 
drawn  on  a  plane  with  a  rectangular  coordinate  system.    We  have  l\ 
this  readily  by  the  addition  and  multiplication  of  ordinates,  as  sritown  in 
Section  6-3,  and  illustrated  below  for  the  values    0  <  x  <  2n  •    For  the 
purpose  of  illustrating  certain  details  of  the  discussion  we  will  sometSLmes 
use  different  scales  on  the  axes  in  the  graphs  in  this  section.  ^ 

0 


Figure  6-27 
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We  suggest  the  following  sequence:  , 

(1)  Sketch  iHe  familiar  curve  (l)   :    y  =  sin  x  .   '  * 

(2)  Expand'  |  Q    ^ayajr  from  the  x-axis'to  get*    (f)  i  :    y^e  2  sin  x  . 
^  (3)    Reflect    @    in  th^  x-axis  to  get    ©     :    y  L  -2  sin  x  . 

(k)    Raise  1^  unit  to  get  our  graph;    y»=  1  j  2  sin  x  .  * 

We  now  use  this  graph  of  the  equation   y  =  1  •  2  sin  x   to  give  us 
coordinates  of  points  of  the  polar^  graph  of   r  =  1  -  2  sin  6  ,  and  obtain  the 
polar  graph  given  in  Figure  6-28. 


• 


Figure  6-28 


^      ,    This  curve  is  calle^  a  liiaacon.    We  have  indicated  wit^i  the  '^ame  letters 
corresponding  poin-^s  on  the  iwo  graphs.    Note  that  the  lapk  of  a  unique  polar 

,   representation  of  a  point  is  shown  In  ^he  f  act  ^thit  po'ints  ,P   and    Q  of 
Figure  6-27  (and  infinitely  many  more  not  shown) , all  correspond  *to  po^nt  P 
of  Figure  6-28.    iClso,  points   A    ajid    E  ""of  Fi^e  6-27  (arid  infinitely,  many 
more  not  shown)  £L1  correspond  to  ^oint   A   of  Fi^gure  6-28.    The  inverted 
arch  below, the  x-axis  pf  Figute  6-27' correspoM^  to  the  smali-ihiside  loo^^Jof  , 
Figure  6-28.  '  '       '  -  ' ' .  *         -  \ 

\Fig\5re  6-28  ,  suggests  that  the  graph  is  symmetric  about  the  line /through  . 
the  pole  perpendicular  to  the  f>olar  axis,  that  is,  the  line  for  which  ofte  ^ 

equation  is    0  =  ^  .    We  check^this  by  compassing    f(~  -  a)  ^-and   f(^  +  a)  ^ 

"In  the  first  case    r  ^  1  -  2  sin(7r  -  a)    and  in  the  second  case  ' 

^    >  .  <=-  '  '  ^ 

r'  =  1     2  sin(~  +  a)  .    In  both  cases  we  obtain  fi'om  familiar  trigonometric 
•4  .  .  ^  » 

.relationships  r  =  .1  -  2  cos  a  which  means  that  th^^wo  cases  give  equivalent 
»^   equations,  and.  the  symmelry  j^s  proved.    .    '  ^  ^         •  - 
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Finally,  the  related  polfer  equation  is    r  =  -(l  -  2^n(e  +  jr) )« 

fx'  ^ 

-tl  +  2  sin  e)  I  ''JX)  show  that  the  polar  graph  of  this  equation  is  the  same 

! 

limajon  as  ^e  fane  we  obtained  in  Figure  6-28,  we  use  a  method  similar  to  the 


method  ot  addf^On  of  ordinates  for  graphs  in  rectangular  coordinates.  The 
method,  called  adSition  of  radii,  vhtch  may  be  new  to'  you,  is  useful  in 
sketching  certain  new  graphs  ifelated  to  familiar  ones. 

'^Ve  hav§  seen  earlier  that  the  polar  a^aph  of   r  =  2  sin  6   is  a  circle 
of  radius    1     with  Its  center  at    (l,  |)    indicated  as    ®  "^n  Figure  6.29(a). 
Consider  a  number  of  rays  drawn  from   0    to  pointy  of  this  circle,  ,  0^^  , 

,  ...  •    Find  points    \  ,  /         on  these  respective  rays  so  that 

d(p^,Q^)^=  dCPg^Q^)  =  d(P^>q(^)  ;  ...  ,  =  1  ;  as  shown  in  Figure  6.29(a)  , 
\diich  shows  the  graph  of    r  =  1  +  2  sin  6  . 


Figtire  6-29(u) 


Figp:e  6.29(V) 


3)t 


Note  that'  when   jt  <  a  <  ^  ^  we  have    9  >'2  sin  9,  >  .2' ,  ^therefore  * 

1  >  (\L  +  2  sin  0)  >  -1  ,  and  the    Q  points  of  Figure  6.29(a)  are  on  the 
Tight  halt  of  the  inside  loop  of  the  grapl;i.^  In  the  .saifle  way  vhen 

Y  <.0  <*2jt*  we  get  the  rest  of  the  inside  loop.    \    *  ^ 

a?hus  the  ^ocus  of  all  the  -      pointS  i^  the  gx^aph  marked  which  is 

a  llma^on  Wiose  poldt  representation  is  *  r        +' 2  sin  0  .    This  process  of 
usiijg  the.  P   points  to  find  tjie  ^  ^IV points        the  graph    (g)    is  called  the 
addition  of  radii.  ■  ; 
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Since  we  vant  jfche  gi-aph  of   r-  =  -(l  +  sin  o)   Ve  now  find  the  ^symmetric 
ijnage  of     @    with  respect  to  the  pole.    It  is  graph  ^Q)    which  we  recogrriz< 
as  th^  same  lima^on  as  in  Figure  6«28, 

Example  k.  Discuss  ajid  sketch  the  graph  of  the  equation   r  =  i  +  gin  g  * 

gt)lution.    This  graph  is  not  bounded,  since   r    cein  be  made  arbitrarily  • 
large  by  picking   $    so^that    sind/   is  sufficiently  close  to    -1  •    By  the 
method  used  in  Examples  2  and  3  ,  we  find  the  graph  is  symmetric  about  the 

line   ^  =  ^  •    I*  cein  be  sketched  from  the  table  below.' 


.  *  a 

0 

2 

n 

Jut 
3 

3jt 
2 

3 

7n 
T 

2n. 

r 

1 

2 

1 

3.h 

7.5 

Undefined 

7.5 

3.h 

1 

Figure  6-30  -    '  *  , 

The  sketch  suggests  the  graph  may  be  a  pai^abola.  That  it  is  may  be*  shown 
as  follows »    OJie  equation   .      ^  '  .    .       ,  • 


'r  ^= 


1  +  sin  a 
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is  equivalent  to  the  equation 


j  '   r  +  r  sin        1  ,       *  , 

If  we  introduce  a  rectangular  coordinate  system  with  its  axes  located  as 
usual,  the  graph  has  the  equation  v 

/x^  +      =  1  .  y  •  : 

This  is  an  equa^on  of  the  paraljola  consisting  of  all  points  as  far  frcan  the 
origin  as  they  are  frcm  the  line  'y  =  1  .         '  ^' 


Exercises  S^k 

In  each  of  the  exercises  below,  discuss  and  sketch  the  graph  of  the 
condition  given.    In  your  discussion,  consider  Wtever  geometric  properties 
you  can  infer  from  the  equations.    Writ^  the  related  polar  equation  for  each. 
If  you  can,  find  a  condition  in  rectangular  coordinates  for  the  same  locus  and 
identify  the  locus. 

L.    r     3  Y 
2.    r  =  -2  ' 


3.  e 


z 


5.  r  =  3  sin  0 

6.  r  =,  sin  2  6 

7.  r  ,=  cos  2  e 


.  8. 

r 

=  sin  5  'S 

r 

e 

cog  0  =  -3 

r 

cos  ( 0.-  ^)  = 

r 

^  1  -  cos  0 

12. 

r 

-  5  cos  0 

.13. 

r 

=  2(1  +  sin  0) 

Ik. 

r 

=  2  tan  0  .  {[ 

15. 

r 

k 

0    •  :  ^  ; 

'l6. 

r 

=  2  COS  0  -  1 

X7. 

r 

=  2-3  cos  0 

l8.f 

r 

2  +  sin  0 

247 


6-5 

S 

)  ^ 

19. 

~  cos  2  e 

- 

•20. 
21. 

-  k  Sin  2  e 
r  =  ^  tan  9  sec  9 

*  > 

22. 

r  =  2(1  +  sin^ 

J 

:  'J 

'23. 

r  =  2  " 

^    1  +  cos  e 

2k. 

-< 

r  <  2 

25. 

|r|.<2 

•  •  26. 

2  <  r  <  3 

-  27. 

0  <  e<f 

• 

2&» 

0  <  0<^  ,  r  >  0 

« 

/  .  ■  . 

6'»'-5-    Intersections  of  Graphs  (Rectangular  Coordinates) 

The  intersection  of  tvo  sets  is  the  collection  of  objecti^  that  belong  to 
both  the  sets.    Now  the  graph  of  the  equation    f{x,y)  =0    is  the  set  of  points 
>^ose  coordinates* smKsfx  the  equation,  i.e.    i{x^y)  :  f{x,y)  /  O)  .     Hence  the 
intersection  of  the  graphs  of    f{x,y)  =  0   and    g(x,y)  =  0  i^ 
•points^hose  coordinates  satisfy  both  equations,  i.e.    {{x,y^:  f{x,V)^  =  0 
anjd^pj[x,y)  =  0^  .    If   f*  and    g    are  linear  funcrbions,  the  intersectiorr  of 
the  graphs  of    f{x,y)  =  0   mid    g{x,y)  =  0    &the  set  of  points  vhich  lie  on 
two  lines,  in  other  words  the  intersection  of  -^e  two  lines.    In  general,  the 
Intersection  of  the  graphs  ^of  '  f{x,y)  =  0   and   g(x,y)  -  0    is  found  by  solving 
the  two  equations  simultaneously. 

Example  !•    The  intersection  ^^^^^  '^"t\equations  ^x  -  2y  -  1  =  0 

and   X  +  y  =  2    is  the  point         •=-).  ,  --^^ 

Example  2.    The*  intersection  of  the-^.lii^^withjV^quatioQS    x  -  2y     1  =  0 
and  2x  -  %  -  3  =  0   is^the  null  set«/ln,^^p  words,  the  ld(nes  are  parallel. 

Example  3*    The  intersection  of  the  graphs  of    y  ,=  sin  x   and   y  =  <208  x  . 
is  a  bit  harder  to  find.    At  each  point    (xjyj   where  Mxe  curves  intersect  we 

have   sin  x  =  cos  x  .    Thus  .  x  =  ^  +  kn  ,  wh^e   k    is  a^^teger*^  Then  -     ^  ^ 


>er|c 


25f 


k   is  even,    y  =  -        when   k    is  odd.    This  last  statement  can 


Y  -  —  when 


be  written  more  compactly  in  a  form  frequently  used  by  mathematicians: 

k  ' 
y  =  (-1)        ,    -where    k   is  an  integer. 

*  \\       *  ^  ~  ' 

Example  \t   The  intersection  ot  ,Vcii  graphs  of    x-y  +  3<0  and 
2x  -  xy  +     >^    is  the  set  /of  points  on  or  abo^e  the  line    x  -  y  +  3  =  0  and 
on  0:1:  'below  the  line    2x  -     +•  U  =  0  ^    It  is  the.  doubly'  shaded  area  in  the 
figure  .below,  and  its  boundary  along  parts  of  the  lines. 

y 


Figure  6-31 


The  pilp^lem  of  finding  the  intersection  ""of  two  graphs  can  be  very  compli- 
cated, and  we  sftall  not^  spend  much  more  tiiJe  on  it  here,    Howesc^  there  is 
mother  ejMunple  yhich  is  of  i'ntei'est.  ^  " 


^   Example  3»    Find  the  intersection  of   x    +  y   -  2x  -  ^^y  -  U  =  0  and 

X  +  y  +'2x  +  2y  -  2  =  cr  .  We  ,could  consider  the  first  equation  as  a-  quad^ 
ratio  equation  in   y   and  use  the  quadratic  formula  to  express    y/  in  tenns 


Qf   X  ♦    We  could  get    y  =  2 


2x 


We  could  then  substitute  this 


In  the  second  equation  and  solve  for  x  .  (Carry  the  work  a  bit  further  so 
you  wiU  appreciate  the  dif  f  l!^ult ies  ♦ )         *  f 


This  problto  can  be  solved  much  morQ  easily  by  using  the  principle  of 
linear  combination,  which  you  studied  in  algebra.   5!he  system 

/ 

<«  \ 


2  2 

X    +y    -  2x-%-U=:0 
x^  +       +  2x^  +  2y  -  .2  =  0   '  N 


ERJC 
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is  equivalent .to  the  system 

a(x^  +      -  2x--ky  -  k)  +*b(x^i'^  y^  +  2x     2y  -  2)  =  0 


(2) 


2       2  1 
X j  +  y    +  2x  +'2y  -  2 


as  long  as    a  /  0  .    If   a]  =  -1   and    b  =ll  ,  the  second  system  becomes 

^  ^  hx  t,6y  +  2  =  0  " 

x+y+2x  +  2y-2  =  0.  •  • 

Ifow  the  first  "equation  in    (3)    is  linear.    Using  it,  we  ahi  exiJJress    y  in 
terms  of   x  ,  substitute  the  result  in  the  second  equation, '  and  have  left 
nothing  worse  %haxi  a  quadratic  equation  in   x  •    l^ie  points  of  intersection 

are    (1,-1)    and    (- •       '         .  .  ,  : 

This  solution  has  a  geometric  interpretation  which  is  worth  Investigating, 


'  .    /       .  '       V  Figure  6-32  . 

The  graphs  of  the  equations  in    (l)    are  jcircles.^  *(How  can^you  check  this?) 
They  are  shown  above.    Now  the  graph  of  the  fi^t  equation  in    (3}  ,is,  a  line  , 
and  that  equation  is  a  Special  case  of  the  first  equation  in    (2).      But  if* 
the  coordinates  of  a  point'  satisfy  the  two  equations  in  ^(l)  ,  they  clearly 
satisfy  the  first  equation  in    (2)  ,  no  matter  what  "a  :ar^    b   are\    Thus  <^he 
graph  of  the  first  equation  in    (3)    passes  tHrough  all  points  of  intersection 
of  the  two  circles  cihd  must  be  the  line  containing  the  common  iho!rd>  which  is 
showri  in  the  sketch  above.    If    a  /  -b   which  implies  that    a   and   b   are  not' 
bo-th  zero,  the  first  equation^in    (2)    is  that  of  a  circle  passing  through  the 
points  of  intersection  of^h(&  two  original  circles.    (A^  a  matter  ot  fact, 

each  such  circle  may  be  obtained  l5y  some  choice  of    a   fnd  *b  .    dan  you 

o     ■  \ 

prove,  tjiis?)  •  .  .  ^  * 


.    a*iis  result  can  be  generalized.    If    f(x,y)  =  0    and  .g{x,y)  =  0    are  ^ 
.    equations  of  two  loci,  then  the.  locus  of   af(x,y)  +  bg(x,y)  =  0    contains  the 
intersection  of , the  tw^  original  loci.    For  suppose    (x^^y^)    lifs  on  the 

original  loci.  ^Then   fCxQ^y^)  =:  0  ,  g(xQ,yQ).=:  0  •  and  hence 

^^^V^O^  **"  ^^^^O'^O^  =  0  •  (This-  is  true,  though  not  very  interesting,  even 
when  a=b  =  0.)- 


**•  Exercises!^  6^3  ^  • 

.     In  e^ch  of  the  exercises  below,  find  the  intersection  of  the  loci  de- 
tennined  by  the  cpnditions  given.    Use  both. algebraic  and  geometric  methods, 
J  1.    X  =  2     X  -  2y  =  2  '      .  ^ 

2.    x-y+,  l  =  0,2x  +  y-  7  =  0 

3»  *  X  +  y  -  1  =  0  ,  2x.-^  y  =  0 

4.  x  -  2y  +  3  =  0  ,  2x  +  y  -  2  =  0  * 

5.  x-2y+3  =  0,2x         +  5  =  Q 

6.  x^  +  y^=  h  ,  y  =,2x        .         ^  '     .  '  * 

f .    x^  +  y^  =  2  ,  X  +  y  =^0 
2  2 

8.   x+y'*2x  +  V  +  5  =  0,3x+y-*l  =  0' 


•  9*  x^+y^+2x  +  2y-2  =  0,^  +  ^==l 
^10.    y^  =  4x  ,  X  .^+'/ =Xr 


H.    4x-3y=l,x-y  =  0  '  ^ 

^   ;3^.    x^  +  2y^.  =  U  ,  X        -  1  =  0 
/-13.  •  x^  +  y^  =  11,  -  2x        =  -0* 

'   l4i.-  x"^  +  r  =  15  ,  2x    +  y'^^=  2l* 

'15  •   xy   -  xy*  7  Uy  +  U  is  0  ,  y  =  X 

/ 

■-   l6.    x    +y  •=  2  >  y  «s  X 

17-    y  -       >  0  ^  y  -  X  -  1  <  0 
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19.    x  +  2y  +  3<0,3x-y  +  §>0,2x-3y  +  l<0 


6-6.    Intersection  of  Loci  (Polar  Coordinates) 

In^the  previous  section  we  discussed  the  intersection  of  loci  given  by 
equations  in  rectangular  cfordinaiies.    The  method  welused  vorks  for  \oci  de- 
termined«by  equations  in  polar  coordinates,  hut,  as  we  shall  see,  there  are 
added  complications.    Let  us  take  up  first  a  simple  case. 

Example  1.  Consider*  the  graphs  of  r  ^'"^l  and  r  =  2  cos  0  .  They  are 
the  circles  shown  below. 


i^J^^^     ^ .   -  '  ^     ' -Figure  6-33. 


Solving  the  equatigB^^ simultaneous!^  we  get    2  cos  0  =  1,  cqs  0  =  i  ,  0  =  5- 


^  ^     OT  ~  •    Cl^iere  are^inXinit^j^^pany  other  solutipns^o'f  the_  equations,  ^hut  ^ 
since,  the  sine  and  cosine  functions  have  period    2n  ,  wetneed  consider  only 

^         '  X 

solutions  with    0  <  0  <  2jt       Of  course,    r  =  1  .    This  is  consistent 'with 
oil/  sketch.  - 


•1 
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Example  2.  Now  consider  the  equations  r  =  2  cos  6  and  r  =  2  sin  6 
Once  more  their  graphs  are  tircles^  vhl<^are  shpvn  in  the  figure  below. 


^  .  Figure  6-314- 

^niere  appear  to' be  two  points  of  intersection.  Let  us  splve  the  two  equations 
simultaneously  and  compare  our  answer  with  the  figure.  Setting 

2  cos  e  =  2  sin  0   we  fi&d   e  =  ^   or   ^  .    (As  before,  we  need  consider 

only  solutions  with   0  <  e  <  23t  .)    The  first  gives      s=  V?  ,  the  second  ^ 
r  =  -V^  ,    We  have  not,  ho\/]pverJ-found  the  two  points  of  intersection  shown 
in  the  figure,^  .We  have  foun^^wo  sets  of  polar  coordinates  for  the  same  point. 
This*  reminds  us  once  more  that^ile  a  rectangular  coordinate  system  in  a 
plane  is  a  one-to-one  correspondence  between  the  points  in  the  plane  and  the 
o^ered  pairs  of  real  nipfbers,  every  point  in^^  plane  has  infinitely  many 
different  pairs  of  polar  coordinates.  -  .  -     .     .  -  r  . 

This  is  also  the  source  pf  our  other  difficulty.    Clearly  the  pole  lies 
on  both  curves,  but  our  algebraic  method  did  not  find  this  intersection.  l?he 

trouble  is  that  the  coordinates  -r  =  0  ,  0  =       satisfy  the  first  equation 

i>ut  not  the  second,  while  the  coordinates  r  =  0  ,  0  =  0  satisfy  the  second 
but  not  the  first.  Both  pairs,  of  course,  represent  phej^hiSl  whose  coordi- 
nates require  special  comment.  If  P  is  any  point  other  than  the  pole,  its 
coordinates,  (r,,e  +  2ns()  ,  allow  infinitely  many,  but  not  all  numbers  as 
second  cpordinate.  For  the  pole,  however,  the  coordinates  (0,0)^  allow  any 
^number  as  a  possible  replacement  for  6  .  Gegmetrically  this  means  that,  if 
there  is  any  '6  for  vhich  r  =  f(e)  beccJmes^zero,  the  graph  must  contain 
the  pole.    We  have  alread^found  in  this  exainple  that    (p,~)    satisfies  the 
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first  equation,  and  '  (^,0)  the  second,  -vhich  means  that  the  pole  liea  on  both 
graphs  and  is  the^refcae  a  point  of  intersection. 

,   .      This^  leads  to  a  small  but  iniportaiit  caution  vhen  finding  intersections 
of  polar  graphs  of.  r  =  f(0)  ,  and   r  =  g(e)  •    Check  fifSt  to  see  if  .each 
graph  contains  the  pole  by  seeing  if  there  is  'any    e   for  vhich    r  =  f(0) 
§^als  zero, -or  any    (j>   for  vhich    r  =  g(<D)    equals  zero.    If  both  conditions 

*  can  be  satisfied,  then,  vhether  or  not    0  =  <t)  ,  both  gl-aphs  contain  the  pole, 
vhich  is  therefore  an^  intersection  point.    Theij  y6u  can' proceed  ^^th  the 
usual  simultaneous  solution  of  the  two  equations • 

^^xainple  3.    Find  -the  points  of  intersection  of  the  graphs  of- 

"  2  -f  2zos  e         ""-^  ^      ^    ^  • 

.Solution.    These  graphs,  vhich  are  related  to  some  we  haye  discussed 
earlier,  are  shown, below.    The  pole  is  on  the  second  graph  but  not  the  first, 
hence  is  not  a  point,  of ^intersection. 


BJ 

^   ^  ^ 

*  '  Figure  6-35 

There  appear  to  be  four  points  of  intersection ♦    '  ^' 

Now  lot  iK^solve  the  two  equations  simultaneously.^  Setting  the  expres- 
sionc  for    r    in  the  two  equartions  equal  to  each  oj^her,'  Ue  get 

^ .        \        *  ^  o  ^  r}  5  =  2  cos  0     1  • 

^  •  2«+  2  cos  6  .  ,  • 

Simplifying,  we  get        *  ^  .  .       ^      *  /•* 

•    '  ••  '  ^       •  •  ,        2       .  . 

h  cos  O  +  tj  cos  0+1  =  0 

from  which  we  find  that     ^  '  . 

,  »  \  * 

^  ^    ]^      ^  COG  ^  -^-3  t,^) 
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COS  eM  -1.31-  or   -.19  •  *  ; 

The  first  is  a  perfectly  goo^root  of  the  quadratic  equation  for  .cos  9  ,  "but 
it  is  aot  a  possible  value  for^  cos  6  •    (Why  not?)    From  a  table  of  values  of 
the  t3figonometric  functions  ve  find^that  if    cos  B        ,19  ,  then 


e  z  ica°  or  259° 


^  Then 


z  .62  .  ' 


It^is  clear  that  ve  have  found  the  points    A   and    B    of  the  figure,  but  what 
abcvA    C   imC   D  ?    It  is  not  "too  hai'd  \o  i,*uo:;G  ^.le   -newer  15'*  ve  rerieaibtir  tu.o 
f  iclar  r.r.ipl"  nay, have  other  analytic  reprft;entay  on...    To  our  'Hebraic- 
.60lu::ion  ve  merely  equated  tvo  of  the  infinitely  mtmy  eq^lvuient  polai'  equa-^ 
tions  ^.vailable  for  each  curve.    Fortunately  ve  need  not  tr^  them  all;*  for 
the  purposes  of  the  course  ve  can  alvays  find  all  the  inteipK,ectioris  of  tvo 
polar  graphs  from  the  simultaneous  solution  of  an  equation  of  one  of  them 
vith  both  of  the  i*elated  p6lar  equations  of  the  other.    The  lima^on 
r  ^^2f  cos  9+1'  has  the  related  poiar  equation    r  =  *|2  cos  (0  +  jt)  +  l)  or 
r  =  2  "cos  6  "  1  m    If  we  now  solve  simultaneously  the^  equations       *  ^ 

r  =  ^  .   }'  T    and    r  =  2  cos  0-1 

2+2  cos  6         '         *  ^ 

we  get  the  coordinates  of  points  C  and*  D  in  our  figure.  They  turn  out  to 
be .  approxima-t ely ,    ( .  30,  i^9° )    and    ( ♦  30, 311^ )  .*        ' ;     .  '"^  . 

The  difficulty  is  not  a  simple  one,  so  ve  shall  take  aftbther  look  at  it. 
Consider:  .  •      '  i 

(.62,101^)  ,  •/  ,      /  r  =  2  cos  e  +  1 


.  .     i    (.62,101^)      ^      ,  '  *  i"" 

I  C..62,28l")  ^  \t  ^ 

We  have  two  pairs  of  coordinates  for  the  samd^  point,  and  two  equations  for 
the  same  curve.    The  first  pair  of  coordinates  satisfies  the  first  equation 
b.t  not  the  second  and  ih^  second  pa4.r  of  coordinates  satisfies  the, second 
J^ut  not  the  first;    Thi^situatiorl  should  occasion  not  anxiety  but  care^  aj^d 
is  entirely  consis<Sent  with  c5ur  definitipn  6f  the  pol*ar' graph  of  an  equation 
as  the  set  of  points  each  of  which  has  some  pair  of  coordinates  that  satisfy ' 
it,  -  V  . 

'  V  ■    -  :       -  •  r.^ 


Exercises  6-6 

In"  each  of  the  e-xerd^es  below,  find  .the  intersection  of  the  16ei  de- 
termined  by  the  conditions  given,  .Write  tha> related  polar  equation  for  each, 
to  make  ^ure  yoi\  find  all  poi^v^  of  intersection*    Sketch  bo'th  loci,  as  a 


jeheck'^on  your  algebra 


3#    r*=  2  cos  0  ,  r  =  2  sin  0 
*r  =  cos  0  ,  r  =  1  -  cos  0, 
5.    r  =  cos  0  ,  r  =  sin  2  0  «y 

6»    r  =  1  -  sin  0  ,  Ur  sin  0  =  1 

-> 

?•    r  =  1  +  cos  0^ ,  r •= 


1  -  cos  0 


6-f .    Families  of  Curves. 

' "  '        ^  ~~7"         ■.'..]      ■  -  ' 

In  Section  6-^  vfe  mentioned  the  collection  of  lines  through  the  inter- 
im •  '  .  ' 
section  of  two  lin^s  and  the  collection  of  circles  ( and^the  J.ine)  through  the 

intersections  of  two  circles.    These  are  examples  of  vhat  eCre  calle^[  faunilies 

of  curves,    the  collection  df  all  circles  ^in  a  plane  and  the  collecti'bn  of.  a3jl 

tangents  to  a  parabola  are  other  exairmies.    •In  this  section  we  shall  proceed 

a  bit  furthear  with  this  topic.  \  .  < 

If    a.  BxA   b^.are  not  both  zjero,  then  -    "  '  '  / 

(1)        .  a(x  -  y  f -3)-+ b(3x  -  y.  +  7)  =  0 

is  an  equation  of  %l  line  through  the  In'tter^ection;        -of        *         '  -.^ 

—        x-y.+  3=  o  >id  -  3x  -  y  +        0  . 

Can 'we  choose    a    and  'b  'so  that  "the  line,  is  vertical?    Yes.    Pbr  if  we  let" 
a="l    and   b  =  -1  ,  the  ^e'quatioji  becomes  ^ 
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This  is  one  method  you  learned  .in  algebra  for  solving  pairs  of  linear  equations 
in  two^  unknowns .    In  a  similar  way  we  could  find  the  horizontal  line  through 
the  intersection,  which  is  equivalent  to  finding  the  y-coordinate  o^'      .  It 
turns  out  that    P  =  (-2,1)  .  .  ' 

Every  line  thrp'ugh    (-2,1)^  may  he  obtained  by  picking    a   and  'b 

suitably.    For  the  slope  of    (l)  ,  if  it  has  one,  is    ^  -'^  ^  .    If   a  =  -"^  , 

then   (l)    has  no  slope,  a  fact  ye  noted  above,  in  case   a  =  1,   b  =  -1  .  And 
for  any  real  number   ro  ,    a    and   b   may  be  chosen  so  that 

a  +  3b 

^  FTb"""^  • 

(This  is'  not  obvious.    Can  you  prove  it?)' 

Let  us  look  at  this  family  of  lines  froto  another  point  of  view.    The  line 
through    (-2,1)    witb  slope   m   has  an  equation 

(2)     '  .  y  -  L  =  m(x     2)  ^ 

For  each  'rejl  value  of   m   ife  get  a  line,  and  different  values  of  'm  give 
"  different  liries.    Thus,    (2)    is  almost  the  same  family  as    (r)v^  the  only 
difference  being  that  the  lijie    x  =  -2  ,  since'' it  has  no  slope,  is  not  a 
member  of    (2)  .  -     ,  ^ 

Among  the  members  of  the  family    (2)    there  should  bp  two  which  are 

temgent'^E^^*'^  circle        +  y^  =  1  ^    (One  of  .them  Is  obvious,  ljut  let's  solve  - 
^the  problem  as  though  we  did  not  ^tfJ^w  one  answer.)*  Intuitively,  it  is  clear 
that  a  temgent  to  a  circle  is  a  line  which  intersects  the  circle  in  only  one^ 
point*    Let  us  solve    (2)    simultaneously  with  the  equation  of  the  cijrcle,  and 
then  #ry  to  pick   m    so  thecH;  there  is  only  one  solution.-  From    (2)  , 


^  .  y  =  mx  +  2m  +  1 

•Substituting<'this  in-  x   +•      =  i   we  get 

if 

x^  +  (mx  +  2m  +  1)^ 


or 


or 


2       2  2         2  2\  •  '  '      '  **l 

X   +  mix,  +  ^   +  1  +  km  k  +  2mx  +"lto"«=  1  '   ^  \ 

(1  +  m^)x^'  p  {%m^  +  2m)x  t  J»m^  +  itm'  =  0 


4 
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V'^This  quadratic  will  have  only'one  ropt- (that  is,  a. doubly  root)  if,  and  only 
if,  its  discriminant  is^^ero.    The  ^discriminant  turns  out  to  be    -4m(3m  + 
which  /Is  zero  'if,  and  only  if ,  ^  m  =  0    or   m  =  -  "I  , 


r 


Figure  6-36 


The  figure  shows  the  t'angent  lines  for  each  case.    Their  equations  are 
y?  -  1  =  0  ,  and       +  3y  ^y\zz  0  . 

Let  us  use  the  sape  method  to  find  'the  family  of  tangents  to. the  parabol^. 

y  =  X    ,    Let  •  (a,a  )    be  any  point  on  the  parabola.    The  family  of  all  but 
one  of  the  lines  ttirough  this  point  can  be  represented  by  the  equation 

y  -  a    =  m(x  -  a)  . 

(Which:  orfe  is  missing?)    Expr^sin^_^   in  tenns  of    a  ,  m  ,  and,  x  ,  and 

substituting  the  result. in  the  equation  ,  y  =  x^  ,  we  get 

>         2  '2 

x-mx+ma-a=0. 

•  p  p 

This  equation  has  a  double  'root  if,  and  only  if,    m    -  U(ma  -  a  )  =  0  ,  i»e. 

^       '  '  *  '  p 

if,  and  only  if^    m  =  2a  •    Thus  the  slope  of  the  tangent  to    y  =  x  -at 

'  2,  .     ■  •       •  ^  ^         '  \> 

(a,a  )    is    2a  ,  an,d  the  family  of  lines  tangent  to  the  parabola  can  be  fepre-  « 

sented  by  the  equation  ^ 


.  or,  in  somevhi^&t  simpler  form  .  '  ^  ^    *  ^ 

(3)  '        '  y  =  2ax  -  . 

The'  "a"    in    (3)    above  is  called  a  parameter,    (The  word  was  used 
earlier  in  the  text  in, a  different  sen&.e^  That  is,  in  a  way,  unfortunate,  but 
^both  uses  eire  very  ccjpnon.)    It  is  difficult  to  define  that  word,  but  you  must 
undfeVstand  how    "a"    is  used  he^e.  /Ve'might  say    "Let    a   be  any  rea,l  number. 

Then    (3)    is  an  equation  of  th6  tangert  to    y  =  x*    at    {a, a  )."    Here  we  * 

are  thinking  of    a   as  a  fixed ,^  but  undetermined,  real  number.    Or)  the  other 

hand^  i^en  we  say  that    (3)    represents  the  family  of  all  tangents  to  the 

'      2  ^  •  ' 

parabola    y  =  x    ,  we  mefitn  Tha£  each  tangent  to  the  parabol§^.has  an  equation 

obt§.ined  by  assigning  a  suitable  real  value  to    a  ,  and  each  equation  sojob- 

tai;iable  is  an  equation  of  a  tangent  to  the  parabola*    In  cither  words,  (3)  is 

an  ingenious  way  of  writing  infinitely  many  equations  in  a  sinall  space. 

You  have, considered  many  other  families  of  curves  in  earlier  courses, 
whether  you  used  this  phrase  or  not.    The  equaition    Ax  +  By     C  =  0  repre- 
sents the  family  of  all  lines  in  a  plane.    The  equation    y  =  mx  +  b  repre- 
'  sehts  the  family  of  all  lines  which  have  slopes,  that  is,  all  i-ines  which  are 
not  perpendicular  to'  the  x-axis.  'The  equation  ,  xy  =  k    represents  the  family 
of  all  rectangular  hyperbolas  with  the  coordinate,  eixes  as  their  asymptotes 
(and  the  two  axes  themselves,  obtained  by  "getting    k  -  0    and  sometimes  called 

2  *   2       2  '  ' 

a  degenerate  hyperbola).  ,  The  equation    (x  -  h)    +  (y  -  k)    =  r  represents 

the  /^family  of  all  circles  in  a  |lane  Carid  the  point    (*h,k)  ,  obtained  *fey 

*    ■  '  * 

setting    r  =>0    and  sometimes  called  a  point  circle)  . 

•  Sometimes  it  is  useful  to  consider  a  family  of  curves  ^d  select  from  it 

those  which  have  some  additional  property.    For  example^  at  one  "i)oiAt  in  the 

discussion  above  we  considered  the  family  of  lines  which  pass  through  a  point 

'2  '  ' 

of    y  =  X    ,  ai^d  then  selected  from  t^iis  family  the  member  having  the  addi-^ 

tional  property  of  being  tangent  to  the  paraboja.    'Lett's  consider  aa  analq-  , 

gous  problem.        -r'  "  *  * 

The  family  of  all  the  circles  io  the  plane  can  be  represented  by  the 

•    %  •  •  *  - 

equation 

(x  -  hf  ^\{y  -  k)2  =       .  -  : 

The  center  of  each  such  circle  is  at*  (h,k)  ♦    Which  members  of  the  family  are 
tangent  to  both  axes?    If  a  circle*  is  tangent  to  both  axes  its  center  is  on 
the  line    y  =,x  /or  on  the  line    y  =^-x^-    The^  family  of  circles  with  centers 
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on  -^.lie  line   y  =  x    can  be.  representied  by  the  equation  / 

Such  a  circle, will  be  tangent  to  both  axes  if,  and  only  if,    r  =  |h|  or 
2       2  *         -~  ^ 

'  X  .    Thus  the  family  af  circles  lying  in  the  first  or  third  quadrant  and 

•  tangent  to  botfi  axes  can  "be  represented  by  the  equation 

'(x  -  h)^^+  (y  ~  h)^  =  . 

An  equation  representing  those  in  the  second  or  fourth  quadrant  can  be  found  ' 
in  a  similai*  way*    ^  -  *  ' 


Exercises  61^ 

In  each  of  the  first  13   exercises,  find  an  equation  representing  the 
family  of  curves  described. 

1.    All  vertical 'lines*  ^ 

2*    All  horizontal  lines ,  .      ..  /  .     *  . 

-  3.    AH  nonverfical  lines  through    (2,-1)  .  '  • 

4.    All  nonvertical  15.n*es. 

>  5*  All  circles  with  center    (-1,2)  ,  • 

6.  All  circles  with  radius    h  . 

7.  All  parabolas  with  veii:ices  at  the  origin  and  SLxes  horizontal. 

*    8.  All  lines  parallel  to    3x  -  4y  +     =  o  ,*  '  ^ 

9.  ^1  lines  pei^endic^olar  to    2x  +  y  -  3  =  o  , 

10.  All  lines  tangent  to  the  circle^  x^  +  y^=  25  .  . 

11.  All  lines  that  do  not  meet  the  circle    x^  +  y^  -  25 

12.  All  circles  of  radius    6    ;^'ich  go  through  the  origin. 

13.  Ai;  circles  of  radius    1    such  that  the  origin  is  not  a  point  of  the  cl^rcle 
or  iti^-  inferior.  .  -  .  ,  . 

 yi:-.^.^'^.".^;??  equation  of  the  line  thro^  the  intersections  of^the  lines 


X  -:^y  +  6     0  ..and    2x  -  y  =  0   and  having  x-intercept  equal  to  3 

the  line  through  the  intersection  of   x  +  y-  l^sQ 
and  iiavjfng  slope    1  . 
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*        •  / 

16.  *Ilnd  an  eqtdrcion  of  the  line  passing  through  the  intersection  of  the 
^      '  lines    X  i-  y  +  1  =  0    and    x  -  3y  "^,2  =  0     and'  having  no  slope. 

17  •    Find  an  equation  of  the  line  thrqilgh  the  intersection  of  the  lines 
x-2y^3=0   and    x-*-'3y-2  =  0    and  the  point    (1,1)  ,  without 
.   f iliding  ^he  intersection  if  the  two  lines 

18.  Find  an  equation  Qf  the  family  of  circles  through  the  intersections  of 

T;he  circles        +  y^  -  2x  -  35  =  0    ^nd        +  y^  +  2x  +  l^y  -  U4  ^o' , 

-without- finding  the^  intersections  of  tTie  tvo  circles. 
•  * 

19 .  Find  an  equation  of  i^e  line  through  the  intersection  of  the  lines 

2x  +  5y  -  10  =  0  and^^  -  y  19  =  0  and  perpendicular 'to -the  second  , 
of  these  lines.  ^ 

.  *  20.  Find  an  equation  of  the  line  through  the  interaction  of  x4-y-i^.=o/ 
^\       and   X  -  y  +  2  =  0    and  parallel  to    3x  +  i|y  +  7.  =  0  *  ^'  j 

21.    Find  equations  of  all  lines  passing  through  the  intersection  of 

5x  -  2y  =  0   and    x  -  2y     8  =:  0    and  cutting  from  the  first  quadrar^t 
+riangle^  whose  a^eas  ore  36. 

22  ♦    Find  equations  of  all'  lines  through  the  intersecl^ion  of    y  -  10  =  0  *and 
£x  -  y  ^  0   ^Thich  are    5    units  from  the  origin. 


6-8.  Summary. 


We  have  explored  in  some  detail  in  this  •xihapter  the  relations  between  the 
geometric  i^roperties  of  a  set  of'point,s  and  the  algebraic  properties  of  its 
analytic  representation.    It  was  convenient  to  discuss  the  geometric  proper- 
ties under  the  headings  of  symmetry,  extent,  periodicity,  intercepts,  and 
asymptotes.    We  paid  particixlar  attention  to  the  special  situations  that 
arise  in  polar  coordinates  from  th^e  lack  of  uniqueness  in  the  correspondence  ^ 
^between  points  and  their  pplar  coordinates,  and  the^ consequent  lack  of  ^ 
uniqueness  in  the  correspondence  between  curves  and  th*eir  analytic  represen- 
tations. *      ,       *  - 

Our  discussion  considered  relationships  betVeen  graphs  and. their  condi- 

^  -      '  _  .A 

tions,  first  ^in  rectarigtilar  and  then  In  polar  coordinates.   Me  develojped 

several  useful  techniques,  ryDtably  the  method  of  sketching  a  graph  by  ,addition 

and  multlto-ication  of  ordinates  in  rectangular  graphs,  and  by  addition  of 

^   radii  In  poiar  graphs^ 
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6-8.  ;     ,^        s  .  • 

These  teclmiques  wei'e  then  applied  to  pairs  of  graphs  and  their  inter- 
sec-Wons,  and  the  corresponding  pairs  of  analytic  representations  and  their 
sijnvltaneous  solutions.    We  Investigated  in  scMne  detail  the  difficulties  that 
arise  here  with  polar  coordinates  andP  found  the  concept  of  related  polar, 
equations  particularly,  useful  in  these  cases. 

Our  consideration  of  more  than  tvo  graphs  at  a  time  vas  confined  to 
collections  of  ^aphs  related  by  some  common  feature.    These  are  called 
fancies  of  graphs,  and  we  developed ^^e  useful  concepts  in  defining  such  a  / 
family,  and  then  selecting  a  particular  member  of  it  to  fit  some  special '  \ 
requirement. 

In  our  next  chapter  we  sharpen  our^focus  and  discuss  particularly  a 
certain  classification  of  giraphs  and  their  equationa.    These,  the  .conic 
sections,  have  a  valid  claim  to  our  special  attention,  botli  because  they  have 
been  extensively  studied  for  over    2000   years  and  because  they  have  iii^portano 
and  interesting  applicfition  in  many  aspects  of  our  lives  ^today, 

;  •  - 

-    *  C!hapter  6  -  Review  Exercises  « 

1.  Find  the  locus  of  the^midpoint  of  all  segments  parallel  to  the  x-axis, 
and  terminated  by  the  lines    x  +  y  -  '8  =  0  ,  2x  -  y  -  1  p  0  .  / 

2.  Find  the  locus  of  the  midpoint  of  all  segments  parallel  to  the  y-axii 
and  terminatfed  by  the  li'hes    x  +  y  -  '8  =  0  ,  2x  «  y  -  1  =  0  .      - '  / 

•3.    If    A  =  (-if,0)    and,  B  =  (h,0)    find  an  equation  for  theaocue'of ;     .  - 
P  =  •(x,y)'  if:      "         ^  '  T 

(a)    d(P,A)  =  2d(P,B)  ;.  "    '  '       =...V'v'  >' 

(t)    d(-P,A)  +  d(Pyff)  =,10  ;  >-  ■  ,         '  ■■ 

(c)  d(P,A)  -  d(P,B)  =  2  ;  •  '  »  ','.  ' 

(d)  "Slra; 

(e)  slop'e  of        =  twice  the  slope  of   HB  ; 

(f )  slope  of   IS^  =  1  +  slop^'^ol^W  ; 

(g)  measure  of   ^APB  =  ; 

'(h)  sum  of  the  measure's  of-  /a  'and         is  ^120°;  ' 

^  (i)  area  of   MBP.  =  20  ;  .         ^  '         .   j  , 

•    /'  (j)  d(P,A)  <  d(P,B)  .  -  '        .  ' 
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2       2  ^ 

'I!hc  circle  viiose  equation  is*  x   +  y   =36    contains  the  point   A.  =  (6,0)  • 

If   P  =  (x,y)    its  any  other  point  of  the  circle,  find  an  equation  for  the 

locus  of  .the  ^midpoints  of   AP  •    "  "  / 

2       2  •  ^1 

The  circle  vhose  equation  is    x   +  y   =  25    contains  the  point   B  =  (0,5), 

If    Q  =  (x,y)    is  any  other  point  of  the  circle,  find  an-e<fuation  for  th^ 

locus- of  points    P    such  that    Q   is  the  midpoint  of  pP' 

The  circle  vhose  equation  is    x   +' y   =  100    contains  i6e  point,^, 

=  (-10,0)  ^  A  line  throug^h  ^  C  meets  the  circle  again' at  D*,  and  the 
line  X  =*20  at  E  Find  an  equation  for  the  locus  of  the- mi^poi-nt  of 
DE  ,  for  all  positions  of 'the  line  through   C  .  * 

Find  an  equation  for  the  locus  of  the  midpoints  of  all  chords  of  the 

2         2  r  ^ 

circle    x   +  y   -Ux  +  8y  =  0   vhich  are  parallel  to  the  line   y  =  3x  +  5 


Find  an  equation  for  the  line  containing  the  midpoints  of  all  chords  of 
2  '  2 

the  ellipse    x   +  9y    =36   vhicb  are  parallel  to  the  line    x  +  y  =  10  • 

/ 

Find  equations  for  the  families  of  curve 3^ described  belov: 

(a)  All  lines  vhich,  vith  the  polar  "axes,  form  a  triangle  vhose  ,area 
:j^is    12.  *   *  ^  " 

(b)  *  All  lines,  ,  the  sum  pf  vhose  intercepts  is    6  , 
(a)   All  circles  tangent  to  the  y-axis, 

(d)  All  circles  tangent  to  the  x-axis. 

(e)  All  circles  with  radius    1    that  are  tangent  to  thewline 
4x  +  3y-2^0, 

(f )  All  circles  t^ent  to  the  lihe    Ux  +  3y  -  2  =  0  . 

(g)  ^11- circles  of  radius  6  such  that  the  origin  is  an  interior  point. 
(K)    All  circles  which  go  through  the  origin. 

(i)    All  circles  ,^ich  go^^hrough  the  point    (12,5)  . 
(f^^^)  -  All  circles  whose  interior  contain  the  origin. 

(k)    All  circles  of  radius    5  ,  such  that  the  origin  is 'not  a  point  of 

the  circle  or  its  interior. 
U)    All"  circ3.es  of  radius    d   which  are  tangent  to  the  line 

6uc+by  +  c  =  0.  ^ 
(it)    All  circles^ tangent  to  the  lines    3x  -  5  =:  0  and 

Ux   -*3y  +  9  =  0  . 
(n)    All  circles  tangent  to  the  lines    a^x  +  b^y  +  c^  =  0  '  and^;  ' 

c^^=uQ_, 


(o)   All  circles  which  intersect  or  touch,  the  x-axis# 


0     r  '      ^  i 


'(p)    All  circles  vhi^  do  not  intersect  or  touch  the  y-6pcis.  ^  .  *  ^ 
(q)    All  circles  vhidi  do  not  intersect  or '^ouch  the  line  ^ 
ax  +  by  +  ?c  s  o  ;. 

(r)    All  ciro^^B  in  the^  interior  of   x^*+  y^  =:  100  • 

(s)    All  circle's  vhich  intersect  or  touch  the  circle    x   +  y    =  1  ♦ 

(t)    All  lines' -whicl^;  intersect  or  touch  the  circle    x^  +  y^*  =  1  , 

All  circles  in  the  interior  of  the  t;riangle  determined  by  the^ points 
[      0  =  (0,0)  ,  A  =  (10,0)    anX  3     (0,10)  i  '  ^ 

(v)    All  circles  vhose  interiors  contain  the  points   A  ,  B  ,  and   p  of 
the  previous  exercise,  « 

(w)    All  circles  -which  are*tang^t  internally  to    x^  +  y^  =  100  , 

(x)    All  circles  \jhich  are  tangent  externally  to    x^  +  y^  ='lOO  . 

(y)    111  circles  to  *ich  the  circle    x^  +  y^  =  100    is  tangent  internally. 


(z) 

All  circles  tangent  to  the  line 

ax  +  by  +  c  =  0    and  passing  through 

the  point  (r 

>s)  .                    ,  . 

Id*    Sketch  the  graphs 

of  the  following  conditions,  ■ 

■     •  (al- 

"|x|  =3 

'(«) 

xy  +  2x  >  y  t  2  • 

(b) 

|y  +  -21  =  7 

(i) 

xy  +  3x  +  Ify  >  -12- 

(c) 

|yr'<  5 

(in) 

5x  -  Sy  +  10  >  xy 

(d) 

|x'--.3l  <  h 

(n) 

xy  =  3y  -  X  +  3 

(e) 

X   f  y    >  1 

^'  (o) 

3x  +  2y.  -  6  <  xy  ■ 

(f) 

.  2  ^ 
X    <  y 

■■-      "  (P) 

+  xy^  =  9ic 

(g) 

lx|  <  [yf 

(q) 

x^y  +-xy^  =:,^p 

(h). 

'|x|  +  iVl  =  6 

(r) 

'(x  -  3)^  =  (y  -  5)^ 

(i) 

•  2 

X    <  X  +  20 

(s.) 

y  =              '     -  V 

.   '  (J) 

y^  >  3y 

x=736..  y2  . 

.  .  ■  - 


II.  .Sketch  the  graphs  of  the  following  pairs  of  parametritr^uaUons. 

(a)    /  X  =  t  +  1  ,  (f)  .  X  >  t 

^  y  =  t""  +  2  .  /  y  =  2t  . 

,   (b)  =  |    ,    (g)  fx<t  / 

'y  =  t^  ly  =  t+l^. 

(c)  /  X  =  ^     3  ^  (h)  (  X  >  2t    ,        ^  • 

(d)  /  X  =  t  +1  ,  (i)  /  X  >  t    ,  . 
'  *  y  =  sin  t  .  •  I 


y  <  t 


(e)     (x=t^        /      .  .  (j) 


{ 

12.    Sketch  and  discuss  the  polar  graphs  of  the  following  conditions. 


2  IP 
y  =  cos  t    .  '     ^  y  >  t 


(a)    r  =  cis  '2  e  .  (e)    r  =  3  sin  2  6 

'  (b)    r  =  db&Jie  +  2)  (f)    r  =  1  +  sin  0 


(c)  r-  =  sin  (e  -  §),  (g)    r  =  2  ^  cos  0 

(d)  ^r  =  2  sin  3  0  (h)    r  =  1  +  2  sin  0 

2^^  k 

13.    Sketch  the  graphs  of   y  =  x     and   y  =  x  with  respect  to  the  same  a^es. 
Generalize ♦ 

Ik .    Sketch  the  graphs  of   y  =  x  ,  y  =  x^,   and  y  =        with  respect  to  the 

same  axes.    Generalize.  ,  »  ' 

15.  Sketch  the  graph  of   y  =  3  sin  x  +  h  cos  x  .    What  does  it  remind  you  of? 
N6te  that--jthis  equation  cari  also  be  writteQ_  in  the  fom  /      '  ^ 

y  =  5(|  sin  X  +  I  cos  x)  *  i&^that  +  ( j)    =  1 . 

Finally^  use  these  facts  and  a.  w§ill  known  trigonometric  identity  to' write 
a  third  fom  of  the  original  equation. 

16.  Generalize  the  resiilt  of  the  preceding^  exercise  by  considering  the  equa- 
tion   y  =  a  siri'  x  +  b  cos  x  ^  where    a   and   b    are  arbitrary  real  niM- 
bers.  ,  * 

.  17  ♦    Prove  analytically  that  if  a  set  of  points  in  a  plane  is^  symmetric  with 
respect  to  each  of  two  mutually  perpendicular  lines,  it  is  symmetric  with 
respect  to  their -intersection.  • 


18*   Prove  that  the  graph  of  the  pair   x  =  at  +  b  f  y  =  f  (t)  ^  of  pai'ametric 
equations  is  identical  with  the  graph  of  the  equation 

y  -  f( — 1_)    obtained  by  eliminating,  t    in  the  natural  way.    Thus  there 

are  ca^es  in  vhich  it  is  possible  to  eliminate  a  parameter  without  getting 
into  trduble.  ' 

V  ,  ^ 

19."  Make  a  graph  of    y  =  a  +  b  sin  (cx  +  d)    for  each  0^  the  foUovLng  sets 
oX_Kalue6  of    a  ,  b  ,  c  ,  d  .  ^ 


(a)  a  =  2  ,  b  =  3  ,  c  =  2  ,  d*=  J  . 

(h)  a  =  -3  ,  b  =  2  ,  c  =  "3     d  =  jt 

(c)  d  =  3  ,  b  =  -2  ,  c  =  2  ,  d  =  |1 

(d)  a'=  -2  ,  b  =  2  ,  c  =  3  ,  d  =  d  . 


4. 


.  --  Challenge  Exercises  ♦ 

1*    Sketch  the  rectangular  graph  of   ^  =  sin  kx  sin  x  .    Discuss  the  graph  of 

y  =  (6  +  sin  x)^sin  12x  ,  and  generalize  suitably,  ^Cbngider 

y  =  sin  lOOOjtt  •  sin  lOOOOOOjtt  ,  vhich  is  related  to  equations  vh1.ch  - 

>  describe  amplitude  modttlation,  in  radio  broadcasting/ 
—^—^—^         *  -  .f 

2.    ?^  discussion  and  experiment,  if  an  oscilloscope  is  available.  .  Adjust*" 

^M^he  controls  to  get  a  stationary  sine  wave  on  the  screen,  then*alter  one 

control  at  a  time  to  change  the  amplitude,  the  wave-length,  the  frequency, 

etc.    If  ^available  and  possible,  find  the  constants  of  the  oscilloscope 

and  >a;ite  the  actual  equations  of  the  curve. 


^      ■'  ^  ^  »  7-2 


Chapter'? 
'    CONIC  SECTIONS 


7-1,  Introduction 


This  chapter  is  intended  to  give  you  a  better  understanding  of  the  curves 
called  conic  sections.    When  you  studied  geometry,  you  investigated  properties 
of  a  circle..   In  your  s^udS^  of  algehra  you  vorked  vith  equations  of  the  various 
conic  sections  and  their  properties.    Here  ve  shall^  first  consider  ^riefly  the 
history  of  conic  sections.    Then  ve  shall  ^ive  a  formal  definition  of  a  conic 
section  and  use  polar  coordinates  to  obtain  a  standard  polar  equation  of  a 
conic  section.    We  shall  see  hov  equations  in  polar  form  are  related  to  the 
equations  in  rectangular  form  that  you  have  &lx:eady  studied.    We  shall, derive 
properties  of  these  curves^  and  work  with  some  of  Jtheir  many  applications. 

Irr  studying  conic  se^J^ions  you  will  use  ti.e  knowledge  and  techniques 
acquired  so  far  in  analytic  ^^©me try.    Both  rectangular  and  polar  coordjUiates 
will  bemused;  often  parametric*representation  will  be  helpful.    Ideas  of  locus 
,  and  curve  Sketching  will  be  used^, 

It  is  assumed  that  you  have  studied  the  definitions,  equations,  and  prop- 
erties of  the  conic  sections;  brief  summaries  will  show  you  what  you  are 
expected  to  know,  'if  you  find  that  you  need  more  detail,  you  wij.1  find  it  in 
the  following  actions  of  Intermediate  Mathematics; 

6-3.  The  Parabola  '(pages  315-321) 

6-U.  The  General  Definition  of  the  Conic    (pages  326-331) 

»6«5'.  The  Circle  and 'the  Ellipse    (pages  333-336) 

6-6:  The  Hyperbola    (pages  3^2-3^8) 


7-2.    I|i story  and  Applications  of  the  Conic  Sections 

^.  Ilie  Curves  called  conic  sections  were  so  named  after  their  historical  . 
dfscov^ry  as  intersections  of  a  plane  and  a  surface  called  a  right  circular 
cone*    A  right  circular  cone  is  the  surface  generated  bjT  a  line  moving  about 
'a  circle  and  containing  a  fixed  point  on  tihe  normal  to  the  plane .«pf  the  circle 
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at  the  center  of  the  circle.    The  fixed  pointy  called  the  vertex j  separatkfS 
the  siTrface  into  two  parts  called  nappes .    Each  line  determined  by  the  vertex,- 
and  a  point  Qf  the  cirtle  is  called  an  element  of  the  cone.    The  normal  to  *^ 
the  plane  of  the  circle  containing  the  vertex  is_  called  the  axis  of  the^cone.  ^ 
The  proper  conic  section^  are  circles,  ellipses,  parabplas^  and  hyperbolas.  ^ 

The  discove^ry  of  the  conic  sections  is  attributed  to  the  Greek  math-ife«. 
ematici^n  Menaechmiis  (circa  375-325  B.C.),  who  was  a  tutcJr  to  Alexander  the 
Great.    He  apparently  used  them  in  an  attempt  to  solve  three  famous  problems^  * 
the  trisection  6f  an  angl^e,  the  duplication  of  a  cube,  and  the  squaring  of  a^ 
circle.    Although  the  Greek  mathematicians  were  primarily  interested  in  the 
mathematical  applications  of  the ^ conic  sections,  they  did'know  some  of  the 
optical  properties  of  the  curves  .-**Th^  def initiorf  of  the  conic  sections  which 
we  shall  use  is  attributed  to  Apc|ilonius,  who  flouri^ed  before/200  B.C. 

Further  dis'coveries  of  the  physical  applications  of  the  o^uic  sections 
did  ,not  occur  until  the  conje/ctures  of  th^/berman  scientist  and  maljhematician 
Johannes  Kepler  (1571  ^  I630) ,  who  hypothesized  that  the  planets  moved  in 
elliptVc  orbits  with  the  sun  as  a'focus.    The  theoretical  development  of^ 
Kepler's  conjedtures  fallowed  the  gravitation  theory  and  calculus  developed 
by  Isaac  Newton  (l6^2  -  1727) »    laYact,  it  may  be  ^hown  that  any  physi\:al 
object  subject  to  a  force  which  is  descri,bed  by  what  is  called  an  inverse^ 
square  law  will  move  in  an  orbit  which  is  a  conic  section.    Gravity *is  such  a 
force;  the  electrical  force  between  charged  bodies  '«/as  found  to-be  another* 
such  force  by  Charles  Augustin  de  Coulomb  (1736  -  I6O6). • 

,  <Togla;y;  we  find  applications  of  the*  theory  of  conic  se^cti^Dns  in  the  orbits 
or^ji^ets,  comets,  and  artificial  satellites.    The  theory  also  applies  to  ^ 
the  lenses  of  telescopes,  microscopes,  and  other  optical  instruments,  weather 
predictiCfn,  communication  by  satellites,  geological  surveying,  and  the  con-  ~ 
Struction^of  buildings  anifr  bridges.    Conies  also  occur  in  the  study  of  atomic 
structui^e,  the  long  range  guidance  systems  for  s^U.ps*  and  aircraft,  the  loca- 
tion  of  hidden  gun  emplacements  ani  the  detection  cf  approaching  enemy  ships 
and*  aircraft.    The  surfaces  of  revolution  formed  by  the  c6nic^sections,  which 
will  be  ccnside^'red  in  Chapter       find  application  in  the  sciences  difeling  with 
lights  sound,  anji  radio  waves.'     ^  ^ 

It  is  helpful  to  viaudlize  the  four  cc^nic  sections  formed  by  the  J.nter- 
sections  of  a  plane  and  a  right  circular  cone.    We  illustrate  the  physical 
p6ssibilities\below,  ^  ^  .     ^         '  *• 


A 


^  dicular  to  the  axis  of  the  ccnei    An  ellipse  (Figure  7-lb)  is  the  intersection 
of  a  corfe  and  a  plane  whiqh  forms  an  'aciiie  angle  with  the  axis.    The  measure 
of  this  acute  angle  is  greater  than  the  iriteasure  of  the  angle  formed  by  the 
axis  and  an  element  of  th^  cone.    A  paraUpla  (Figure  7-lc)  ia  the  intersection^ 
of  a  cone  and  a  plane  parallel  to  an  element  of  the  cone.    A  hypeybola  " 
(Figure  7-ld)  is  the 'inte;rsection  of  a  cone  and  a  plane^hich  forms  an  angl^ 
with  the  axis  whose  measure  is  less  than  the  measure  of  thS  angle  formed  / 
the  axis  and  an  element  of  the  cone.    These  (Jescriptiprts  suggest  that  circles 

,  )      •    '     269     "■  ''^  '  • 
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and  ellipses  ai-e  the  sections  f.qrmed  vhea  plunej  cut  every  eleneiit  of  the 
cone parabolas  are  formed  vhen  pl^ri^V  ^ut  oome^ elements  in  one  n^ppe  of  a 
cone;  hyperbolas  are  formed  vhe^^pi'anei  ci^l^ome  elements  i-n  both  nappes  of 
the  cone,.   Although  the  drawings  of^igMre  7-1  ^re  limited,  cones  are  in^init. 
in  extent;  what  is  illustrated  i,s  j^nly^art  of  .the  parabola  or  hyperbola.  ^ 

For  a  more  complete  and  systematic  geometric  development  of  the  conic 
sections,  leading  to  the  .definition  to  be  given  in  the  following  section, 
see  Supplement  to  Chapter  1*  '  x 


7-3.    The  Conic  Sections  in  Polar,  Form 

We  shall  *^hcofe       a  defining  charact^ris^^ic  of         ocnlc  :.e-:tions  tha". 
geometric  pf%erty  which  leads  most  readily ^to  their  analytic  description. 
This  property  relates  bXI  the  conic  sections  except  the  circle. 


DEFINITIONS: 


^  go^lc  section*i3  the  locus  of  points  in  a  plane 
su^h  that  foKeach  point  the  ratio  of  its  distance  from  a  given 
point    F   In  trie  plane  to  its  distance  from  a  given  line    D    in  the 

T.        \  > 

plan?  is  "a  liven  constant    e.    The  given  point    F^   is  called  a  focus ^ . 
°^  ^ocal  point  oAtlie  conie^ection,  ^  The  given  line    D    is  a 
directrix  of  the  ccgiic  section.    The  given  constant    e    is  the 
eccentricity  of  the  qpnic  section.    If    0  <  e  <  1  ,  the  conic  section 


is  called  an  ellipse 
parabola!    If  'e  >  1  , 


If  e  =  1  ,  the  conic  section  is  called  a 
the  conic  section  is  cedled  a  hyperbola. 


ven  distance 


x^ircie  is  alio  a  conic/  section  and  is  the  locud  of  points  at  a 


from  a  ^i|^en  point.    The  given ^diitance  is  called  the 
radius  of  the»  bircle,  and  the  given  point  Xs  called  the  center  of  the 


circle'. 


In  some  ways,  it  is  i^impler  to 


iescribe  the  conic  sec 


coordinates.    We  are  already  familiaor  with  the  polar  e^ua- 


ions  in  polar 
ion 3  or  equation 
n  as    r  =  k  •  • 


in  polar  coordinates,  of  a  circle  with-  center  at  the  orig 
whefre  '  k    is  the  radius,         \      *  ' 

We  shall  assume  that  the  flocal  point  does  not|lie  on,  the  directrix.  Let 

the  focus  of.  the  conic  section  bie  at  the  polt  and  let  tne  directrix,  be  per- 

I  ' 

pendiculai*^'to  the  polar  axig,    Letf  the 'polar  axis  be  oriented  away  from  the 
directrix;  'that*  is,  the  ray  that  is  the  polar  a:fis  does  pot  Intersect  the 


directrix.  Let  p  be  the  distance  from  the  pole  to  the  directrix  and'  let 
P  =  (r,8)  ■  be  a  point  of. the  conic  section. 


,     '  ^Sure  1-2  ^  , 

Then  the  distance  from  P  to  the  focal  point  is  r  ,  enad  the"  distance 
frcai    P   to  the  direc^trix  £s    p  +  r  cos  Q  *    Bius,  '  "    '  , 


^  p  +  r  cos  0 

'f^         Expressing    r    in  terms  of   9  ,  we  obtain  % 

^  ^     1  -  e  cos  e  • 


In  th^  tiboye  discussion  we^have  assumed  that  -the  focal  point  .did  not  lie 
on  the  dirdictajix.    If  itidbes,  we  ob1;^in  certain  figures  which  are  called 
degenerate  cfcnlcs,    Ge^^etricklly,  ^ey  are  tiie^int^rseq'tions  of  cones  and  _ 
planes' conta^Lng  the  vertex 'of  th^  coq^    (p|or  a  more  ccanpliste  discussion,^ 


see  Supplement 


to  Chapter- 7. ) 


^7 


r 


If  the /focal  point on  the  directrix,  then   p  ^  0  >  and  we  may  not 


perform  certaii  algebraic^o^eratiori^,  ^ince  division  by  zero  would  be.  indicated. 
We  may  eJxpress^he.  analytiV^^oridi-^  .  l 

^    r"=  er^s'e  .  |  ^ 


If         ef  "<  1     we  have    r  <  r 


r  =  0  ,  which  is  an  eq^atr 


have 

pojlnt^circle.  /(it  jjs  ^cau^tliies 
case  of  the  ellipse.  ^ahis,,i^fi|^ 
suggest^  why  one  may  encoiu^^  tl 


9',  which  is  inever  true./  If   e.=  -0  ,  we 
3f  the  pole/MQii^ig  sometimes "call^ed 'a ° 
j^hink  o^  a  circle  as  a  special" 
^:^ur  aj^roachvhere,  but  it 
lis  locus  as  a  point- 


If    p^=_/)   and   e  ^  1  ,  we  obtain    r  =  r  cos  9  .    From  this  we  may  infer 
either'   r     0  1  =  cos  0  .    "Ttie  graph  of    r  =  0.  h^s  just  been  discussed. 

The. graph  of  *1  =  cos  0    is  the  line  containing  the  polar  axis;  this  we  call 
a'  degenerate  paralJGla,    If  *  p  =  0   and^  e  >  1  ,  the  equation   r     er  cos  B 


will  be^'sStisfied  wh'en  .cos  0  =  - 

e 


Thus  the  locus  is  two  distinct  lines 


through  the  pple  and  is  called  a  degenerate  hyperbola,  ("niere  will  be  further 
discussion  of  degenerate  j^onics  in  the  Supplement  to  Chapter  7..)  . 

,  Thus  far  we  haVe  considered  the  equation  of  a  conic  only  in  the  case  in 
which  the  focus  is  at  the  pole,  the  dlrec^tix  is  perpendicular  to  the  polar 
axis,,  and  the  polar  axis  is  oriented  away  from  the  directrix.    Certain  other 
^^^cases  will  be  considered  in  Example  2  and  the,  exercises,  but  we  shall  not  take 
up  the  case  in  which  the  directrix  is  oblique  to  the  polar  akis  until  we  have 
studied  rotation  of-  the  axes  in  Chapter  10. 

/  .  •  ,  •        '  . 

Example  1.    A  fixed  point    F '  is   n    units "from  a  given  line    L  .  -Write 
an  equation  for  the^ocus  of  points  equidistant  from   P   and   L  . 


Solution.    We  plac^the  t)Ole  of 
our  polar  coordinate  system  at  ^F  ,  and 
t^he  T)olar  axis  jferpendfcular  to    L  and 
directed  away  from   L,..    Ttien  for  any 

^,p_otnt__P_=(r^9_)__on_Jbhe.  locus,  .   


r  'COS  9  , 


which  becomes 


cos  6 


This  equation  is  in  the  form  of  ^ 
Equation »(1),  and  represents  a  parabola* 


P  =  (r,a) 


Example  2.  What  is  a  poleo'  equation' df  a  conic  section  with^  focus  at  "the 
pole  and  directrix  parallel  i:o  the  polar  axis  and   p    units  below  it? 
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Solution.*  Let    P  =  {r,S)  be;a 
poin.t  of  the  curve.    Then  the  distance 
from   f   to  the  focal  point  is    r  ,  and 
the  distance  from  P    to  the  directrix* 
is   p  +  T  sin  B  •  Thus, 

r 

e  .  * 


p  +.  r  sin  6 


-  Expressing    r    in  terms  of    6  ,  we 
obtain  > 


r  = 


ep 


, 1  -  e  sin  e  • 


Example  3*    Graph    r  = 


1  -  .cos  0 


"Solution..  ♦  'Htis  equation  is  in  the 
form  of  Eq^ioh  (l)'with    e  =  1  , 
p  =  2  .    Henc^  its  graph  is  a  parabola 


with  focus -jft    0  ,  and  directrix  ^  D 
perpendicular  to  the  polar  axis  and  2 
units  to  the. left  of  the^  pole.    The  * 
-  vertex  jpust  be  midway  between    0  and 
D  •  .Location  of  one.  or  two  more  points 
--J^ay  {h;60^)    and    (2,90°)  —and  use 
of  symmetry  then  permit  makTBg  a 
sketch. 


Bcai^       ,  Graph    r  =  ^.  .  3^^^3  g  . 


/ 


/■ : 
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Solutfbn.      To  obtain  the  form  of  Equation  (l),  ve  divide  numerator  and 

denominator  of  the  fraction  by   5  ;  and  write  the  numerator  as  the  ^rodu^t  of 
e   and  a  number  which  must  be    p  .    We  , 
obtain                     ^              *'  •  y 

3     ,     .'^     •  ' 


1  -  ^  cos  0 


Since    e  =  j   and   p  =  2  ,  the  graph  is 

an  ellipse;'  one  vertex  divides  the 
normal  segment  -joining  the  focus  to  the 
directrix  in  the  ratio    3    to   5  .  -  We'-^  , 
obtain  a  few  more  points — say    (3,0  )  . 

12  6  *  9  ' 

(i^,60°)-,  knd    (|,9Q°)  -and  iise  symmetry  to  co.^niDlete  the  graph. 


Exercises  7-3 


Graph  each  of  the  following: 


I  - 

cos  e 

2  - 

2  cos  0 

2  - 

cos  6 

6 

3  - 

cos  e 

6.  r 


7. 
8. 


r  = 


12 

'^  -  5  cos'  e 
^'  2U 

2  -  6  cos  0 

jjj  

sin  © 

[6  

2  sin  0 


.  9.    What  is  a  polar  equation  of  a  conic  section' with  focus  at  the  pol^  and 
^*  directrix  parallel  to'^'the- polar  axis 'and   p    uni£s  ab^ove  it?      ^  ^ 
'  '     /  1  '      '  * 

10.    What  is  6  pol§r  equation -of  a  conic  section  wiih  focus  at  the  pole  and 

I         ,  •  ^ 

directrix  perpendicular^  to  th^  polar  ^ais  and.  p.  units  to  the  ri^ht  of 

-    thf  pole?  /    •       I  ^  ,  ' 

Using-^he  r^ults  of  Jbcercises  9^and  10,  grdv^  the-/ollowing: 

8  '       .  . 


11 


+  cos .  19 


f     4  +  3  sin.0 
10 


5  +  3  cos  0 


,,•1 


2/7 


74 


In  Exercises  12-19,  rewrite'  the  equations  in  a  form  convenient  for 
graphinjg,  identify  the  co^ic  'section/ and  sketch  the  graph;       /  - 

16. 


12.  r  -  6  -  ,r  cos  0  =  0 

13.  r  -  10  .  r  Bin  0  =  0 

Ih.  3r  -  12  -  2r  cos  0  =r  0 

15 .  3r  -  12  -  hr  cos  0  0 


r  =•  2  +  r  sin  0 


17.    r^=,3  ^  2r  cos  0 


18.    cos  0  =  1 

<4 


19.  •  sin  0 


r"  +  2 


lo.   An  artificial  satellite  has  the  center  of  the  earth  as  its  focus.  For 
a  polar  coordinate  system  in  the  plane  of  its  orbit  ^he  distance  of  the 
satellite  from  the  center  of  the  earth  at    0  =  l8o°-  ijs    5000   ml.  and 
at    0  =  90°    is    6000   ml.    Assuming  that  the  axis  is  along  the  line 
9  =  Cp  ,^  find,  the  equation  describing  the  orbit  and  th'e  greatest  .distMce 
of  the  satellite  from  the  center  of  the  earth!  •      '  ,  ' 


QQ"^^  Sections  in  RectaagiOar  Form  ~       •  • 

We  have  developed  polar  equations  for  the  conic  sections  in  certain 
specified  positions,-  For  a  circle  with  center  at  the  pole,  we  have 

^  r  =  k  .  ,  '  * 

For  the  other  conic  sectioos  with *f ecus  at  the  pole,  and  directrix  perpendicu- 
lar to  the  polar  axis  anA   p   units  to  the  left  of  the  pole,  we  hav^     ,  "  * 


1  -  e. cos  0 


representing 


a  parabola  if   e  =  1  , 

an  ellipse  if    0.  <  e  <  1  ;  ^ 

a  hyperbola'if    e  >  1  .* 


We  shall  find  the  'corresponding  ^ctangula^r  equations  bjj-  uping  the  following 
equations,  developed  in  Section  2-U: 


V  '4 


r  cos  0' 
r  sin  0 


-2- 

r     ?=  X:  + 


tan  0*=       X  /  0 
'I  ' 


Circle:  .If- 


then 


ERIC 


1 


(This  is  equivalent  to  multiplying*  the  memters  of    r  -  k  =  0    by'^he  corres- 
ponding members  of    r  ^  k  =  0  .    Since  these  are  both  equations  6f  the  same 
circle,  the  graph  of  the  resulting  equation  is  the  same       that  of  the  original 
equation. )  .  ♦ 

'   -  *  2       2  2 

•Since  r    =  x    +  y    ,  ^ 

2      •  2  2 

we  may  write  a    +  y    =  -k    ♦  '  . 


(1) 


nov  consider  the  general  equation 


1  -  e  cos  6 


We^^multiply  both  members  of  the  equation  by    1  -  e  cos  0    t>o  obtain 

•  •    .  •  J  *  -  ' 

^  r  -  er  cos  0  =  ep 

or  t  '  r  =  e(r  ,cos  0  +  p) 

and.  square  both  members, of  the  latjter  equation  to  ol) tain 

(2)   '  r^  =  e^(r^  cos^  9  +  2pr  cqs  0  +  p^)^  . 

(Whenever  we  square  both  members  of  an  equation  we  must  be  careful  of  the  in-, 
terpretation  of ^^e  result.    We. have  in  effect  multiplied  both  members  of 
r  -  e(r  cos  ^  +  p)  =  0   by  the  corresponding  members  of    r  +  e(r  cos  6  +  p)'=  0 
We  recall  from  Section '5-2  that    r  -  e(r  cos  0  +  p)  =  0    has  the  related  polar 

ef^ufittion  ^  ^ 

j 

/       -  -r  -  -e  (^(-r)  cos  {Q  +  :r)  +^p)  =  0  . 

Since'  cos  (0  +       =  -  cos  ^e  ,    t'his  is  equivarent  to 

,  -r  -.e(r  cos  0  +  p)  = 


or    (3)  ,  r  +  e(r  cos  0  +  p)  =6  • 

Since  the  "factors"  of  Equation  (2)  are  equivalent  t^.Equ^iti on  (l)- and  its 

related  polar  eqi^ation,  it  ha^  the  same  graph  as  Equation  (1).    We  may  now 

"  2       2  2 

proceed  with  the  original  discussion.)    Using  'r       x    +  y     and    r  c6s  Q  = 

we  have     -  '  ' 

We  now  have  our  equation  in  rectangv»l^r  coordinates  and^ish  to  examine  it 
for  the  different  values  of    e  •  ' 


7A 


,fal)c 


•  f 


Parabola ;    Since         1  ,  Equation  {k)  l^jecomes. 

+  2t)X'+  p  ^ 


or 


X    +  y    r:  X    +  2pX'+  p~ 

This  equation,  as  you  may  recogniz^,from  your  study  of  algebra,  represents  a 
parabola  vlth' focus  at  the  origin'.and  vertex  at    (-  |  ,  o)  . 


Example  1.    Write  in  rectanguJLar  foj^  and  sketch  the  graph  of  ' 

6  - 


1  -  cos  e  ' 


Solution.    The  given  equation  yields    r r  cos  8 '=  6  ,  which  after 
transformation  be  canes 


/2  2 
V  X    +  y 


-  K<  6 


or- 


vx    +y    -  X  -¥  b  ^ 


2       2^  '  V. 

Therefore   x    +  y    =  x   +  I2x  +  36  , 


2  * 


^d  finally 


y""  =  12x  +  36' 


or 


(-3,0) 


-  -  12e^-+  3)..' 

■  ■  -^Vi-^         •  - 

mips^i '"^flefe   '0  <  e  <  1  .  -  We  rewrite  Equation  (U)  as 

2       2       2  2      '  2  2  2 

X    +y    s=ex    +2epx  +  ep,. 


We  ^airange  the  telnns  ta  obtain 


Sljpce.we  are  ibjj^rig^fof 


(L  %      )x    --26  px 


2  2  2 
y    =  e  p 


a  form  that  we^can  recognize  as  the  equation  or  a 


X 


conic  thafhas  a  center,  we  use  the^echnique  bf  completing  the  square. 
Dividing  ^by  the  coefficient  of    x    ,  we  have    *     .  ^  ^  , 


.2       '  2 
2  ^  P        +     y-     _  e-_ 

■1  -  e      -  1  \  e      1  >e 


:  282  . 


•  -k^  -'-4 


2  2 
Since    a<e<l,e   <1   and   1  *  e   >  0  •    Thus  i.he  coefficients  of 

2  2 

X     fi^n^  y     are  "both  positi^.    Altrfough  the  equation  above  is  quite 
cluttered  with  constants,  it  shoi^d  be  apparent  that  it  has  ttie  fom  of  .vhe 

equation  of  an  ellipse  with  center  at  |   "  ^  ^  ^  0|  •  ^ 


Example  2.*  Write  in  rectangular  form: 

6 


r  = 


1  -     COS  0  . 


Solution,    4?he  give  •  equation  yields    r  -     r  cos  8  =  6,  wnich,  by 


^ubstitAation,  becoues 

Therefore 
hence 


/x    +  y   -  -X  =  6.  . 


2       2     1  2  r 
X    +  y   =  ]j-x    j+  ox  +  36  .  ^ 


f  ■ 


Finally,  th^s  becanes  l3x    +  i*y   -  2Ux/-  lUU  =  0  ,  'w^hich  you  may  recognize  a's 
an  equation  for  an  ellipse  in  rectangular  form'.    We  ;may  write  this  in  standard 
form  thus:  * 


3(x^  -  8x  +  16)  -f  ky^  =  lUU  +  >8  , 
!    3(x  \\f\  ky^  ^^192  ^ 


Hyperbqla;    The  algebraic  manipulation  involved  in  expressing  «ie 
equation  of  a  hyperbola  in  rectangular  fojm  is  identical  with  that  for  th^ 
ellipse.    However,  when^we  reach  the  form 

we  note  -that  since    e  >  1  >      >  1   arid   1  -  e^  <  0  .    Thus  the  coefficients 

2  2*  / 

of   X     and   y     have  opposite  signs. 

It  should  be  apparent  ,that  this  is  the  equation  of  a  hyperbola  with 

cfenter'at  (    ^  \ ,  0 1  .  . 
Vl  -  e  W 


-  Exercises  7-4 

For  each  of  the  polar  equations  below.you'are  asked  to.  do  three  things: 
(a)    Sketch  the  graph. 

fb)  .Write  a  corresponding,  equatioh  ^  rectangular  coordinatesT.;  ^ 
(c)    Wr^e  the  related  polar  equat^pn:    .      .      '  . 


1.  r  =  3 
Z.  r  =  9 
3.*    r,f=  2  cos  8 

/r  =  cos  e  +  sin  e 


6. 


r  = 

1 

•  COS  G 

r  = 

3 

1 

+  cos  6 

r 

3 

i 

-  2  cos  9 

cos  6 

5 

3 

-  2  cos 

6 

5  • 

-  3  cos 

6 

9.  r  = 

10.  r  = 

11.  r  =  1  +  cps  6 

12.  r  -|r  sin  a  =  i 

13.  4r 3r  cos,  $ 
Ik.  hr  +  5r  sin  ,6 


12 
20 


7-5    '  '  i 


7-5.    The'  Parabola 

*  -^'v. ,      .    *^   *         '  '  •  .  /• 

In  thfs  sectioi:^  and  the  following  three,  we  consider  the  four  main  kinds 

of  conic  sections: '  parabola,  circle,  ellipse,  and  hyperbola •    There  are 

brief  summaries  of  the  important  definitions  aii^roperties.    Equations  in 

'rectangular  coordinates^-oftei^called  standard  forms--are  given  for  these 

cxurves  with  axes  on  or  parallel  to  ^hfe  ^coordinate  axes.    Much  of  thig 

information  is  not  new;  it  is  plabed  here  beqause  of  its  impoAance,  and  for 

your  convenience.  "      '  -  *  ' 

The  parabola  is  defined  as  the  set  of  points  equidistant  from  a  fixed 
point  (the  focus)  and  a  fixed  line  (the  directrix) '  A^parabola  is  symmetric 
with  respect  to  the  lineVhrough  tfte  focus  perpendicular  to  the  directrix. 
This  line  of  simmietry  is  called  the  axis  of  the  parabola,  and  its  poiBb  of 
intersection  with  the  parabola  is  called  the  vertex  of  the.- parabola. 

In  Figure  7-3   F,  "V,  and  D    indicate  the  Ifecus',  vertex,  and  directrix, 
respe<?tively,  and    |p|    Is  the  distance  between   F  '  and  -V,  'If    p  >  0  / 
the  parabola  extends  upward  or  to  the  right  as  showri;,;_if    p  <  0  ,  if  extends^ 
•  xiownward  or  to  the  left.  /  ,  ^  ' 

^n  making. a- quick  ske^tch  of  a^arabola,  it  is  convenient,  a£ter  loiiating 
V,  F,  and  D,    to  find  the  length  of  the*  latus  rectum.  .'This  is  the  thord  of 
the  ^parabola  through  the  focus  perpendicular  t^^'the  akis.  'If  in  i;q}a9.tion  (a) 
Figure  7-3  we  set    y  =  p  ,  we  i'ind   x  =  1.2p     thus,  the .  length  ^qf  the  "flatus 
rectum  is*   \hip\  .    (The  studerit  should  verify  that  for  each  of  the  other 
standard  forms  of  the  .equation  ^iyen  in  Figure  7-3  the  length  of  the  latus 
^ectum  is  also    |Up|  .)  '         '  .    •  •     ,  ^ 

*      _  ,  .      •     '  ,  ^ '  ' .-  ■ 

P  , such 


In  general  a  donic  section  has  bee^n  defined  a*s  ,tli^  set  6^  points 
that  th^  ratio  of  the  distance  fro;n   P  '  to  a  fixed  point ^-^^to  the  distaice  from 

e  ,  called. the  eccer^^i^ibi^^y.  yFor.tie 


p 


to  a  fixed  line,  iS  U  cdnstswit 


n)n 


ijarabola    e  j=  1  |  -       !  v^i  '^/'^ 


'  7-5 


y 

/ 

V-H 



0 

4py 

-Figure  7-3 


Our  definition  of  the  parabola  makes  no  restriction  on  tj^e^p^ltion  of  "^^^ 


the  fi>e(|  point  .ajd  line.    What  if  the 'point  is  on  the  line?  ^Ouf^novl^dge 
of  geometry  tells  uss  that  the  locus  must  be  thte  line  perpendicular  to  the 
directrix  at  the  fixed  pbint.    If  ve  let   p  =  0  . in,  ^say/ Eguation  fd)  of 
Figure  7-3>  we  obtain         "  ^  *   _  '     "    2  '  * 

2  Km^x 


V 


Thi£  equation  represents  a  strai^h^^^g^' " 'Ihis  locus^  ic..§^*t€fn  called  a 
degenerate  parabola^ 

■  286' ' 
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7-5  .  - .  \  ,    •  . 

The  parabola  has  important  geometric  properties-,  some  of  vhich  concern  , 
tangents;  these  you  will  be  able  to  derive  more*easily  when  you, have  studied 
calculus.    One  of  the  best'knovn  is  the  reflective  property:    light  r^ys 
parallel  to  the  axis  of  a  parabolic  reflector  are  concentrated  at  the  focus, 
and  light  rays  emanating  from  thef  focus  are  reflected  parallel  to  the  axis. 
ThisT  property,  although  usually  illustrated  in  two  dimensions^  has  more  in-^ 
terest  and  physical  applications* in  three  dimensions.    Such  parabolic  reflec- 
tors are  used  not  only  for  light  rays,  but  also  for  heat,  "sound,  and  micro-^ 
waves..    You. may  have  seen  such  reflectors  used  with  microphones,  or  radar 
antenna,  or  as  parts  of  artificial  satellites.  , 

The  parabola  is^also  important  in  analyzing  trajectories;  the  path  of  a' 
projectile  can  be  approxiraated%by  a  parabola.    Under  certain  conditions  of 
loading,  the  cable  of  a  suspension  bridge  hangs  in  the  form  of  a  parabola  . 
Arches  of  bridges  sometimes  have  parabolic  form. 

Example  1.    Rewrite  the  equation    xi-  +  Ux  +  8y  -  U  =  0    in  standard- form. 
Write  the  coordinates  of  the  vertex  and  focus  and  the  etjuations  .of  the  axis  ^ 
and  directrix.  '  -  ^ 


2 

Solution.    Sirfce    x     is  'the  only  second-degree  term,       group  the  • 
^- terms  ^^nd  complete  the  square ,  > 


"5 


is  e^ufvalent  to_^  +  hx  +  h  =  -8y  , 

or      "'^^   '  -      -(x  +  2)2  =18(y  -  1) 


( 


^'This  last  form  we  may  compare  with    (;c  -  h)    =  Up(y  -  k)  ,  ancj  recognize 

as  an  equation  of  the  parabola  vith  axis  parallel  to  the  y-eixis,  and  vertex^ 

'(\-2,l)  .    Since    p  =  12  ,  the  ijarabola  opens  downward,    pie  axis  is  a  vertical 

line  through  the  vertfex;  hence  its  equation  is    x  =  -2  .    The  directrix  is  a 

horizontal  line    2    units  above  the  vertiex  and  has  the  equation,    y  =  3  . 

The  focus,    v-2,-1)  ,  is  two  units  below  the  vertex.  ^  '  ' 

♦  ,  '     r  ' 

Example  2.    Write  ein  e^jiation  of  the  parabola  with  vertex    (3,2)  and 
directrix    x     -1  .  * 
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Solution .  f  Since  the  directrix  fs  vertical^  the  axis  is  horizontal; 
an  ^uation  vill  be' in  the  fora  (d)  of, Figure  7-3.  'The  distance  from  \ 
teethe  directrix  ie    p  ;  here    p  =  Iv  .    Thus  &n  equatioji  is 

'  (y  -  2r  =  l6(x  .  3)-  • 


I 


-  Exercises  7-3 

Rewrite  each^of  the  following  ^equations  in  standard  form;  vr^^  the^ 
co(5rdi\iates  of  vertex  apd  focus,  and  equati^ons,  of  axis  and /directrix; 
draw  the  graph. 


(a')  .x^  ='-l6y 


(b)    y"^  =  l6x 
.(c)    5x^  -  3y"  =  '0 


Cd)    y    -  5y  +  6x  -  16^=  0 
'  (e)    2x^  -^8x  -  3y  +  11  =  0 
(f)'  y=  ax^  +  bx  +  c  ^ 


'2.    We  h^e  noted  that  a  speeial  "or  degenerate  case  of  the  parabola  occurs 
^      when^the  fixed  point ^Is  on  the  fixed  line.    In  this.  cSse  Equation  (d) 
-'^  .  of  Figure  7-3  becomes    (y  -  k)^  =  0  ;  t^e  lor?ifs*  is  a  straightj-  line 
"  V     parallel  to  the  x-axis.  '  • 

(a)  Find  the  degenerate  c8Cse_of  each  of  the  other  standard  forms  of- the 

^    *        'equation  of  the  parabola,  and  state*Vhat  the  lo'cus-is.  ,  ^ 

(b)  If  k  pai:ab*ola  is  a  s^tiorvof  ^,  cone  By  a  plane  parallel  to  an 
element  of  the  cone,  can  you  explain  these  "degenerate  parabplas" 

^         ,  as.  limiting, cases^ 


Derive  an  equation  of  a  parabola  to  fit'eacfi 
by  using  the  locus  detinition  of 'a  parabola* 

(a)  Focus    '(-1,-2)  J  directrix    x  =  2 

(b)  Focus    (-1,3)  ,  directrix   y  =  2  ^ 

(c)  Vertex    lO,&\  ,  focus  (-5,0), 

(d)  Ver^x    (U,5)  ,  directr]^ 


f  the  following  conditions 


3C  =  3 


k^-  ^tain  Ian  equation  for  each  of  the  parabolas  for  wh|g]t)i^€0^(5it^^r^ 


given  *in  Exercise  3*^7  using  the  standard  forms  of'^^e.equationV.^/^ 


4  ,  . 

J 


■7-5 
5. 

} 


Vina  an  equation  of  a  ^)arabola  to  fit  each  of  the  following  co^iditiOns^^ 
(a)    Vertex    (Or;0)  ,  ^directrix".  2x  0  ^  ^  ' 

.  (b)    Vertex^  (2,-3)  ^,  directrix  the  x-axTs 

(c)  Vertex    (0,0)  ,  axis  of  ssonmetry.  the    x-axis,    passing  ^through  the  • 
•     i  point    (2,7)  *  '  \  *         .  *  ' 

(d)  Latus  rectuin    I6  ,  open 'down,  vertex  C-2,3)      '       -  -  ^. 

6.  Cross-section  paper  a_nd  a  compass  can  be  * 
u^ed  as  follows.^  Nkrk  one  of  the  printed 
lines    Lq    and  m&rk  suc.cessive  parailel 

lines         ,  . . .  .  Select  any,  ^oint  F 

on  the  same  side, of  as         .    With  a 

compass  measure  on*  one  of  the  printed 


lines  the  distance'  d^'    from  tQ.' 

*  « 

With  *  d^    as  radius    and    F    as  center^ 


locate  points  and  -P^'  ^on  L 


"2  • 


Jn 


a  similar  fashion,  using  as  radius,. 

,  •  locate,        and    P^'   ^on  '  L^.    Pro^e  tha-b 

the  points  P^',  P^'  ,  /. . .  lie  on  a  paraboU. 
^  •  ^. 

7^^^X*?*^°^s^^c*' ^  parabola  .mechanically,  plac^ 
a*strai^t  pdge    L   perpendicular  to  the 
line"  MN  ,    Attach  one  end  of  a  pie6e  of 
string  of  length    ST^rto  $)om^  T    of  right 
triangle    RST  ^  and  the  othSr  end  to  a 
^  point    F    on    MN  •    Witn  A^pencil,  hold  the 

string  against  tfie  side    ST    of  J:he  triangle' 
'  as  the  aide  slides  along    ML  .  Prove 

that, the  point    P    of  the  pencil  describes 
.   a  parfeibola  as  the  triangle  slide^ 
*^  '     '     '  • 


//    Iz  , 


4 

f 
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^     •  .         .        Challeifige  Problems, 

1.,    In^  Section  6-7  it  was  shown  that  ^he  family  of  tangents  to  the  parabola 

'   2  "  2*     '     -  »  ' 

y  =  X     at  any.pbint    P  ^  ''a, a  )    on  the  parabola  can  bfe  represented  by 

the  equation   y  =  2ax  -  &    .    Prove  the  reflecUve  ^)roperty.  of  the 
parabola  for  this  cl^se..   (Hint:    Show  th^t  the  tangent  makes  equal  angle - 
with  the  line  from.  P    to  the  focus  and  the  line  .through    P   parallel- to 

the  axis  of'  the-  parabola.,)  ^  *  .  '  . 

J 

2.    ^aln  using  tt^e  results  of  Section  6-7,  prove  the  following  statements 

'  2 
for  ttie  parabola   y  =  x    .  ' 

y  ;  ^  r 

ia)    The  points  of  tangen^y  of  two  perpendicular  tangents  are  collinear 

^    with  the  focus. 

(b)  -*The  locys  of  the  Intersections  "of  pairs  of*  perpendicular  tangents 
Is  the  directrix,  »  •      _  • 


7-6.    2l£  Circle    -   *  ^  .  '  - 

*  '  ^ 

'        cir.cle  is  the  set*  of  points  in  a  plane  each  of;  which  is  .at  a  given 
distance  from  a  fixe^  pofnt  of  the  plane.    It  the  fixed  point,  cal-led  the 
center,  is  "  C  =  (h,k)  ,  and  the  given  distance  is  ^  r  ,  for  the  required  set 
of  points  ^P  =  (x,y)    we  have  •'      .  • 

If   r  =  0  ,  the  solution  set-is' tfie  slmgle  p<3int    (h,k^  ;  such  a  locus 

,   is  often  called  a  pointgcircle-';    If    r   <  0  ,  the  solution"  set  is  the  empty 
set;  in  this  case  the  locj;|s  is  sometimes  said  to  be  an  im^ihary  circle. 

Since  there  are  three  arbitrary  constants    h',  k,  r    in  the  standard  . 
equation  of » a  circle^  it  is  in 'general  possible  to  impose'^three  geometric 
•conditions  on  a  circle-.'    Thfe  following*  example  will  illustrate  this. 

Examg^e  1*    5)ind  an  equation- of  the  circle  which  passes  through  f\ie 
three  points.   (i,2)  ,  (-1,1)',  (2,-3)  .  '  . 
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nrite 


Soltitidn  A.    Using  the  eqUJ^ipn    x   +  y    +  Dx '+  Ey  +  F  .=  0  ^  we  wri 
in  turn  the  condition  that  each  of  the  given  j&oints  satisfies  the  equation. 

^.  .  1  +'U  +T)  +  2E  +  Fs^  0  ,  or    D  •+  2E  +  F  =  -5   '  , 

iV  1  -  D  +    E  +  F  =  0  ,  or  -D  +    E  +  ^F  =  -2 
*  s  )  :  "  ,  ' 

^yKgi.2D  -  3E  +  F  =  0  ,  or  2D*-  3E  +  F  •=  -13; 


We*now  have  a  system  of*  3  equations  in  3  unknowns;  solvi 
desired  method,,  we  find  that  '  '  , 


11  ' 


11 
11 


,  and 


hese  by  any 


We  substitute  these  v^ues'  in  the  equation  an^  -multiply  by    11    to  obtain 


usejtrhe  condition  that  the  center    (h,k)  is 
ijts  of  the  ci'rjcle.    We  select  the  first  two. 


^+  (k     2)^     (h  +  1)^.  +  (K^.  1)^  ,  or   Uh  +*2k  =  3  . 

* 

We.  then  d^the  same  thing  for  .the  last"  two  points. 

(h  +  1)^  +  (k  -  i)^  ^  (h  -  2)^  +  (k  +  3)2  ^  or   6h  -  8k  =  11 

The  coo^ihate^  o%  the  center  of  the  desired  circle  must  satisfy  both  of 
\ ,  thfese  e^u^^ons';  solv^gg'  them,  ye  have  *       ♦         *  ^ 

.  6  =  (h,k)  =  (§,- ' 


Now  we  find  the  radius  *r  ,  the  distance  between  C  and  any  of  the  given  ^ 
points^  say  the  firgt.  'I  * 


•..r%(l-S)^(2*l|) 


22/ 
.2 


22 


-r- 


Thus^  the  equation  of  the  circle  is 


(x  •  i)"  +  (y  +  i§) 


2  ^ 


^2 


The  student  should  satisfy  himself  that^bhis  equation,  when 'simplified,  is  the 
.same  as  the  on'e  obtained  in  Solution  A,    What  happens  to  the  solution  of  this 
^-j  'problem  if  the  three  points  ate  collinc'air?  *        .  >  •  ' 


.  Example  2,    What*  is  the  locus  of  'S^x    +  36y   -  36x  +  i^8y  +  2^*  =  a  ? 
Solution^    We  rpgrq^p  the  terras*  and  apply  the  distributive  law  to  obtain 

"We  complete  the  square?  ty  adding  the  same  numbers  to  each  membe^  of  the^  \ 
eqviation,  obtaining  '  -*  ^  /  .  ,1 


vhich  is  equivalent  to 


tne  locus  is 


1       *2\        ■  ^  1 
a  circle  vith  center       ,  -  ^)  ,  and  radius    ^  4 


Exercises  7-6 


^  !•    Rewrite  the  following ,  equations  to  show  what  each  locus  is;  if  it  is^* 


g  circle,  find  l!he  center  and  radius. 


(a)        +  y^  .  8x  =  0 
2' 


(e)  •  x^  +  y^  -  X  + 


(b)    X    +  y    -  6x  T  IQy  +  33  ^"0_„{f)    «    +  y  -  -  2ax  -  26y'+  a    +^b  =-0 


"  /  (c)  ^  x"^  +  ;ir?' -  kx'+  8y  +  20  =  0  \^  (g).  '  5x^  +  ,5y^  -  6x     l|y  +  2  =  0'' 


i&l        +  y^*+  Ihx  -  9y  +  60  =  0     (h)    2x^  +  2y^-  -  2ax  +  2by  -  ab  =  0  - 


.  In  each  of  the  following,  find  an-eqioation  of  the  circle  (or  of  each 
circle) 'iiet^rmined  by  the  given  conditions , and  make  a  sketch.    ;Let  C 
and    r    represent  center  and  radius.)^  f  * 

•(a)  'c  =  (3,.?)  ,  r  =  7  , 

(,b)  .  C  =  (-5,12')    and  passing  through  the  origin     '  ^  jf 
•(c)    C  =  (3;2)    and  tangent  to  an  axis  '  •  * 

(d)-  r  =«  3    an^  passing  through  the  points    (-1,1)  ;  ^2,^^-)  '       '  , 
^(e)    C'=  (1,2)    and  tangent  to  the  line  /  3x  -       -  12  =  0  • 
(f)  .passing  through  tha^Wnts    (2,3)  ,  (o/l)  , -(0,l)' 
V,  /\  ^ 

(a)  Use  the  ^act  that (a ^ tangent  to  a  circle  is  perpendicular  To  the, 

radius  at  the  point  of  contact  to 'find  an  .equation  o^  a  tangent,  . 

2       2  •  *  '  .  * 

to  the  circle    x    +  y    ^  25    at  the  point    (3,-i^)  . 

(b)  Pro^e  that  an  equation  of  'the  tangent  to  the  circle    x^  ?  y^  = 
at  the  point    (x^,y^j'   of  the'circli^  is  •  x^x  +  y^y  =  r^  . 

(a)  ftnd  the  length  of  a  tangent  from  (3,7)  to  the  circle  x^  +  y-=25  . 
^  (b)    Shojr  that  if    t    is  the  length  of  a  tangent  from  the  point  (x^,y^) 

•     2       2  i  ' 

to  the  cii'cle    x  +y'^Dx-rEy+,F=0, 

^  =  x^    t  y^    +  Dx^  +^Ey^  +  F  .  .  ^ 

(c)  .If  in  using  this  formula  you  find  that    t*^  =  0  ,  how  do  you     •  , 
\         Int^rit  1^his  geometrically?    What  if    t^  ,<  0  ? 

In  Section  §-5  we, considered  the  family  of  circles  through  the-  common 
points  of  two  circles;  such  a  family *is  sometimes  called  a  coaxial  family^ 
or  a  pencil  of  circles.  '  .   ^  ^ 

•  .•   7  '  '       .    '  .  • .  ^ 

(a)    Jipd  an  equation  of  a  pencil  of  eirclete  through  the  intersections 
j'  ^    »f  the  circles  with  equations  .  ^ 

x^  +  y^  1  lOx  -  2y  -  35  =  0  .^and       "  *  ' 

\\))    Find  an  equation  of  a  circle  of  this  pencii  which  passes  through 

'the  point*'  (0,-6)  /  u>  \    ^  ^ 

*  *      '  '*  » 

(c)  ^ Find  an  equation  of  a  circle  of  this  pencil' which  has  its  center 


on  tbe  line    x  +  5  =  0 


'7-6 


'§1    IrfiSedtion  6^^       found \the  eTjuation  of  a  line  through  the  common  point 
of  two  ci«lei;  ^he  same,  algebraic*  technique  gives  us  ^he'  equation 


ointsf 

•  -       -  ■-  -  •  ••  •  ■    * '  o\^J^^ 

line,  whefther  the  circles^intersect  or  not.  This  line  is  called  tfie  ' 
radical  aj^is  of  the  two  circles ♦    Prove  that  the  'tangent's  drawn  to^two^ 


circles  from  any  point  in  their  ♦radical  axis  are. equal. in  lengthy 


Y.    Find;,^the  coordinates  of  .a  point  from  which /qual  tangfents  can  be  dra^n 
*.    to  1>he  three  circles  with  equations   ^    +'y       1^  >  x       y    -  6x,+  y  =  12, 
.s^L^      +  kx  -  >3y     15     .  *  *  '    '  ^-  ' 

8.  Prove  ti^t  the  radical  .axis  of  two  circles  is  perpendicular  to  the  .line  ' 
of  centers  of  the  circles .  '  ,  . 

* "  •      /  '     ,     ^  , 

9.  Two  intersecting  circles  ar^  said  to, be  orthogonal  if  yue  tarfge;its  at 

e^ch  po^int  of  intersection  are  perpendicular.    Prove  that  if  circles 


f:  2 


'+  y^  +  D^x  +  E^y  +.F^ 


2        2  '  ' 

0    and    X '  +  y  ^  +  D  X  +  E  y  +  F    =  0  ^re 


orthogonal,  then 


4 


10..  Shd 


id*  fhat  the  f olJ 


following  pairs  of  circles  are  orthogonal, 


(a)  .x^  +  y^  +  3x  -  5y  +  6  =  0  .  x^-+       +  lOx  +  q 

(b)  .  Zx    +'*2y^  +  2x  +  1  =  0  .,-2x^  +.2y^''-  iik  +  6y  .  3 


11, 


Petenjjine  the  constant  so^thai  each  of' the  following  pairs  of 
circles  is  orthogonal .  '  '        . .  .  ^ 

(a),  y^     3x  -  3  =  < 


7  ■ 


'(bT  *  3x^+  3y^  Vkx 


2y 


X    +y    +2x-y  +  k=:0. 

X  +  2y  =  2  ' 

y  ■       . .  \ 


\       '           Challenge  Problems 
/       *  •  — — »  

^The^vertjiqes  of  triangle  ABC  are  the  centers  of  any  three  circles  j^hich 
intersect  e^cb  other.    Prove  ,tjiat 'their  common  chords  are  aoncurrent. 

'^e  yertice,s  of  t]^ngle  fABC  are  ithe  center's  of  any  three '^circles,  * 
Prove  that  their  ri'di^^l  ax^s  are  concurrenti  ^  (Doe's'  youi*  proof  also  ' 
hoid  fbf  Challenge 'Problem  I  ?.)  *   .  '  * 


ERIC 


289 


7r7.    The  Ellipse  -^A  ,       .  •  ' 

■  '   •    *\  ...        ■     '  - 

The  ellipse  is  defined  a^.  the  set  of  points    P    such  that  the  distance  • 

from    P  .to.  a  fixed. point  (.tSe  focus ^  is  equal  to  the  product  of  a  constant 

^e    and  the  distance  fi>om   P    to  ia  fixed  line  (the  directrix).    The  constant 

e  ,  %he  eccentricity^  is  such  that    0  <  e*  <  1  .    In  our  eajlier  study  we  found 


,ai>  if  take  as  fo<;u5  F  =  (c,0)\,^and  as  directrix  the  line  x  ^  —.,  and 
let    a  =  —   and    b  =  ~A  - 


c  c  /  ? 

-   and    b  =  -  vl  -  e    ,  an  equation  for 'the  ellipse  can  be  written 
'      "  \.     *  *  .      •  ^ 

a       b    \  ,  > 

'  .       '  \       "  .  ■ 

We  note  from  these  relations  .that  the  equa^^ion  of  the  directrix  cari^also  be 

"^writtenr  x  =       ,  or  ^"x  =  S  .    Aifether  useftil  relation  is  .  c^     a^e^  =       -  b^ 
c  e  ^  .  .  ^  ' 

From  Equation  (1)  we  see  that  the  graph  \t  thf  ellipse'is  symmetric  with 
^respect  to  the  origfn  and  to  both  of  the  coordinate  axes;  hence  the  point 

F'  =  (-c,0')    and  the  lir>e    x  =  -        also  s^rye  Vs  focus  and  directrix.  O^ie-j 

.  el  ■    |.  •     ^  » 

chord  of  the  ellipse  which  contains  the  foci  Is  cabled  the  major* axis;  i'ts  ♦ 
.       ,  ^  ^  

endpolnts  are  called  vert  fees*    The  midpoint  of  the^major  axis  is  called  the 
center  of  the  ellipse;  the  chord  perpendicular  to  th^,  major  axis' at  the  center 
.is  caviled 'the  minor  eocis.'  '    '  V  • 

In  Figure  7-^>  parts  c^)  and.  (c)  summarize  ^jtfformd^tion  a'bout  the  ellipse  ^ 
with  Equation  (l),  and  also  tt/e- comparable  case  with  the  role  of  the  x-  and 
y-axps  interchanged.  '        *  . 

The  equation '  *  .  ~'       '         •  ' 

\2)     '  '  i2^Ji)!-ik^-=  1.,.  .    .  •  • 

ff    M   and    N    are  p6sitive,  is^in  the  form  cf  an  equaljion^of  an  ellipse  with 
center    C  =  (h,k)  .    Whether  the  major  |xis  is  parallel  to  the  x-  or  the  * 
y-axis  dei)ends  on  whether    M    oj:    N    ip  larger.    Usin^   V,V'  ,  F,F''  ,  and 
B,D'    to  indicate, vertices,  foci,  and  directrices,  we  can  summarize  in 
Figure '7-^>  parts  (b)  and  (d),  infonpation  about  an  ellipse  with  center  (h,k) 
and  eoces  parallel  to  the  coordinate  axes. 


7-7 


.  If  in  Equation' (2)  M  and  'N  are  negative,  there  is  no  locus;  gome- 
tiiges  in  this. case  we  speak  of  a"n  imaginary  ellipse,    -^he 'equation 


(X  -  h)^  ^  (y  -  k)^ 


has  as  its  loeus  only  the  point  ^(h.k)  .    Such  a  locus  is  si)aken  of  as  a 

degenerate  'elligise  or  a  point-el^opse,^  gi^ce  its  e^juation  resembles  that  of 

an  ellinse.  '  >    "  '  ^    '  ^ 

In  discussing  the  ellipse  and  its  properties  aj^d  graph  we  have,  in  this  ^ 

'  section,'  wi^tten  the  equations  in  rectangular  coordinates.    All  of 'the'work  ^ 

cpuld,  nave  been  done  uc  ng  polar  coordinates.    If  the  equation  of. an  ellipse,  _ 

or  any  conic  sefstion,  is  in  polar  coordinates,  you  may  leave  it  in  that  f ohn  •  "  ^ 

in-order  to  graph  ifapd  obtain  auch  irvf ormation  as  coordinates  of  foci  and 

vertices.  ,         ,  '  '  .      '   *  I 

''''''  ^  '  .  * 

The  ^hape  of  ah  ellipse  varies  with  its  eccentricity.    As 'you  se§  in 

Figure  7-5 J  ^he  nearer    e    is  to  zero,  the  closer  the*- "shape  of  the  ellipse  is,^ 


..en:) 


e;=  .6 


Figure  7-5 


,to  a  circle.    You  can  see  why ,  the  circle  is  spoken  of  as  an  ellipse  of.eccen- 
tricity  zero.    For  inpreasingly  large  values  of    e  ,'the  ellipse  is  more  'and 
more  elongated..  Can  you  fexplain  this  result  fromythe' fact  ihajt 


Perhaps- best  Knawh  of *the. properties  of  an  ellipse  is  that, "for  any  point 

on  ah  ellipse,  the  sum  of  the'distances  to  the  foci  is  a  coi^stant' equal jbo_ the 

length  of  tbe  major  axis*  *  Th6  reflective  property-  has  important  applications- 

in  optics  and  radar:    Since  a  tangent  at  any^ point  of  an  ellipse  malces  e<lual 

arigles  vith  the  radii  drawn  to  the  two  f6ci,  rays  are  reflected  from  one  foeus 

to  the  other.    This  property  Explains  the  "whispering  gallery"  effe«t^in  some 

halls,  where  a  vhi'sper.at  one  spot,  though  not  audible  nearby,  is, easily  heard 

at  some  mo're  remote  s^ot.    The*  orbits  of 'planets  and  the  paths  of- electrons 

about  the  nucleus  in  an  atom  are  approximately  ellipses  with  the  sun  and  the^,.,^ 

nuclevis  respectively  ^t  one  focus.  -The  elliptic  fgrm  alsa  occurs  in  arches 

*  *  .   .  ♦  \ 
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and  gears 


7-7 


Example  1.    Discuss  and  sketch  the  ellipse  with  equation 

 '  \     '  .    ■      .  • 

9x^  +  hy^'  +  5l;x  -  l6y  +  61  =  0  . 


Solution,  •  _SJe  proceed  to  rewrite  this  equation. 
<        '      9tx^  +  6x  +  9)  +  h(y^  i  ky  ^^      =  81  +  16  -'  61 


is  equivalent  to 


or 


'  9(x  +  3)^  -i-^My  -  3^  =  3^'  ' 


/(x  f  3)^  ,  (y  . 


Since    3    is  larger  than    2     ve  see 'that    a  =  3  ^  ^  =  2  J  and  the  major  axis 
is  paraJ-lel  to  the  y*axis.    The  curve  is  an  ellipse  such^as    Ld)    of 'Figure- 
T-ii- with  center  (-3/2)  ♦    The  eccentricity 


f   .  a 

a  9 


|=|y5.  We 


=  ;  hencey^ae.  an^ji 
use  these  -values  and  the 


formulas  of  Figure  7-^  (d)  to  obtain  the 
coordinates  for  the  vertices,    V  ='(-3^5)^  •' 
V'  =  (.-3,-1)  ,  and  foci,    F  ^  (.3-,2  +^>5) , 
F'  =  (-3,2  -  VJO  }  equations' of  the  axes 
(x'  =       ,  ^  =  '2)    and 'direct-rices*  ,  •  ' 

, (y.  =  2  t  ~/5)  »    In'medcing  a.  sketch  we/ 


usually  locate  the  center  first,  and  mark  off  J*roin  it  the  semi-axes j  the 
values  used  for  this    (h,k,a,b)    may  alj.  be  obtained  diirectly  from  the  ■ 
^    equation  in /form,  (d)    of  Figure,?-^.    '   '  ^ 


Example  2,  *  Write  an  equation  of  the  ellips^  with  foci    F  =  (2,^^)  and^ 
=  (-I;,.!;/'  an^  Vtth,  e         .        ,  i  '       '  - 

.Solution,    Siftce  for  this  ^ellipse  the  major  axis  is  parallel -to  the' 

 3   •  '  /    -  .        '  »  ' 

x-axife^  we  sfialXjuse  form  ^b)  of  Figure  7-W  We  distetnce  between*  the  * 
foci  i-s        -  ■         '  •  / 


2ae  =  |2  -  i-h)\  f  6  } 


therefore 
Sin<<e      e/=  |  , 


ae  W'a  ', 


a  = 


aet,-  _    3 ' 
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Using  the  relation 

2  2 

=  a  - 

we  have  *                 .  . 

d 

=  a  - 

?  V 

"  b^ 

=  25  - 

9  , 

• 

and 

„  -      •           r ' 

1  b^ 

=  16  . 

!niu6 .  ^ 

b 

--\  . 

• 

.     Since  the  center  is  the  midpoint  of  ,  c  =-(-1,4)       We.  nov  write  the 

equati9n.  '  ^;  '^y  '   .  »  ^ 

-■  '  •     (x  >  if  -  (y  -  U)^  . 

—35        +  ];5 —  =  1  .  '  ^ 

'  ^  *  .  *  *  - 

'    I    •        -  Exercises  7^7 

.  '       .   /  '  *  •  '  M        ^  . 

1/    Writfe  an  equation  pf  the  ellipse^  with>  center    (3,2)  /^major  axis 'equal 

to   12   and  ^parallel  to  tlRe  x-axis,  and  minor  axis  .  8  .    Find  the 
•  -  •  •  «• 

eccentricity, -the  coordinates  fif,i'he  foci  ^r\d  ve2:ti^es,  and 'gj^  equations 
of  the  directrices:.   Make  a  sketch. '     .  *  ;    ^  * 

2.    Writ?  art  equation  of  the  ellipse  with  center  at    (0,0)  ,  one  vertex 
#  *         *  \  7/7 

(3,0)  \  and  one  focus    (2^o)  .       ;  . 

\    3.    Rewrite  J^he  folloving  Equations  in  the^- forms  of  .Figure.  7A.    For  each, 
find' the  eccej^tricitjr,  the  6oprdinate^ of  foci  and  ve-i^ices,  and 
^      equations  of  directrices;  make  a  sketch.    *   '  ^  •   _  ' • 

(aO    Ux^  +  y2  =  U   •  ' 

(b)  +  25y^  =^100     .  '■'    ^  '  , 

,  (c).  2y2  =  6  ■  .     .  ^     ^  .  ^  -     "  ■ 

-          (d)         +  =  1  ,/       ,  .                         -  * 

•     •         (e)»  36(x  ;  +  25(y  +  3)^  =  900     '        '  '  / 

.    •  (f)  Mx  t  +  9(y  +  1?  =  36      .           '           '                   .  , 

(g^)  9x^  +  36x  =  0  -V. 

•     ^    (h)    Ux^  +.y^  +  8x  -  IQy  +  13  ='0 

*  *   \         2  2        **  *  • 

(1)    I6x    +  2$y    -  32x  +'150y  +  2^1  =  ( 

ErJc  .       ,  .   ■  ■  299 


7t7 


Write  an  equiation  of-,an  ellipse  to  fit  e&ch  of  *  the  following  conditions 
'istters'are  used  as  in 'Figure  7-'+).      .     ,  ,    '    /  *" 

(a)    C  =  (0,D)  ;  major  axis,    8  ,  parallel  to  x-a:^s)  minor  axts,  6 

•(b)     =  (o,o)'*^y  =  (0,5)    f  =  (0,2) 

(c)    0=  (3*,5)  ,  directrix    x  =  10  ,.  a  =  5 


e  =^ 


6. 


'7. 


ft.* 


What  change  must  be*made  in  the  definition  of  latus  rectum  gi^en  /or  ^he 
parabola  to  make'  It  apply  to  the  ellipse ^    Find  a  formula  for  the^  length 
of  the  latus  recitum  for  ^  ellipse;  check  that  your  formula  applies  for 
all  four  cases  ,ir*  Figure  J7-^•^ .  ^ 

.  '  .     /      9  -  '  ^ 

^  focaL  radius  of  an  ^lipse  is  a  segment  drawn  from  a'  focjus  to  any 
point  of  the  ellipse.    Prove  that  the  sun!  of  the  lengths  of .ti^  focal 
'radii  fdr  arjy  point  jon  an  ellipse  is  a  constant,  ^and  equal  to  the 
length  of  the  pajor  axis. 

p.  *      '  ' 

Prove' that  an  ellipse  is  fhe  locus  of  points  the  sum  of  whose  distaijces 

from  two  fiiced  paints  is^a  constant  greater  than  the  distance  between 

the  tHO  fixed  points.  -  \ 

Construct^ome  points  of  an 
ellipse  J*rom  given  vertices 
V,V'    and  -toci    F,F»  ag-K 
follows.    Select  any  point* 
P   of  the  segment    V*T  . 
With    F    as  center  and  PV- 

'radius,  strike  arcs  above 
and  below  .    With  F» 

as^enter  and'*  PVI  a^ 
radius,  describe  arc^  int'er^ 
secting  the  ones  first  dra,wn, 
and  locating  points    R    and  R* 
and  F 


-4  H 


.  /IT  ^S' 


of  the  ellipse.    Then  interchange  F- 
and  repeat, , lib  eatings,  two  more  points,    S    and    S'   .    Thus'  . 


for  ai^y'"p0tiTt~"gi^lf  eCs^  P  '6^  the  segment  four^oints  can  be^  located. 
Why  do  the  points  so  locjated  lie  on  the  ellipse  with  the  ^iven  foci  and 
vertices?  '  / 
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Construct  an  ellipse  as ^follows. 

Tie  tfie  ends  of     piece  of 

string  to  "two  thumbtacks.  Stick 

»the  *tacks  ^into  a  piece  of  csr3- 
-  *     •  *  *• 

board  ai    F  '  and  '"F"^  '*r  .Draif.  the 
string  t^ut  with  a  penliil  psint. 
(F)    and  trace  a  curve.    Why  is 
the  curve  an  ellipse?    Keeping  * 

'the  length  of  the  string  the  *  ,        '  ^ 

same,  change^ the  distance  ' 

betv^^n  the  tacks  and  repeat  the  construction.  .  What  do  you, observed 


s 

*  « 

 -P       '■  ■ 

\               \  ' 

^  / 

4 

1 

*10.    Use  ih'e  locus  definition  in  Exercise  7  in  deriving  equations  of 

(a)    aji  ellipse  with  fixed  points    (2,3)    ahd    (6,s)    and.  sum  of  ^focal 
radii  equal  to    6.  ^    .  ^  ^ 

*  (b)    an  ell ipsQ^-jp^sh  fixed  points    (1,1)    and    C3;5)    and  sum  of  I'ocal 

radii  e^jal  to 

*11.    Some  writers  IJlke  tp/include  the  circle  as  a  special  case  of  dn  ellipse* 
If  a  circle  with  its  center  at  the  origin  is  to  be  thought  of  as  an 
ellipse,  then    a  =      .    What,  then,  is^  e  ?    Is  thi^  consistent  with  V 
'the  focus-directrix  definition '.of  a  conic?  - 

^  12.    .Show  that  the  ellipse  x/ith  focus    F=  (c,0)  ,  eccentricity    e  ,  and  directrix 


X  =  — g    has  another  focus  F*": 


(^2,0)   .and  another  directrix    x  =  -  . 


,15.    Di£CU£B  and  sketch  the  graph  of    r  =  ^  ^  ,  iYicluding  coordinates 

of  the  vertices,  foci,  and  center;  the  lengths  ot  tfte'  major  and  minor 
axes  and  of  the  latus  rectum;  eccentricity.         »    ,  '   ^  "",.^,^""7' 

Ih.    P^ove  that^in  an  ellipse  the  length  of  the  major*  axi&  is  the"  mean  - 
propoa^tional  between  the  distance  between  the  foci  and  the  distance 
between  the  directrices,        ,  . 


7-8..   The  Hyperbola  . ' 

T!;ie  hyperbola  is  defined  as  the  set  oT  points    P    such  that  the  distance  / 
Yl^m   P    to  a  fixed  pbint  (the  focus)  is  the  product  of  the  eccentricity,    js  , 
and  the  distance  from   P  ^to.a  fixed ^line  '(the  directrix),  with^  >e  '"greater.; 
than  one.    In  our  earlier  ^udy  we  found  'that  if,  as  with  the  ellipse,,  we- take- ^ 

as  focus  /F  =  (c,0)>and  as.  directrix  the  line    x  =  4r  ,  and  let   fe  =  ^   and  • 
'    /  ,  ■?  •  e  • 


.  Figure  7-6 


b  =  -  1  )  .^n  equation  for  the  hyperbola  can  be  written  ^ 

4      a      .b  .  -  - 

Bie  hyperbola  has 'the  same  symmetries'  as  the  ellipse.  The  formula^  for, foci, 

'J  .  "      *  V  .  • 

vertices,  and  directrices  are  also  the  same;  these  are  smranarizel.for  the 
\*                   ^               •  ^ 

various  simple  cases  in  Figure  7-6. 

(Jnlike  the  ellipse,  the  hyperbola*  is  not  a  bounded  curve.    3n  part  (a) 
of  ^Figure  7-6,  for  example we  see  that  if  we  take  increasingly  large^  valu.es 
for    X  ,'the  corresponding  values  for    y    are  increasingly  large  in  absolute 
'value.    On  the  jrther  hand,  there  are  values  of    x    (in  this  case  -e 
for  which  there  are  no  real  values  of    y  .    If  we  solte    (l)  for 

^         ^         +  b  — 5 

y  =  I  -;Vx  .  -  a  . 


5-     ^QlK  X  <  Ql) 

or    y  xife  ge't  ' 


Fbr  very  larg6  values  of  the  values  of    y    in  the  first  "^quadraut  are  . 

very  nearly  equal  to    ~x  (corresponding  comments  apply  in  the  other  quadi^wifcs). 

Tnus  W  s^e* intuitively  that  for  values  of*  x    that  are  sufficiently. large  in 
absolute  value,  the  distance  between  a  point  on  the  curve  and  the,  line  witfr-" 
^  b  b  -      '  '  ^  .  ft 

equation    y  -  -x  (or    y  =  i  -x)-  can  b^^made  arbitrarily  sraiall.    Thus  these 


lines  are  ^asymptotes  of  tke  hyperbola;  in  Figure  7-6  they  are  marked   A  and 

'  .    .  -  t 

A*       You  may  wish  to  refer  to  Section  6-3  wliere  there  is  a  detailed  d^s- 

^cossion  of  the,  asymptotes  of  a  t)a3fticular  hyperbola;  it  applies  here. 

V 

To  make 'a  sketch  of  a  h^erbola  we- first  locate  ,the  veHico^/ and  th^en^" 
draw  "fefie  asymptotes.    Ihey  are  drawn  easily  since  ^ey  are  diagonals^pf  the 
rectangle  ^ith  sides    2a    and^^  2b  ,  located  as  in  Figure  7r6.    The  se^nt 

,  of"  length    2a  ,  ^.s  called  the^  transverse  (or  major)  axis  ofr  tl>e  hyperbola. 
{JJ^ie  line  se^^nt  Joini*ilg  the  points    (0,b-).    and  XO>-b)*  ,  o^f  length    2b  , 
6^  part    (a)    of  Figure  7-6  is  sometimes  called  the  conjugate  axis. )  .  From  the  . 

■    .         ^    2^  "  2''  '2'        '    ^       ^   '      '  '      *       '  ^  ^  ^       *^  . 
.relationship    c    =  ^  +  b    ,  we  see  'that  the^  length  of  the  diagonal  of  the 

rectangle  is  also  the  distance  beWe'en  the  ^ci.    We  may  use  this  fact  to 

locate  -Che  foci.  ^  -        h'K'  ''  -  >  - 


r 
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Oonjugate  hyper]3olas  are  concen- 
tric hyperbolas  with  the'*  roles  of  the 
transverse  and  conjugate  axes  inter- 
changed. '*Stie  equations 


2 

X 

a 


=  1 


and 


2  ? 
a  h 


represent  conjugate  hyperbolas,-  As^ 
shown  in  Figure  7-7,  they  have  the 
seune  asymptote?,*  and  their  foci  lie  on 
•a-  dircle  with  center  at  the  center  of 
the  curves, 

A  hyperb.ola  is  called  equilateral  {&r  reatetngular 
and  conjugate  axes  are  equal.    In  this^ase/the  tectangle/we  dfeve'used  in 


sketching  is  a  square,  and  the  asynipto^S^  (/ 
pendicular,"   You  may  have  studied  the  fami) 


lich  e^re  dl 


are  per- 


o?  equilateral .hyperbolas 


equjsition  xy 
asynqototes. 


These  are  hyperbolas  with  the  coordi/nate  axes"  as 


For  any  point  of  a  hyperbola,  the  absolute  value  of  the  difference  of 
its  distancies  from*two  fixed  points  is  a  constant,  ThlSy. property  is  some- 
times  used  to  deiyfiiN^^a  hyperbola;  it 'has  efppli(5ations,  in  range  finding  <and 
LORAN  (Long  Range  Navigation),  Both  of  these  use.  intersections  of  families 
of  hyperbolas.  As  with  the  ellipse,  a  tangerit  at  any,  point  of  a  hyper*bola 
makes  equal  angles  with  radii  drawn  to  the  foci;  fo^  ^tHe  hyperbola,  however, 
the  radii  are  on  opposite  sides  of  the  'tangent,    !     1  ' 

\    .   .  ,  ^  .  .     •  •       '  ■ 

Example ,    Find  the  equations  of  the  asymptotes  of  the  hyperbola  with 
~         2  ..J- 


equation  9x 
asymptotes 

J 


Sketch  the  curve  and  its 
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Solution,    We  rewrite  the  equation,  following  the  s^e  p^ocedyi^e  as  ix\ 
Example  I'in  Section  7-7/ getting  the   '    '  ' 
equation  .       ' .         *  * 

2  . 


This  is^tfrtbrm  (b)  of  Figure  7-6, 
with  tralisv^se' axis- having  a  length 
of    k  ,  the  coQ jugate  axis    6  ;  the 
center  is'  C  =  (-3,1)       To  obtain 
the  equatiojis  "of  the  asymptotes,  we 
write 

(y  -'ir 


or^  3x  +  .2y  +  7  =  0  and  3x  -  •2y  +  11  =  o  ;  lk>  raake;the  sket/h,  we  i6cate 
the  center^  C  ,  dr^  through  C  lines  parallel'  to  th#  coordinate -axes,  and 
mark"  of-f  on  them^  the  lengths  of  the  semi -axes.  _\ext  ne  draw  the  rectangle, 
its  diagonals  give  the  asymptotes,,  and  we  can  Sketch  the  ctfrve/'  ' 


i 


"  •      '  Exercises  7-8   *  , 

1.  'Write  an  equation  pi"  a  ^eri)ola.  with  serai-axefe  'fe    dShd    3  ,  center  at. 
the  prigin,  and -transverse  a^jis  on- the  x-axis.    J'ind  -Ste.  eccentricity, 
the  coordinate^of  the  vertices  and  foci,'  and  equations  ^  the  direc- 
trices and  asympte^tes.    Sketch  the  curve.  %. 


2. 


I  3. 


'  Repeat  ilxercise'^i,  but  iJhrs^tiAe"  let  *tW  transverse  axis  be.  on  the  ' 
y-axjjs .  .  ,  ^  . 

/ 

Write  an  equation  of  a  hypei^ola  t(rithx^cenler    (-2,3)  ,  semi-axes  h 
and^  3.  ,  and  transverse,  axis  para/llel  ta  the  x-axis  v )  FJ.nd  1fhe 
e^'eentricity,  coordinates  of  vertices  and  toci,  and  equations  of 
[directrices  and  asyn^totes.    'Sketch  the  $urve* 


Repeat  Exercise  3>  but  this  tii] 
the  ^laxilr  <  , 


[e  have|the  transverse  axis  parallel -to 


/ 
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For  each  hyperl)ola  whose  equation  is  given ,^  find' the  eccentricity  and 
^he  length  of 'the  semiTaxes;  the  coordinates  of  center,  foci,  and 
^v^tices;  the  equatiohs  of  th^  directrices  and  asymptotes.  '  Sketch  tjae 
,  curves. 
2 


(a) 


2  2 

y  -  X 


.9y  =  36 


6.' 

7. 

If 


10. 


11. 


(d)    Ikky^  -  25x^  =  36OO  ' 

i 

,  (e)         -  hy^  -  Ux  +  '2hy  -  I6  =  0 

^ov  each  part  of  Exercise  5,  write  an  e^quation  of  the  conjugate 
-hyperbola.  *      *  •* 

Find  an  equation  of  the  locus  of  a  point /such -that  the  absolute  value 
^  of  the  difference' bf  its  distances  from  the  points    (5,0)    and  i-^,0) 

is    6>.  .      .  ,  .        ,^  ,       ^  .    '  ^ 

Find  an^equatioh-  of  the  locus  of  a  point  such  that  ^the  absolute  vaJ-ue- 
of  the^differe'hce  of  its  distances  :f roi^  the  points    (l,l)    and  (-1,-1) 
is    2  .    iWhat  is  the  eccentricity  of-^his  curve?  / 

Prove  tbat  a  hyperbola  is  t^e  locus  of 'a  point  such  that  the  Absolute  , 
value  of  the* difference  of  its  distances  from  two  fixed  points  is  a  ^  ' 
^constant  whi<:h  is  lesa  thap  the'  distance  between  the  'fixed  points. 

What  is  an  Appropriate  definition,  of  the  latus  rectum  of  a  hyp^rbolaZ 
Find  a  f onmila  for  the  length  of  the  latus  rectum  of  a  hyperbola; 
check  that  your  formula  appli^ in  all  four  cases  of  Figure  7-6.      ^'  f 

Construct  some^  points  of  a  hyperbola  as  follows.  Select  fixed  points'- 
F,F'    and'  a  length    2a  '  . 

(2a  <;  d(F,F'))    .    With    F  as*', 
center  and  any  desired  radius    r  , 
describe.  ?tn  arc.    With   F*    as  ^ 
center  and  radius  of  length   '  > 
r  +  2a  ,  describe  an  arc  inter- 
sectinfj  the  first  arc  at  points 
P  •  and    P'  .    Then  use    F* ,  as  \ 
a  center  with  radius    r  ,  and 


 1  ;  

—  1  

2a 


F  ''with  radius    r  +  2a'»  ,  obtaining  ^points  .  R^.  ar^^    R»  ,    Thus  for  a 
particular  choi'ce  of    r  ,  four  points  can  be  ^ocat^.  ^V/hy  do  the  points 


so  located  lie  on, a  hyperbola? 
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12-.    Prove  that  the  'equations    x  =  a  sec  ^       =  b  tan  9.  are  a  parametric 
representation  of  a  hyperbola.     '  * 

13.  *  See  if  you^caji, devise  a  method  of  constructing  a  hyperbola  which  uses 
the  eqxiatl)bns  in  Exercise  12i    (Hint:    See  Section  5-^^.) 

li^.    Find  equ^ions  of  the  ^quilajberal  hyperbolas  through  the  point    (3,*7)  , 

(a)  with  the  coordinate  axes  as  asymptotes,  * 

(b)  wi^th  axes  of  the  hyperbola  along  the  coordinate,  axes. 


15.    Just  a3    iS-  +       =  0   was  Considered  an  equation  of  a  degenerate  ellipse 

.    ^         a       b  I  ^ 

we  .may  speak  of  -  2^  t  0  as  tRe  equation 'of  a  degenerate  hyperbola. 
What  is  the  locus  in  thi^  case?  ,  • 


7-9.    Summary^  /  /  '  ' 

^ '  A  conic  se<ition  is  the  intersection  of  a  plane  anSl.  a  right  circu^r  cone 

/  « 
it  is  a  circle,  ellipse,  parabola,  hyperbola,  or,  in  a  degenerate  case,  a 

I 

point,  line,  or  pair. of  lines. 

In  polar  coordinates  a  circle^ with  center  'at  the  origin  has  the  equation 

'         »  V  I  "  "  *  • 

r  =  k  .    Any  other  conic  section  ma^  be  defined  Ss  the  locus  of  points  in  a 
platie  s       that  for  each  point  the  ratio  of  ilps  distance  from  a  given  point 
m.  the  plane  to  its  distance  from  a  gtveii  line  in  the  plane  is  a  constant  e 
called  the  eccentricity.    Such  a  conic,  'i^  the  center**  is, at  theSpole  and  ^  r 
directrix  perpendicular  tp  the  polar  axis  and    p    iFnits  to  "the  left  of  it, 
has  the  equation 


ep 


e  coa  9       -  ^ 


representing 


a  parabola  if    e  =  1  ," 
an  ellipse  if    0  <  e  <  1  , 
a  hyperbajB  If    e  >  1  . " 


find  c 


quations  that  relate  pdlar  and-' rectangular  oo'ordinati'gs  were  used  to 
^spending  rectangular  equations.    Hiese  were  V5.een  to  be  equivalen^ 
to  the  equations  developed  in. earlier  work  in , algebra.    Since  the  ^nformat£oh 
about  the  conies  in  .rectangular  form  Is  summarized  at  t*he  beginning  of  the 
sections  (7-5  through  7-8)  dealing  with  each  type,^it  is  not  repeated  again 
here.    '    -  *  ' 


Conic  sections  have  wide  usefulness  *ln  theoretical  work  in  mathematics 
'and  science,  and  i^j  applications  to  a  great  variety  of  problems  in  science  ' 

and  industry;  it  has  been  possible  to  merition**only  a  few  here, 

^'  '   •  ■  "      ;  e  ' 

•   With  this  chiapter  we  conclude,  for  t^e  .time  being,  our  st^udy  of  the 
'analytic  gdometry  of  tyo-space.    We  shall  take  up  next  the  analytic  geometry 
of  three-space.    Later,  if  time- permits,^ .there  may  tie  an  opportunity  to 
return  again  to  cortic  sjections  in  order  to  consider  .the  general  problem  of 
showing  th^t  all  equations  of^  second  degree  in    x    and   y    have  lici.  which 
&re  conic  sections,  and  then  Jbo  relat^  the  corresponding  algebraic  and  geometric 
properties.  '  ' 


Review  Exercises^ 

1,    Sketch  the  grajjh'  of  each  of ,  the  following,  equations.    Identify  eacji 

i       V  "  '  * 

conic  section,  an4  give  the "appropriate  information  (foci,  vertices, 
center,  eccentificity,  directrices,  asymptotes,  elc,)'^,*~       \  V 

(a)  3r--  2  =  0  ,^     .  .  - 

(b)  r.  =.2  COS  e  '  * 


^(f) 


8  ,   »  . 

•  1 . 

cog  Q 

-  i  - 

\  cos  '0 

ell 

r 

-  COS 

12 

- 

3  cos  B' 

=  3r 

cos  9  +  A 

=  ^  - 

■■t  sin'  e 

(i)    r  =  3  +  ^  cos  e 

(j)    x^  -  Ux.+  y^  +  6y  +  13  =  0 

(k)    3x^  -  2y2-  6    .  ; 

(1)^  y   +  8x     6y  +  25  =^0 

(m),  25x^  +  36y^  +  lOOx  +  288y  -  221;     o ' 

iSZ^""  6x  +  20y  +  8  =  0 
(o)    x^*+.  r^^'Ox.  +  iQy  +  3^  =  6 
(P)   x^  -  3y^  +  8x  -  6y  -  11;  0 


(q)  'll^lfx^  -  by^^+.  5^6x  +  150v  ^  321;Q  =  qJ' 
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Write  an  equation  for  each  of  the  followi'ng  and  sketch  the  graphs 

*^  «)■ 

(a*)  .  A  parabola  with  vertex    (0,0)    and  focus   ,(-5,0)  .  *  *^ 

(b)  A  parat)ola  with  vertex    (7,6)    and  directrix    y  =  -2  . 

(c)  A  circle  with  radius    5    and  tsingenJ:  to  bothies. 

-(d)    A  circle  with  center    C  =  (1^-^)    and  passing  thrpugh'  (3>-2)  . 

(e)  ,A  circle  ta^igent  to  the  line    x  -  2y  -  2  =  0  ^  passing  through  the  * 

point    (-2,0)  ;  and  with  center  6r>,  the  y-axis. 

(f)  A  circle  passing  through  the  points    (0^^)  ,  (6^6)    and    (-2,«10).  S 

(g)  An  ellipse  with  eenter    (2^3)  ;  a^vertex    (5,3)  ,  anS  a  directrix 
X  =  fh  . 

(h)  An  ellipse  with  a  focus    f^3,5)  ,  a^icl  directrices    y  =  6    and  the 
X-axis. .  * 

(i)  A  hyperbola  with  fo^    (-1,1)    and^  (5^1)  4" and  a  vertex    (0,1)  . 
(c)    A  hyperbola  with  asymptotes    3^  -  ^^y  =  0  ,  Jx  +  4y  =  0  ,  and 

•p&ssing  through  the  poi^  ^3>5)  •  ^ 
(k)    A  parabola  with  axis. ijarallel  to.  the  y-axis,  passing  through  the 
pointl    (2^ill)  ,  (0,5)    and    (-1,8)  .  '    ^  ,  ' 

Find  an  equation  of  the  locus  of  a  point  whose  distance  ,frpm  the  point 
(-1,U)    is    2    units  more  than  its  distance^f rom  the  line    y  +  2  =  0  .  ' 

Find  an  equation  of  the  locus  of  the  center  of  a  circle  whraT  is  tangent 
to  the  line  x  =»3  and  passes  through  (1,-1)  .  Explain  from  geometric 
considerations  why  this  locus  must  be  a  parabola.  -  ' 


Find  the  eccentricity  of  an  ellTps^e  whose  major  axis-  is  twice  the  length 
of  its  minor  axis*       '0  •  •  *  ^ 

Prove  that  t)he  eq.uations^  x  =  a  co^  0  ,  y  =  b  sin  9    are  a  parametric  , 
representation  of  ^an  ^ellipse^ 

Find  an  equation  of  the  locus  of  a  point  which  moves  so  that  its  distance 
from  the  poiiat    (6,^)    is  one-half  its  distance  from  the  pcfipt    (3,1)  • 

Prove'  that  the  product  of  the  distances  from  any  point  on  ja  hyperbola 
to  the  asymptotes  is  a/ constant.'  "  *     '  ' 

(a)*   If  the  ratio^of  the  length  of  the  conjugate  axisj^the  length  6f  \^ 
the  transverse  igixis  of  a  h^erbala  is    2^,  what  is  the  eccentricity? 
.(b)    If  the  ratio  is    k  ,  find  a  formula  for    e  .  * 


\ 


S     10.    (a)    Shpw  that  x 


tr 


tf. 


y  = 


1  +       •  ,  t  /"i  +  t'.  ^ 

of  a  circle.    (These  equations  are  feomet^mes  useful  in  calculus.) 

(b)  What  is  the 'graph  of  th^  equations  In  (a)  if  only  the  positive  . 
signs  before  the  radicals  are  u^ed?    If  onty  the  rregative  'signs? 

(c)  Show  that  the^^  paranf&tric  equations  do  not  represent  the  points^^ 
(r,0)    and    (-r,0)^.    Si&e  this 'is  the  case,  what  would.be  a 

^   .  more  precise  way  to  fitaje  (a)  in  this  exercise? 

Prove  that,  for  the  conjugate  hyperbolas  whose  equations  are 


are  parametric  equations 


11. 


^  2 

X  y  1  T 

^  ^  ~  ^  i 

a  b  / 


and 


2 
X  • 

a 


=  1  ',  the  sum  of  the  squares  of  the 


12.- 


13. 


reciprocals  of  the  eccentricities  is  one.  -  ^ 

A  curve  is  defined  by  the  parametric  equations    x  =  a  +  k  cos  6  , 
y  =  b  +  k  sin  9  ,  wher^    a  ,  b  ,  and    k '  are  arbitrary  constants 
•'(k  ^  O)  .    Find  an  equ^ion  of  the  curve  In  standard  rectangular  form 
aM  identify  it.    What  is  the  significance  of  the  .requirement  that  k 
not  be  zero?       '  » 

An  archway  is  in  the  shape  of  a  semi-fellipse.    The.  distance  across  the 
base  of  the  archway  is    30    feet,  and  its  maximum  height  from  the  base 
is    20    feet.    What  shottld  be  the  ^mit  on.  the  height  of  vehicle^s  using*, 
a^^centrally  placed    20-foot  vide  "road  under  the  archway?    ,(l5ie  posted 
^li-mit  is  such  that  a  vehicle  of  that  height,  at  the  edge  5f  the  road^ 
but  not , off  the  road,*  will  have  ci^rance.)  ^  *  '  L  • 

The  cjtble  of  a  suspension  bridge  \ 
.  hangs  in  the  form  of  a  parabola 
from  supporting  towers    6oo    feet  \  ■  - 

apart.    The  points  where  the  cable 
is  suspended  frpm  the  .towers  are 
loo    feet  above  the  roadway,^ an* 
the  lowest' part  of 'the  cable  is 
10    feet' above  the  roadway.  If 
there  are  supporting  structures 
to  the  cable  from  the  two  points 
on  the  roadway  each^  200  ;feet 
from  the  base  of  the  towers,  how 
high  must  J:hese  support^^j^       .  ' 
structures  iD^e? 


1^200  n. 


r£O0  ft. 


T 

toon. 
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Prove  that  the  product* of  the  focal  radii  from  a  point^'on  an  equilateral 
hyperboia  is  equal  to  the  square  of  the  distance  f  rcxa  the  point  tp  the  _ 
center.-     *  '  "  -  '  ,  ^ 

(a)    Wrfte  an  eq\4ation  of  the  family  of  ellipses  with  the  origin  as 
^    center,  major  axjLs  along  the-  x-axis,  and  eccentricity  equal  to  >i 


"ft))    Write  an  equation  for  tfie  member  of  "this  family  with  the  length  ~" 
of  th^  minor  ?fcixis  egual  to    12  .  J_  -  '         •  * 


(c)    Write  an  equation  for  the  member  of  this  family  which  passes 

12     '  •  '  * 

through  the  point    (h,—)  .  .  , 

v..  ■ 

Prove  th^  fcfllowing  statements  analytically. 

(a)  A  radius -ferrpendicular  to  a  chord  bisects  the  chord, 

(b)  The' perpendicular?  from  any  point  of  a  circle  to  a  diameter  iT^e, 
mean  proportional  between  the  segments  of  the  diameter.  ' 

(c)  The  16CUS  of  a  point  such  that  its  distance  fi^om  one  fixed  point 
i^  a  constant  multiple  of  its  distance  from  a  second  fixed  poiat 
is  a  circle.    (What  restriction  mu si- there  be  on  the  value  of  the 
coftstant  for  this  .to  be  a  correct  statement?)  4 

'     ■  >  , 

Challenge  Problems  »  ' 


Prove  that  in.  a  hyperbola  an  asymptote,  a  directrix,  and  a  line  from  the 
corresponding  focus  perpendicular  to  the  asymptote  are  concurrent. 

/  .  ■ 

On     map  marked  with  a  rectangul^ar  grid  using  a  mile  as  a  unit,  tliree^ 
listening  posts  are  at'  A,=  (0,0)  ,  B  =  (2,0)  ,  and    C  =  (0,U)  ,  'An  ^ 
explosion  is  heard  at    A   5:  seconds  after  it  is  heard  at    B  ,  and  8 
seconds  ^fter  it  is  heard  at    C  .    Where  did  the  explosion  take^pl^ce? 
(Use    0.2    mile  per  second  as  the  speed  of  sound.    Find  equations  of  the" 
two  loci  involved,  and  find  the  app/opriate  int;er section  either  T5y 
.graphing  or  by  using  the  eqj^tions  of  the  asymptotes.    Do  ybu  think  that 
it  is  sufficiently  accurate  "in  this  case  to.  assumiS  that  the  asymptotes 
meet  at  the  point  you  want?)    '  *  |  ^      ^  '  *       '    *      \  . 


J.    A  taxpayer  change  his  residence  because  pt,a  change  in  his  place  of  work, 
^r  his  moving  expenses  to  be  allowed^  as  a  deduction  under  the  Revenue  Act 
of  196^,  it  is  necessary  {among  other  requirements)  that  his  hew  principal 
place  of  work  be  "at  least    20   miles  farther  from  his  former  residence 
♦  than  was  his  former  principar  place  of  work/' 

.   ,  Supposeja ,  man new^  employments^  30   mile^  rr?Snrwh"e're~he. 

*     was 'previously  el|^oyed.    Let    P  =  (x,y)    represent  the  location  of, his 
old~libnie,  '  Write  1«  analytic  form  the  condition  undei:  which,  the  ^nan  would 
'  be  entitled  to  deduct  moving  expen'ses  to  a  new  hone,    ( Suggest ioa:  *,If  * 
W^"  and         are  points  represj^ting,»the  old  and  new  places  ol^^j^loyment 

^      respectively,  let^  W^W^    be.  the  x-axls,  and  let  the  midpoint  of  be 

the'  origin* )  .        .  • 

k.    For  the  parabola    r  =  -=   a    j  prove  the  reflective  property,  that  Is, 

»  '  T   COS   t/  «  >  \  ' 

•the  tangent  "to  the  parabola  at  the' point  .  P  =  (r,9)    makes  equal  angles  - 
wi^h  tte  polar  Radius    OP^  and  th^  lijie  through    P   parallel  to  the  polar 

jds^ 

5.    Prove  analytically  that,  in  iwiy  triangle,'  the  midpoints  of  the  ^ides, 
the  feet  of;  the  altitudes,  and  .the  points  fialfway  between  the  vertices 
and  the  orthocenter  li|  on  a  cir<ile>    This  is  called  the  nine-point  circle. 


erJc 


"         '  Chapter  8  )  ' 

~    '      ■  THE  LINE  AND  THE  PLANE  IN  3-SPACE 

-  \ 

8-1,  *The  Extenslo)!  tc^^^^ce,'  ° 

To  this  point  in  our  *  study  we  h'^e  sought  analytic  representations  of^  sub 
sets  of  a  plane;  in  turn  weliave  slsetched  the  loci,  or  graphs,  of  both  alge- 
braic aJid  vectpr  relationships , with  tjie  assumption^  usually  tacit,  that  their 
geometric  interpretation  was  confined  to  a  plane  or  a 

Our  previous  exjrerience  in  geometry  has  been  largely  in  a  plane;  even 
when  we  did  consider  geometric  configurations'  tn  space,  we  frequently  pursued 
our  investigations  in  only  one  or  two  planes.  ^ 

"It  is; easier  to  analyze  loci  in  a  plane,  but  we  li"\^pS^  world  pf  three'' 
dimensions.    If  we  are\to  apply  our  geometric  knowledge  to  physical  problems, 
we*i]just  be  able  to  extenid  our  ^concepts  to  3-space.  ^ 

-In  this  chapter  and  the  next  we  shall  consider  the  basic  extension  to 
3-sp/ce  of  the  ideas  which  we  have  already  ^developed;  we  shall  even  suggest 
liov  repetition  of  this  process  leads  to  mathematical  ^structures  with  more 
dimensions,  which  aire  called  .spaces,  even  though  we  cannot  possibly  visualize 
them.  .  '  .  ,  ' 

.  In  this  chapter  we  shall  be  extendin^L  some  of  the  ideas  of  Chapter*^  2  and 
J^to  J-space;  you  might  want  to  review  thf se  chapters  briefly  before  you  con- 
tinue.   We  assume  that  you  have  Ipad  some  experience  with  Rectangular  coordi- 
nate syst,ems  in  3 -space,  but  we  shall  reconstruct  the  development.    We  sh'all 
consider  the  analytic  representations  of  lines  and  planesj,^  and  we  shall  make 
suggestions  on  sketching  to  help  you  visualize  their  graphs.    The  extension  of 
vectors  to  spaces  of  higher  dimension  is  surprisingly  easy;  this  is  another 
reason  for  the  favor  vectors  find  in  contemporary  analysis.        ^  ' 

One  thing  you  might  keep  in  mind.    The  Iqtcus  of  a  condition  depends  upon 
the  space  to  which  it  is  applied.  -We -have  already  seen <that  the  equation 
X  =  1    describes  both  a  point  on  a  li^e  and  a  line  i*n  a  planed   Here  we  shall 
see  that  it  also  describes  a  plane  in  3 -space.    In  spades  of  higher  dimension 
it  vould  be  subject  to  still  other  interpretations.    In  general,  analytic 


jreppeeeiTtatlons  describe  loci  in  any  space  vhicbrhas  at  least  as  many  dimension 
as  the  analytic  repres^tation  has  independent  ^rmriahles;*  To  describe  the  locu 
we  must  first  know  the  number  of  dimensions  of  theS^aace  in  which  it  occurs. 


*B-2.    A  Cdordinate  System  for  3 -Space, ' 

In  Sections  2-1  and  2-3  ve  discussed  rectangular  coordinate  systems  on  a 
line  ,aivd  in  a<plane.    No'-v^  we  shall^  indicate  how  a  similar  coordinate  system 
caji'^be  introduced  iht^o  3- space,    '  ^  ^         '  * 


We  begin  by  selecting  an  arbitrary  po^nt    0    in  space  and  three  mutusiLly, 
^per^j^ndicular  lines  through    0  .    The  point    a   is  called  the  origip  of  the 
coordinate  system  and  the  lines  are  called  the  2Q-f  y-,  and  z-axes.*^On  ^abh  ^ 
axis  ve^set  up  a  linear*  coordinate  system  with  point    0    as  its  origin.  The 
plah6  (determined  by  the  x-i^  and  y-axes  is  called  the  xy-plane.    The  xz-  an^  . 
yz-planes  are  defined  similarly.  'The  three  are  called  the  cpord^ne^be  planes. 
Let    5^    be  any  point  in  space.    Lfei    a   be  the  coordinate  of  the  projection  of 
P    on  the  X-axis,    a    is  called  the"" x- coordinate^^    P  .    The  y-  and  z-co-' 
ordinate^,  say    b    and    c    respectively^  ar'e  defined 'similarly.    To  tlie  poin^; 
P    we  ass)ign  the  ordered  triple    (a,b,c)    of  coordinates.    Just  as  in  the, 
plane,  the  correspondence^ between  points  and  ordered  sets  of  coordinates  is 
one-to-one.    The  coordinate  planes  divide  space  into  eigjil^^egions  c^flled,  notr 
unnaturally,  optants.  ..Usually  only  one  of  them,  is  numbered,  and*  it  is  called 
the  £irst  and  is  the  one  in  whic^i  all  the  coofc(jLnates  of  every  point  are 
'positive.'  '  '  .  •  i 


(0,b,C.) 


(a,b,0) 


Figure  8-1 


t 

The  point    (a,b,0)    is  called  the  i^fojection  of    (a,b,c)'  on  the  ' 
y|^-plane.    The  point    (a,0,0)    is  called  the  projection  of    (a,b,c)  on^the 
Ls,  and  so  forth, 

^i^The  configuration  of  jaxes  shown  in  Figure  8-1    is  called  a  right-handed 

/T  o         ^  ^    . 

system  because  a    90     rotation  of  the  positive  side  of  the  x-axis  into  th^ 

positive  side  of  the  y-axis  will  advance ^a  right-hand€4^,8crew  along  the- 

positive  side  of  the  z-axis,.    We  shall  use  this  syQt«n  in  drawings  in  this 

text.    If  the  locations  of  the  x-  and  y-axes^are  interchaJTged,  as  you  will  . 

IJLnd  that  they  are  in  .some  texts,  the  system  is  lef  t-handed* 

Distanqe  Between  Two  Points:    We  may  use  the  lythagorean  Theorem  to 
develop  a  formula  for  the  distance  between  two  points  in  space.    If  the  points 
^0  "  ^^O'^O'^O^  ^1  "  (^^yi^^)  >        distance  between  them  is 


2 


Bjints  of  Division:  An  extension  to  3-space  of  the*  method  used  in 
Section  2-3  to  obtain  the  coordinates  o^  the  point  which  divides  a  line 

segment  in  the  ratio        gives  us^  for  the  .segment^   P^P^  , 

^      tog      +  CXj^, 


(2) 


y  = 


c  +  d 
c     d,  ~ 


c  +  d 

In  the  speciad  case  when    c  =  d  ,  ^e'have  the  midpoint,  with 


(3)  • 


z  = 


2  '. 


/ 
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Exercises  8-2 


Draw  &^  sketch  showing  each  of  the  following  points  in  space: 

■    "     ,'(e)  (-1,-1:2) 
-      (f)  • (-1,-2,-1)  • 


(g)  (-3,1,-1) 
fh)  (1,-1,-2)- 


(a)  ^^2,'i)  . 

(b)  (-2-,l,l) 

(c)  (2,0,-1) 

(d)  (1,-1,2) 

In  Exercises  2,  an^  3,    P  =  (1,2,3)  ,  Q  =  (-3,2vi)i  ,  ana-R  =  C2,r3,l)  . 

Find  d(0,P)  ,  d(0,Q)  ,  d(P,R)  ,  and    d(Q,R)  . 

Find  the  midpoints  of    OP    and    PR  .  .  ,  ».  ' 

'  **  *  »  • 

(a)  Draw   AB  ,  about    3    inches  '  ^  ^ 

long  oblique  to  the  edge  of 

your • paper.    Consider    AB  as 

dravn  from  tK^  r6ar  lofl^e»  left 

to  the  front  upper  right  corner 

of  a  rectangul^  solid.  Next 

draw  oblique  segments  from 
^  ,to    P    and  from   B    to  Q 

equal  in  length  and  parallel 

but;  with  opposite  sense  of 

direction,  rif,  as  is  usually 
'  the  case,  tlie  solid  is  to  be  driented  with  respect  to  rectangular 
-   coordinate -axes,  make    AP    and  £Q   parallel^to  the  x-axls.  Then 

draw  a  rectangle  with  horizontal  and  vertical  sides  and  with    P  axiA 

B    as  opposite/ vertices;  this  is  the  front  face.    The  back  face  is 

another  rectangle  jv/ith   A    and        as  opposite  ydrtices^.    Two  more 

segments  -complete^  the  figure. 

(b)  Now  start  again  with  the  saiae  kind  of  diagonal  segmeat    AB  ,  bj; 
consider  it  drawn  from  the  front  lower  lefV  to  the  rear  upper  right, 
apd  draw  the  new  solidj^  This  %±me  reverse  the  directions  of  AP 
and    BQ  .    Now   A   and  ^^Q    are  in  the  front  face  and   B    and    P  .^a#e 
in  the  back'£ace'.   f  ^      *     ■  ' 

The  origin  and  the  point   ^  :=  (3,5>^)    are  ihe  opposite  corners  of  a 
rectangular  box  that  has  three  of  its  edges  along  .the  axes.    Draw  the  box 
^and  give  the  coordinates  of  Its  other,  vertices.  »         ^  ' 

Repeat  ITocercise  5>  using    P' (-5^^,-3)  •      ^     .  ' 
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.7.  -  Given:  .      =  (2,«3A)    and   P   =  (-1,3,-2)     '  *  ^ 

(a)  ^ake  a  drawing  ;^ich  shows    ^^^^  ,       ^  '  ' 

(b)  Write  the  coordinates  of  the  points  vh;ich  are  the  projections  of/ 

P^    and   P^    on  -each  of  the  axes  and  on  each  of  the  coordinate 

*•  .* 

planes,  • 

.  ^  (c)    Find  the  length  of  J^P^>  and  the  length  of  its  projections  on  the 
yi  * 

axes  and  on  the  coordinate  planes.  I  *  .  *  ^ 

8.    Repeat  Exercise  7,  using    P^  ^  (:3,5,7)  ,  F^d    T^'^  (3,0,-3)  . 

^*    -^^'^  ?1  "  .(3,-^6)    and"  Pg  =  (-2-,3,-2)_  find  the  coordinates  of  point  P 

(a)  P    is  the  midpoint  of  'P^P^  ,     '  , 

(b)  d(P^,P)  -\d{T,T^) 

t 

.    (c)  ,d(Pj_,P.)  =  |d(P,P2) 

,    (d)''d(P^,P)  =  ^d(P,i^  ;  '  \ 

•  -(e).  d(P^,P)'=  |d(P^,P2)  '     ,  y:- 

>         .    .  "  ,  ■      •    .    •      '  .V: 

(f)  *d(PpP)  =|d(p^,p )  •    •    ^  ■ 

lOr-*  In  triangle  *ABC  ,  A  =  (2,lf,l)  [  B  =  (1,2,-2)    and    C  =  (5,0,-2)'\  Find''- 
the  lengths  of  the  sides  of  this  triangle^  and  decide  i^at  kind  of  \ 
triangle  it  is.      '  '         ^     ,  .         '  ^ 

*-       '  '.*i:^5hallenge^  Problem        ^  '  '  ^ 

We  introduced  a  coordinate  system  in  3-space  by;  selecting  three  mutually 
perpendicular  lines  through  anWbitrary  point.    Show  that  this  is  possible. 


8-3.    Parametric  Representation  of  the  Line  in  3-Space.' 

Our^discussion  in  Section'5-6  of  the  parametric  representation  of  a  line 
in,  a  plane  generalizes  qulf^^sily  to  3-space.    Let    '^qCxq}Vq,^q)  and 

^Fl^\*^V\^    t>e  two  Joints  in  space  and  let    L   be  the  line  through. them. 


Assume  for  the  time  being^  that    L    is  not  parallel  to^  cXr  lying  in  any  "coordi-  , 
♦     nate  .plane.    Then         and         cannot  both  lie  in  the  xy -plane  and  we  let    P.^^  / 

"be  one  which  does  not.    Hence    Pq^^-j.  >  [^y^iy^)*  ^®        collinear  and  . 

'  ^        «   *     *     »         *  ♦ 

determine  a  plane   M    c6nt€^J.ning    L  ♦    M   intersects  the  xy-plane  in  a  line 

called  the  projection  of   L    on  "thd' xy -plane.    Since  the  line  containing 

and    (^^y^'^^    is^  perpendicular  to  the  :xj^-plane,  plane   M   is  perpendicular 

to  the  xj^-plane.    Hence  the  line  from   Pg    i)erpendicular  to  the  xy-plane  (and 

» 

thus  intersecting  it  Xri  the  point    (xQ^y^,©))    lies  in  plane^  M   and^i^  a  point 
of    L  ,  the  line  of  intersection.  .  -  ^ 


1 


{xo,yo,o5 


Figure  8-2  • 

Prom  our  previous  discission,  we  knoV  that  ^L'  has  the  pfitrametric 
equations 


(1) 


X  '=  Xq  +  t(x^  -  Xq) 


y  =^     +  •^(yi  -  yo)  * 


We  wouli.  have  a  parametric  representation  for    L   very  similar  to  tl(g  one  we 

Lane  if  we  could  shov 

\^  •  - 

Z  =  Zq  +  t(z^  -  Zq) 


obtained  for  a  line  in  a  plane  if  we  could  show  that  if    P  =  (x,y,z),  is  on  L 
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ClearJy 


for  suitable    s  .    The  q\iestLon  is,  is    s    equal  to    t  7    That  it  Ts  can  6e  " 


proved  as  follows .    Let  L^' 


in  this  plane    L     has;^he ''pii^etricL  xeprQsentation 


be  the^projection  of        on  the-yz-plan^.  Then 


(•2) 


2\=-Zq  +  s(z^  -  Zq)    .      .    .         "  ^ 

From  (l)  and  (2)  i%  follows  ihat  for -each  point  P  =  (jc,y,z)  of  L  ,  's-^r^^j" 
and  hence   L    has  the  pfirame^ric  ifepresentatlon  ,  '  •  • 

isV      .  r  y  =  yo.-'t(y^-yo)  ^  I  • 

•      Z  =  Zq  +  t(z^  .  Zq)    .      ^  -  . 

We  leave  it  to  th6  student  as*  an  exercise  to  prove  that  (3)  represents 
L^^  ^ven  if  L    is  in  or  parallel  *to  a  coordinate  plan^. 


To  save  writing,  let 


,  and    n  =  z^ 


^0  • 

If    c  ^0' 


We  call    (i,m^n)    an*K5fdered  triple  of  dii;ection  numbei:s  for  L 
the  equations 

'  *  -      ^   *x  =  Xq  +  cit 

'    y  =  +'cmt 

-  -    Y-  •        z  =  z^     cnt  ^   ^  . 

V      ^  *  °  .  .  .  - 

-also  represent    L  .    Thus  Jt' is  natural  to  extend  the  definition  of  ' 
equivalence  of  ordered  pairs  of  direction  numbers'  for  a  line  in  a  plane  to' 
ordered  triples  of  direction  numbers  for  a  line  in' space.    Two  suc'h  ordered 
lalples  are  said  to'^e  egulyalent  if  corresponding  numbers  are  pro^rtional 

^        Let    L   and    W    be  the  lines  with  parametric  equations 


/  X  =  Xq  +  it  . 
=  y^  +  mt 


^  =  Zq  +  nt 


L»? 


X  =  n 
y  =  nrt 
z  =  nt 


V 
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8-3 


and  assume  L  does  not  go  through  thfe  origin ♦  Then,  as  we  sha3^^rove,  L 
and  L*  are 


^0  =  (^o'^o. 


parallel.  Let  =  Uq  +  £  ,  +  m  ,  2q  +  n)  ,  Q^=  (i,m,nr  .  Then  ,and 
^O^^O'^O'^O^    are  on   L  j    0    and    Q   are  on    L»  ,  ,  The  midpoint  of    OP^  is 


) 


M    is  also  the  midpoint  of    P^Q  ,    Thus    OP^P^Q    is  a  plane  quadrilateral  ' 

"Whose  diagonals^ bisect  each  other  and  hence  is  a  parallelogram.^  It  follows 
that    L    and    L'    are  parallel.    The  following  theorem  is  an  almost  immediate 
-  consequence  of  our  ^argument,  "    *-        ^    .    .  -  . 

THEORM  8-1.    Two  dj^stinct  lines    L    and  ate  parallel  if  and  only 

any  tipple  of  direction  numbers  'for    L    is  equivalent  to  any  one 
.     for   L'  . 

As  in  the  plane>  eu  set  of  direction  numbers  for  a  line  can  be  used  to 
establish  a  direction  on  the  line.    Let    (i,m,n)    be  a  triple  of  direction 
num%s^for  the.  line   L  .    If   P^^^  (^.yQ^^^)    is  a  point  on    L  ,  L    has  the^ 
representation  •  ,  •  ^     '  . 

« 

X  =       +  it  * 

0 ,  .  / 


z  =  Zq  4^  nt 
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(on    L  )  with  endpoint  the  set 

liints  of    L    given  by  positive 'values 
another  point  of          the  positive  ray  with  endpoint 


of  points  consisting 


If 


IS 


direction  as  the  one  with  endpoint  P^  in  the  sense  tAat  their  intel7section 
is  one  of  them.    If    c  ^  0  ,  the  triple    (ci,cm>cn)    or  direction  numbers 


/or  ,1*   establishes  th^  same  positive  direction  on  L 


points  in  the  same 


If 


is  a  triple  of  direction  humbers'  foy 

( 


as  does  the  triple 


,  the  triple 


*  n 


/,2  _^  2  ^  2' 
/  i    +  m    +  n 


as       particular  importance.  ,  Such  a  triple  is  sometimes  called  a  nor^giized 
triple".    Note  that        ^  \?  ^  vf  *=  1      Let,.  US  assume  first  that    L  goes 
through  the  origin.    The  point    p  =  (A,fi,v)  ,lies  orJ  L  '  and    d{0,P)'«  1  . 
Figures  8-lta  and  8-Ub    show  the  situation  when  X>0,[i>0,v>0 
and  the  situation  when    7v<0,    fi>0,   v>0    respectively.    In  both  cases, 
=  cos  3     >  where    g   i&  the  angle  deteiTmined  by 


with  endpoint    0    and  the  positive  half  of  the  y-axj, 
simil^ly,  with  the  positive  halves  of  thfe  x-  and  z 
replacing  the  positive  half  6t  the  y-axis.* 


the  positive  ray  on  L 
s,.   a  and    y    are  defined 
a^es,  respectively. 


(A, 0,0)4- 


P  =  (X,M.,v) 


'     7^  y 


^,0,0).^^  , 


(0)li,0)\ 


\    ,  y 


Figure  8-h& 


Figure  &-kh 
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If    L    is  the  x-axi*s,  then  any  triple  of  j^irectaSw  numbers  for  it  has 
the  form    (i,0,0)  .    If   i  >  0  ,  the  positive  ray 'with  efidpoint    0    ijs  the 
positive  half  of  th^  x-axis  and    cos  a  =  1  .    If   J5y>c  0  ,  the  positive  ray 
on   L   with  endpoint   0    is  the  negative  half  c5f  the  x-axis  and    cos 'a  =  -1*. 
Similarly,  if    L   is  the  y-axis,  cos  p  =.  ±  1    depending  on  the  algebraic  'sign 
of    m  ,  ayid  if    L   is  the  z-axis,    cos  Y  =  ±  1    depending  on  the  algebraic 
sign  of    n  .    The  student  should  consider  the  other  possible  combinations  of 
sigus  for    >  ,    y,  ,  and    v  ,  to  make  sure  that  in  every"case^*  A  =  cos  a ,  , 
\i  =  COS        and  'v  =  cos^        r  The  angles   a  ,     p%  and   y    are  called 
direction  angles  of  the  line    L   with  its  direction  determined  by  the  ordered 
triple    (i^,n)    of  direction  numbers^    Their  cosines  fire ^ called  the 
direction  cosines.    If  we  determine  the  direction  of    L^hy^  means  of  the 
triple    (ci,c,m,cn)    of  direction  nUmbers,  with    c  <  0  ,  an^  if       a'  ,  , 
and  are- the  new  direction  angles-,  then    a    and    a'    are  supplementary 

angles,  as  are   p    and    p*  ,  and    y    and    7*  .  .  ^  . 

Fine^ly,  let        be  a  line  which  does  notj)ass  through  the' origin, .  and 
^let    (i,m,n)    be  an  ordered  trijple  of  direction  numbers  for    L  .  Let 
be  the  line  through  the  origin  pe^rallel  to    L  ,  and  let  the  direction  on 
be  de'termined  by  the  triple    (Z,m,n}    of  direction  numbers.    Then  we  define 
trt^  direction  angles  and  cosines  of    L    to  be  the  corresponding  ones  for  . 

Notice  that  throughout  this  discussion  we^dcf  not  define  direction 
angles  ox  directioi^ cosines  for  a' 1^8,  but<^nly  for  a  line  ^^ich  has  been 
^assigned  a  direction  by  means  of  a  triple  of  direction  numbers. 

V     *  *  , 

•  *- 

'  In  Section  2-3  we  derived  a  parametric  representation'  of  points  on  aline 
from  t^eir  symmetric  representation.  'Something  similar  can  be  done  with  a 
parametric  representation  of  a  line  in  space.    Let   L  'be  the  line  with  '  ^ 
parametric  equations  *  ^ 

*  ,  -        X  =  Xq  +  it  .  ' 

(^)  *    y  =     +  mt    .  . 

♦  z  =  Zq  +  nt  .  * 

Suppose  that,  £m     0  .    Then  we  can  eliminate    t    from  any  two  of  these 
equations  by  solving  each  ^one  for    t    ari9  setting  the  results  equal  to  each 
other.    Using  the  first  two,  we  get  /  ^  ^ 

t  =  =  ^  .  :.  . 
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UsinG  the  first  and  third,  we  get 


Corabiriing  the  last  two  results  W  get 


r ,  • 


-  These  I  are  called  symmetric^  equations  for  L 

There  remains  the  question  9f  -^hat  we  have  achieved  by  eliminating    t  • 
Let    t^   be  any  real  number  and  let  '         *  . 


b  =  y^  +  mtQ 

c  =  z^  -^  ntQ ; 


Then 


a  -  Xq     b  .  y^i   c  -  Zq  -0 


^Thus  if  the  point'  (a,b,c)    is  on  the  graph  of  (k)  l€  is  also  on  the  graph 
of  (5)."  If  we  let^ 

a^    y>  >yQ     c  -  Zq  •  . 

we  find  at  once  that  the  point  (a,b,c)  '  also  lies  on  the  graph  o'f  {k).  Thus 
the  graphs  of  {h)  and  (5)  are  identical • 

Equations  (5)\are  Equivalent  to  any  pair  of  the  three,  equations 

*    ^  ^  ^  r  ^0  _  y  -  yp 

i  n  «  ^  '  ' 

^y  -  ^0    ,^  "  ^0 


m  n 

\       '  " 

Each  of  these  is  an  equation  of  a  plane*    We  shall  discu&e  the  signifi- 
cance  Of  this,  particular  set  j(^three  planes  containing  a  line  in  the  next 
section* 


•  .  r 
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If  at  least  one  of  the  direction  numbers  for    L    vanishes  we  cannot^ 
write  such  symmetric  equation^  for    L  .    We  can,  however,,  elfminate  t 
and  obtain  equations  of  trwo  planes  containing   L  *    We  leave  this  to  the 
exercises.         '  »  '  , 


We  are  now  in 


You  may  have  read  of  spaces  of  four  or  n^rfe  dimensions, 
^  a  l)osition  to  'giye  you  some  idea  of  what  was  raeanib.    You, have  learned  how  to- 
set  up  a  one-tp-on^  correspondence  between  the  points  in  a  plane  and  the 
ordere'd^  pairs  of^r^al  numbers,  and  between  thKpoitits  in  3-space  and  the  * 
ordered  trTpies  of  real  numbers.    Given  a  coordinate  system^^^it  is  natural 
to  speak  ^of  "the  poinr    (2,3)  "    or  "the  ppint    (3,2,-1)^,"    This  suggests 
that  we  should  define  a  point  in  ^^-s^ace,  for  example,  to  be  an  ordered 
^quadruple  of  real  numbers.    Similarly,  we  define  a  line  in  4-.space  to  be  the^ 
set  of  points  in-i^-space  giveto  by  a  set  of  pa«:ametric  equations  of  the  f6rm  ' 

y  =  y^  +  mt 


w 


+  Pt 


It  can  then  be  gfbved  that  there  is  one  and*  only  one  line"  through  two 
distinct  "points."  We  can  define  the  distance  between  ^q^^O'^O' ^O'^O^ 
and    jPiC^^y^^Zi^v.)    1^0  be 

We  cary  define  the  coordinate  axes  to  be  the  four  "lines"  through  (6,0,0,q) 
each  of  which  passes  through  one  of  the  "points"'   (l,0,0,0)  ,  (0,1,0,0) 
(0,-0,l,0)    and    (0,0,Q,1)  .    Many  othet  geometric  concepts  you  hive  Studied 
can  be  generalized  In  this  way,  but  that  Is  beyond  the  scope  of  this  course 


\ 
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Exagiple,    If  .A  =  (3,-1,^)  ,  B  =  (-2,2/1)    and    C  =  (2^3,-2)  , 

(a)  *^  vrite  parametric  and  symmetric  representations  for  'AB  ,  aij^j^ 

(b)  '  vrite  equations  *  for  the  line  through    C    parallel  tp    AB  . 


Solution^  ^  -  -    ^  ' 

(a)  For  parametric  fdto  (Equations  (^)),  we  need  a  point  on  the  line  and 
/direct ion" number^   We  chopse   A  =  (3^-1^^)  y  and  obtain  direction 

numbers    (5,-3,3)  •    Hence  the  line.   AB*   has  as  a  parametric  repre- 
sentation     \'  ?  ** 

-      .        X  =  3     5t "       : '       ; '      -  \ 

•       y  =  .1.3t  \  r 

z  U  -f  3t  ; 

From  th^  first  two  of  these  we  get 

^    ^  ■  3  ^  y    1  ' ' 

5         -3'  ^ 

From  the  last  two  we  get 

*^ 

<  y  -fr  1       2  «  U 

'  Combining  the  last  two  results,  we  have  as  syiranetric  equations  for 
i -AB  '     "  -  . *  ' 

X  -  3  _  y  +  1  _  z  -  \ 
5 -3     '  3 

(b)  Since  we  have  direction  nuliibers  for   AB  ,  we  can  write  Immediately 
a  parametric  repres'^|ltation  of  a  parallel  line  through   C  ^ 

'      4^  X  =  2  +  5t  ■  • 

"  -     ■       -^-^  ■^-..y  ■=  3  -  3t    -     ^     .  ' 

2  =  -2  +  3t 
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^  8-3  .  -  ,  _  -  ♦ 

^  Exercises  8^ 

.      In  Exercises  1  to  3,\p  =  (1,2,3,)  )     =  (-3,-2,1)  ,  and   R  =  (2,-3,1)  . 

1.  ^  Write  parametria:  equations^  for  the  lines  determined  by  the  following 

conditions: 

f       (a)    Throiigh  P  ,  parallel  to  the  x-axis      .  ,   ,  * 

(b)    Through  Q  ,  parallel  to  the  z-axls 

X  (c)    Through  P    and  Q 

(d)  ^Through  Q    and  R 

>(e)    Through  0    parallel  to  !^ 

(f;    Throiigh  0    parallel  to    QR  «  ,  *  - 

^    (g)    Through  0    and    P       '  - 

(h)    Through   P  ,  p^allel  to  the  xy-plane,  and  inlbersecting  the  z-axis 
^(i)    Through    P    parallel  to  -  ' 

( j )  *  Through    R  ^  parallel  to    PQ  '  r    .  - 

2.  Write  an  equaition  in  symmetric  form  far  each  of  the  lines  referred  to  in 
Exercis^  1    (if  it  is  possible  to  do  so).-  -    ,      '      •  -  • 

3*    Write  a  jset  of  normalized  direction  numbers  for  each  of  the  lines 
described  in  Exercise  1. 

h.    Find  two  parametric  representations  of  the  line  through  each  of  the 
following  pairs  of  points  whi«h ^establish  opposite  directions  on  the 
^line.    Find  the  coordinates^ of  knother  pointy  each  line.  > 

(a)  »  (1,1,-2)    and    (0,-1,-1)         "(c)    (4,2,l)    and    (l,-2,4)*-  ' 

(b)  (-l,.-l,-l)   *and    (-2,-1,1)       (d)    (-3,1^)    and  (l,2,-i) 

5.  Find  the  two  triples  of  direction  cosines  for  each  line  in  Exercise  1. 
Usi,ng  a  t^ble  of  thp  Yal\i|fs  of  the  trigonometric  functions,  find  the 
approximate  value  of  each  of  the  direction  angles. 

6.  What  are  direction  cosines  for  the  axeg? 

7.  Find  direction  cosines  of  a  line  that  makes  equal  angles  with  the  axes. 

8.  In  each  of  the  following  parts  determine  whether  the  third  point  is'on  ^ 
•%v^.^    the  line*  containing  the  first  two. 

(a)  (1,1,-2)  ,  CO,.l,.l)  ,  (2,3,-2) 

(b)  (1,0,-1)  ,  (-1,-1,-2)  ,  (-7,-4,-11)  \ 
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9»    Determine  which,  if  any,  of  the  lines  determined  by  the  following  pairs 
of  points  are  parallel.  .      "I*  * 

^      (a)    (1,1,-2)  -and  '(-1,2,3)        (d)    (-3,5,12)    and  (l,3,3) 

(b)    (3,-1,2)    and    (-1,1,11)       (e)    (2,-3,4)    and    (-2,-5,-6)  < 
.  (c)    (1,-1,3)    and    (5,1,11)        (f)    (-l,o;i)»  and  (1,-1,-?) 

10.    Write  symmetric  equations  for  the  lines 


X  =  2  +  3t 
y  =  1  -  2t 
z  =  -1  -  t 


V. 


X  =  -1  +  t 

y  =  2  +  2t 
z  =  U  -  t 


X  =  3  +  2t 
y  =  -5  -  3t  1 

Z  ;=  Ut 


X  =  2  -  t 

y  =  -1  +  3t 
z  =  -2 


11.  'Prove  that  if    L    has\1jhe  parametric  representation    x  =  x^  +  it  , 

y  =  y^  +  mt  ,  a  =  Zq  +  nt  ,  and  if  and    P^    aS-e  the  points  en  £ 

given  by  th^  values    t^=  t^    and    t  =  t^  ,  then 


dCP^Pg)  =  /FT^T^.  Itg  .  t^l  . 


Interpr^'t  this  result  in  vords,  including'the  special  case  when  the 
•  direction  huirib»ers  are  normalized.  ^  ^fe. 

12.    Prove  that  Equatibns  (3)  represent  *L    even  if   L  '  is  in  or  parallel 
a  coordinate  plane. 


Challenge  Problems 
r.   Find  equations  of  two  planes'^which  intellect  in  the  line 

X  =  2^'  '  ^--"^ 

y  =  -1  +  t  .  ' 

z  =  21  +  3t  .  V 
Expl^^n  carefully  how  you  k^^fW^Dth  the  planes  contain  the  line. 
?. "  Find  equations  of  two  planeSn which  intersect  in  the  line 

IX  =  2  .         '  . 
y  =  -1  +  t 
2  =  -1  . 


ERIC 


,323 

3iy 


3. 


Find  parametric  equations' for  the  "line"    L   through  the /^points" 
L^^O     ^)'^0'^0'^0^  ^1  =  (^^^1^2^;^)  •    Prove  that  if  ^     ^  *  :•  ! 

^2  ^®  "point"  on    L  ,  then  the  "line"  ; 

through  and    Pg^ontains        ^.    Thus  there  is  only  one  "line"  S 

through  two  given  "point^         *      ,    "*  ' 

Let    Pq     (^^Yq,  Zq^'^q)  •    Find  the  coordinates  of  the  projections  of 
*Pq    on  the  coordinate  axes,  on  the  coordinate  planes,  and  on  the 

coordinate  hyperplanes,    (Before  you  can  do  the  las t""  part  you  will  have 

■-to  decide  what  it  means.)     .  '  '  . 

'  t: 

A  cube  in  3 -space  has  an'analog'in  4-spaee  which  is  called  a  tesseract. 
Mak^  a  three-dimensional  "picture"  of  a  tesseract.  (It  may  help  you  to 
think  kbout  the  sketch  b^ow,  in  which  a  cube  is  drawn  in  a  plane. 


'^e  Six  faces  of  1:he  cube,  which  are  squares,  aire  represented  by  two 
squares  and  four  trapezo3,ds\ )    In  3-space  there  is  a  relationship 
connecting  the  numbers  of  vertices,  edges,  and  faces  of  a  polyhedron. 
Try  to  discover  tips  relationship  by  considering  some  simple  cases. 
Tr/ to  find  a  co  Ire  spending  theorem,  in  ^.-space.  - 


oA.    The  Plane  in- 3 -Space.  *  ~  * 

•  —  —  ^  ^  ^  % 

In  a  plane,  the  set  of  points  equidistant  from  two  .distinct  points  is  a 
,line;  the  equation  of  a  line  in  2.space  is  of  first  degree.    In  3-space,  the 
set  of  points  equidistant  from  two  distinct  points  is  a  plane.    We  ireyiew* 
briefly  the  derivation 'of  the  equation  of  a  plane;  you  may  repall  it^irom 
Intermediate  MatheAatics.  ^  •  .ri^ 

^        Tlie  point    P  ='  {x','yifz)  '  is  equidistant  from  tvo  distinct 'points ' 
Pl=  (xj^,yi,Zl)    and.  Pg  :U«2,y2,22)  ,  if  -  '  .•  • 


.      d(P3^,P)  =  d{P  P) 


v.. 


or 


-square  both  members  of  the  last  equation  and  collect  terms, '  obtaining 

(1)  2(X2  -  Xj^)x  +  2[y^- y^)y  +2(     -  z^)  z  -  ((x^^  -  x^^)  +Jy/-  y^?)  +  (  z^^  -  i^^^^O . 

« 

Since  *d(PT,P)  'and  ,?)    are  positive  number?,  this  argument  can  be^ 

'reversed,  and  any  point    5  =  (x,y, z)  "vhose  coordinates  satisfy  iiq^uation  (l) 
is  equidistant  from         and    P^  . 

Equation  (l)  is  a  first-degree  equation  since  the  coefficients  of   x  /  y  ^  * 
and    z    are  not  all          (they  could  all  be  zero  only  if    P^  ^  and  '  P^  vere 

the  same  point,  but- they  are  distinct) •  "  ^ 

Thus  we  have  shovn  that  the»  lfc[uation  of  a  plane  in  three- space  is  a 

linear  equation  of  tAie  form 

  •  « 

(2)  ^  ax  +  by  +  cz  +  d  =  0  , 

"  vhere  '  V 

,  a  =  ^{x^  -  Xj^)  ,  b'  =  2{y^  -  ^i^^^N^  r  sCz^s-  z^)  , 

^  and 

<      '   ■  d  =  -  ((xg!  .         i  (y/  -  y^2)  +  (V  - 

The  proof  of  the  converse—that  every  e^niat^on  of  the  form  (2)  represents 
a  plane- -is  left  as  an  exercise. 

note 'that  the  6oefficients  of    x  ,  y  ,  .wid    z^^in  Equatibn  (l)  are 
direction  nuinbers  of    P^P    ,  -a  line  perpendicular  to  th6  planer^hence  they  are 

direction  numbers  of  any  normal  to  the  plafie.    We  shall  extend  this  idea  in  ' 
Section  8-6.    We  also  note 'that  since    P^  f  P^,^,  th6  coefficients    a  >  b  ,  and 

c    are  not  all  zero.    The  restriction  on    a*  ,.b  ,  c  is  necessary.  ,JEiet\ 
-  ft  s  b  =     =  0      If    d   is  not  zero;  no  trd^le    (x,y,z)    satisfies  the  equation, 
^iie  if    d    is  ^ero.,  every  triple  satisfies  the  equation.    Neither  one  of 
these  sets  is  a' plane.        .         •  '  ^ 

^iet  us  consider  certain  first-degree  equations  in  vhich  some  coefficients 
are  zero.    If  the  .equation  .is  of  the  form   ax     0  (or   x  =  O)  ,  it  represents 
a  plane  .in  Vhich  the  x-coo7dinate  of  ev^ry  point  is-  zero^  clearly  this  is  the 
yz-plane.    In  the  same  vay,  equations  of  the  other  coordinate  planes  are  of  the 
form'' by  s  0    (or   y  =  O)    and    cz'=to    (or    z  =  O)-.  '  "      .  . 


'6  'In' general,  we  may  find  it  helpful  iii  visualizing  a  plane  whose  equation 
is  given,  and  in  drawing  its  graph,  to  find  the  traces.  These  are  the  inter- 
sections  of  the  plane  vith  the  coordinate, planes. 


—    Exainple/1.    Sketch  -the  graph  of    !tx  +  lOy  +  5z  -  20  =  0 

z 
4 


Solution,    To  find  the  trace  in  the 


3{y-plane  ve  let  z  =  0  in  the  equation^ 
of  the  plane,  obtaining 

+  IQy  '1  20  !=  0- . 

This  is  the  equation  of  a  straight  line 
in  the  xy-prane. 


In  similar  fashion,       find  equations  of  the  traces  in  th*e  yz-  and  xz- 
planes    (iQy  +  52  -  20,=  0    and    l^x  +  5y  -  20  =  0    re'spectiv^ly, )    The  graphs 
of  th^se  lines  in  tfie  coordinate  planes  (or  the  parts  of  the  graphs  in  one 
octant)  suggest  the  graph  of    kx  +  lOy  +  5z  -  20  =  0  ♦ 


>le  2#    -Sketch  "the 'graph  of    2x  +  3y  -  l^z 


-1^  =  0  . 


Solution,    As  in  Example'  2,  ve  ; 
find  equations  of  the  traces  in  thejy-, 
yz-,  *and  xz-planes*  (2x  +  3y  -  12  =  0  , 
3y  -  i^z  .  12  =  O^and    2x  -  l^z  -  12  =  0 
respectively)    and  then  make  the  sketch. 
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Example  3».  .  Sketch  the  grajh  of  y  -  2  =  0  • 


Solution./-^  We  precede  as  before, 
drawing  the'grjaphs  of,  y  =  2  ,  the 
equation  cf  the  traces  in  the  xy-  and 
yz-planes.    There  is,  no  trace  in  the  ' 
xz-*plane;  to  make  our  representation 
compatible  with  our  idea  of  a  plane,  we 
complete  a  parallelogram  parallel  to 
the  xz-plane. 


Since,  if  two  different  planes  intersect,  their  intersection  is  a  line, 
ve  can  represent  a  line  by  the  equations  of any  two  different  planes  containing' 
that  line.   .With  this  in  mind,  let  us  look  again  at  what  we  found  in  Section 
8-3  as  the  symmetric  equations  for  a  line    L  ^ 


l"^  m    /  n 

These  eqi/ktions  are  equivalent  to  any  pair  of  the  three  equations 


m 

2-2 


0  . 


n 


We  know  from  the  argument  in  Section  8-3  that  each  of  the  three  planes 
•contains    L  .    Furthermore,  each  one  lacks  one  oL  the  variables.    This  means 
that^each  of  the  planes  is  perpendicular  to  one  of  the  coordinate  planes.  This 
folJbws  because,  in  the  first  of  these  three  planes,  for  example,  if 
(x^,y^,z^)    is  a  pc^Lnt  in  the  plane,  so  also  is    (x^,y^,k)    wher^    k   has  any 

real  value.    Thus  for  any  jxjint  of  the  plane,  a  line  perpendicular  to  the  xy-  - 
plane  through  that  point  is  contained  in  the  plane, '  These  symmetric  equations 
respresent  three  planes,  each  cWtaining  the  line  and  each  perpendicular,  to  a 
coordinate  plane.    These  planes  are  called  the  pi'ojecting  planes  of   L  .  They 
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are  special  cases  of  tl;e,  projecting  cylinders  of  ,a  curve  vhich  vill  be  con-* 
§)t4ered  bpi  Chapter  9.  V  .:'"* 


Example  k.    Sketch  the  line  with 
equations 

X  ->  U     y  --3     z  -  If  ' 

by  using  projecting  planes. 

^  Soluti6n.  We  vrite  the  equations 
of  two  of  the  projecting  planes,  , 

x  -  k    ,y  >  3 
2     "  -2 

and 


X  -  U     z  -  U 


.0=  (0.7.6) 


(4.0.4) 


(4.3.0) 


-1 


Figure  8-5 


These  equations  may  be  rewritten  as    ^  .  ^ 

X  +  y  =  7    andT^x  +  2z  =  12  .    We  draw  -  i  -  , 

parts  9f  the  lines,  with  these  equations  in  the  xy-  and  xz-planes,  and  complete 
the  sketch  as  shown  in  Figure  8-5,   .  ,  «       '  ? 

Nov  we  turn  to  the  problem  of  finding  the  distance  between  a  point 
^0     ^^0*^0*^0^  a  plane        with*iequation  . 

ax+by+cz  +  d=  0. 

y 

There  is  a  unique  line  N  ,  con.taining  ,  and  normal  to  plane  m' .  If.  N 
and   M   intersect  at        ,  the  distance, between         emd    M     which  we  seek, 

is    d(PQ,P^)  .    We  write  parametric  equations  for    N  ,  using  directiSii  cosines;^ 

they  are  *      ,      ^  , 

/        X  =  Xq  +  >,t  N 

y  =  yo  +lit  ' 

z  ^      +  vt  .        •  • 
Le*t    t^    represent  the^  particular  value  ' 
t'  which  gives  the  distance  between  P^ 
and   P^     the  point' in  which   N    inter-  'Figure.  8^6  -r  " 

s^cts  M  •    Since   P^    is  in  M  ,  its  coordinates  satisfy  t^e  'equation  fox*   M  ; 


8^h 

hence  -  ,  ♦  * 

a(x^  +A  t^)  +  b(yQ  +^t^)  +  0(2^  +  \jt^)  +  d  =  0  , 
.or    ,  ,  ^  ^ 

(a>v  +  ))^L  +  cv)t^  =  -(ax^  +  by^  +  cXq  +  d)  , 

'  /  2       2  ^ 

If  ve  ^divide  both  members  of  this  equation  by    va   +  b    +  c     we  get 


V/a^Vb^.c^      /a^.b^-.c^      v4V^^  /  V  '  J^7/T7 

Since    a  ,  b  ,  c    are  direction  numbers  for   N  ,  ^  1        =  \  , 

va    +  b    +  c 

« 

b  '      c    *  I  *  . 

^  — r-  =  p.  ,  and  .   —  =  v  •    ^We  substitute    >v  ,  n.  ,  v  ,  and 

.    /a^.b^.^S  ■  ^  ^2  ^  ^2  . 

Obtain 


+       +  V  )t^  = 


/"2  72"^  2  * 
va    +  b    +  c  . 

' '  2    1^  2  2 

3ut,  since       ,  p.  ,  and    v   are  direction  cosines,  ^    +  |Ji  '+  v    =  1  ;  so 

axQ  +  by^  +  c2q  +  d 


and   (3)        ,  ^(^^1^ 


/2  2 
va    +  b    +  c 

/2  ,2^2 
Va    +  b    +  c 


Exainple  5*  Find  the>4ji.stances.  between  P  =  (1,-2,3)  and  planes 
=  {(x,y,2)  :  3^  -  3y*  +  2  -  5  =^0)    *and    M^:  «  {(x,y,2)  :  x  +  y  =  0} 

Solution.    Using  Equation  (3)  ,  we  find^hat 

.  p)  11 3(1)  -2(-2)  ^'H3-)  ■ 

a(p  r  /  iKi)  Vi(-2yi  ^  1  -  ^ 


*  and. 
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1#    Write  euid  simplify  the  equation  of  the  locus  of  points  equidistant  from 
A  =5  (-2,3,5)    and  -B  =  (2,1,-3)  .    Check  your  vork  by  using  a  different 
^'     ^    method  to  ^ind^  the  equatipn  of  the  plane  ."wh^.ch  is  the  locus. 

' '      i  . 

2.  Follow  the  instructions  in'the'first  exercise,  but  use  A  =  (3,1,-U)  and 
•      B  :=  (2,-3,1)  .  • 

3.  Find  the  intercepts  ^and  traces  of  the  planes  whose  equations  are  given, 
and  sketch  the  planes.  '  ^ 

(a)  6x     Uy+  3z  -  12  =  0  ^ J        (f)    5y  -  8z  +  20  ='  0  / 

(b)  2x  +  5y  +        10  =  0  (g)    3x  -  6y  +  2z  =  0  ^-.^j 

(c)  Ux  -  2y  -  5z  -  10  =  0  (h)    3y  -  5z  =  0 

(d)  3x  -  2y  +  z  +  6  =  0      ^     -    (i)    X  -  7  =  0^ 

(e)  3x  -  %  -  12  =  0  (J)    2z  +  9  =  0 

U»    Wri^e  an  equation  of  the  family  o^  planes:  ) 

(a)  containing  the  origin  ^  , 

(b)  parallel  to  the  xy-plane  f  / 
■  (c)    parallel  to  the  yz-plane 

(d)  parallel  to  1bhe*z-axLs  . 

(e)  parallel  to  the  x-axls  >' 

(f)  ^perpendicular  to  the  xz-plane    '  * 

5.  /  Draw  the  line  determined  by  the  points    A  =  (5,1,3)    and    B  =  (1,^,5)  by 

(a)  using  the  method' described  in  Exercises  8-2,*  no.  h\  and 

(b)  drawing  two  of  the  projecting  planes. 
'  '          •  If 

6.  Repeat  Exercise '5,  using    A=  (2,2,3)    and    B^=  (0,5,5)  . 

7#  What  is  a  set  of  direction  numbers  for  a  line  perpendicular  "to  the  plane 
M  =  ((x,y,z)  :  3x  -  2y  +  5z/-  7  «  0}  ?  Write  the  direction  tft)slnes  for  ' 
such  a  line.  ' 

8.  Repeat  Exercise  7  for  the  plane    M  «=  {(x,y,z)  :  J4'X  -  y  +  2  «  0}  . 

9.  Find  the  distance  from  the 'point    P  =  (-1,2,2)    to  each  of  the  planes 
with  equations  given  in  Exercise  3. 

10.  Rep.eat"  Exercise  9  but  use  the  point   P  =  (1,1^,-1)  . 

11.  Find  an  equation  of  the  plane  through  the  points  '         »    •         *  ,  ^ 

(a)  (1,2,3)  ,  (-1,-'1,1*)  ,  (2,0,1) 

(b)  (2,1,1)  ;  (5,^,3)  ,  (-i,:i;-i) 

/330,  ' 
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12.  Find  an  equation. of  'a  plane  through   P   and  parallel  to^  'if 

.(a)    P  =  {1,2,-3)  3  M  =  ((x,y,z)  :  3x  -  "2y  +.z  -7=0) 
-      *(b)    P  =  (-1,2,2)  J  M  =  ((x,y,z)  :    x-2z  +  3.='0)'     '  '  > 

13.  Shov  that  if  the  x--  ,       ,  and  z-intercepts  of  a  plane  are    a  ,  b  and 
c   respectively,  an  equation  of  the  plane  i's^  y 
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Ik.    Write  an  equation  of  the  plane  with  x-  7  y-  ,  and  z-intercepts  respectively 

(a)  1  ,  3  ,  1^  3       ■  (  •  '  "    '  , 
(t)    -2  ,  5  ,  -3  .     ■  . 

15.    Write  an  equation  of  a  plane  containing  the  point    P   and  the  intersection 
of  planes    M   and   N   when  .  ^  , 

"  (a)    P  =  (1,0,2)  ,  M  =  ((x,y,z)  :  x  -  2y  +  z  -  1  =''o.)  , 

N  =  {(x,y^z)  :  2x  +  y'  +  z  +  1  *s  0)  .  ^ 

(b)  P  =  (3,1,-1)>'m  =  ((x,y,z)  :  X  +  3y  -     =  0)  , 

N  =  ((x,y,z)^  :  y  -  2z'+  3  ^  o)  •  )  '  ^ 

^16,    Show  that  the  four  points    A  =  (l,2,l)  ,  B  =  (2,-1,-4)  ,.  G  =  (0,1,2)  , 
=  (2,3,0)'  are  co^l^nar. 

'J 

17.  ^  Find  an  equation  of  the  plane  containing  the  points: 

(a)    (1,-;L,1)  ,  (2,0,0)'  ,'(.1,-1,2) 

M    (1,3,5)  ,  (2,1,2)  ,  (0,-1,-1)  ■  '      '  • 

18.  Prove  that  any  equation  of  the  form,   ax  +  by  +  cz  +  d  =  0  'represents' 
a  plane.  ,  (This  is  the  converse  of  the  proof  at  the  beginning  of  ^this 

.  section, y  ^ 

8-5.    Vectors  in  Space;  Components  in  3-Space.  "  ♦  ; 

For  vectors  the  extension  to  3-space  is  not -only  natural,  Vut  also 
particularly  easy.    In  your  study  o^  Chapter  3  you  may  have  realized  that^the 
distinction  between  parallel  and -tjollinear  vectors  is  not  as  clear  as  the  / 
distinction  between  parallel  and  collinear  directed  segmeniyis.  ^Actually,  there 
is' no  distinction.    Because  a  vector  is  a  set  of  equivalent  4^.rectQd  segments, 
tvo  vectors  which  have  representatives  on  parallel  linea  also  have  representa- 
tives on  the  same  line,  ^In  fact,  a  vector  on  a  line  has  representatives  any- 
where on  any  line,  parallel  to  the  given  line.-  If   a   is  a  vector,  every  point 

in  space  is  the  .initial  point  (or,  for  that  matter,  any'other  point  ort  the 
■  ~      .      ■  K 
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linfe)  of  a  representative  of    a  *    This  is  the  ba^is  for  the  Origin  Principle 
and  the  Orifein-Vector  Principle,^  > 

Eor  J/he  same,  reason  np  1?vo  vectors  may  be  noncoplanar.    If  the  representa- 
tives  of  t^  vectors  lie  on  ske\/  ( Qoncoplanar)  lines,  they  not  only  have  oilier 
representatives  in  a  single  plane,  but  {dso  representatives  in  any  other  * 
parallel  plane.    Furthermore,  in  such  a  plane  they  maj^  be  represented,  of 
course,  by  origin-vectors, 

• 

The  definitions  and  properties  of  operations  "wiiich  involve  nq  more  than 
tvD  vectors,  sUch  as  addition,  scalar  multiplication,  the  distributive  laws, 
and  the  inner  product,  apply  in  space,"^  knd  may  be  interpreted  geometrically 
in  space,  '  Theorems  describing  relations  between  two  vectors  also  apply  and 
may  be  interpreted  in  space^    If  at  this  point  you  will  reread  the 'definitions, 
principles,  and  theorems  developed  in  Se<?feion *3-2  through  Section  3-5  (pages 
-91-1X2),  you  will  see  that  every  statemeYit  and  proof  applies  to  vectors  in 
space*    The  figures  illustrate  the  situation  in  a  plane^,  and  in  accordance 
with  the  Qrjlgin- Vector  Prinefiple  our  proofs  are  in  terms  of  origin-vectors 
which  are  coplanar.    As  our  discussion  here  indicates,  our  definition  of 
vectors  is  such  that  a  geometric  relationship  in  space  mEf0)ften  be  described 
by  vectors  in  a  plane*    In  general,  the  vector,  description  of  a  j)roblem  in 
^  space  frequently 'may  be  reduced  to  a  vector  illustration  in  a  plane*  The 
^  illustration  in  the  plane  may  serve  as  a  sin^ler  guide  to  the  algebraic  rela-^  - 

tions^l5etween  the  vectors.    The  results  obtained  may  then  be  applied  tg  the 
'"original  probleiji  in  space*    Of  course,  we  must  bear  in  mind  that  not" all  sets 
of  vectors  are  coplanar,     ^         ?  *  * 

As  you  reviewed  the  matefiail  in  Chapter  3f  you  may  have  wQn<3ered  whether 
the  discussion  above  justifies  the  statement  that  Theorem  3-2,  the  associative 
property  for  vector^|.dd4tion,l  does  apply  in  space*    After  all,  the  theorem 
''stcCtes  that    P  +  ( Q  ^  ( FV+  Q)  +  *R  ,    ^nd  the  three  prig  in -vectors  need 

not  be  coplanar*    Strictly  speaking,  the  assertion  is/valid,  for  vector" 
addition  is  a  binary  operation;  ^hat  is^  we  pever  add  more  than  two  vectors 
at  a  time*    Therefore,  as  we  perM)rm  each  step  of  the\ proof ,  we  are  only  adding 
vectors  in  a  single  pliane,  though  the  plane  we  work  in  may  change  from  step  to 
step  in  the  proof  as  a  whole*    Still,  the  theorem  is  interesting  and  illustra- 
•   tlve  enough  to  consider  as  an  example.     • , 
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^^IxBople  1.    Prove  the  associative  property  for  vector  addition: 
P  +  (Q  +'R)  =  (P  +  Q)  +  r"  . 


8-5 


lESSL*  figure  below  we  illustrate  three  noflcoplanar  origin 

vector5,vP  ,  Q  ,  and    R  .    The  segment    AQ'  is 'drawn  parallel  and  congruent  to 
PO    and  the  segment   M   is  drawn  parallel  and  congruent  to    OQ  .    Each  of  the 
quadrilaterals    POQA    and    ORBQ   are  parallelograms,  since  in  each  two  opposite 
sides  are  parallel  and  congruent.    BT    is  drawn  parallel  .and  congruent  to   AQ  , 
and  thus  also  to   Ito  .  '  '  ^ 


AT   is  drawn.    SJnce    TB    and    AQ    are  parallel  and  congruent,  quadrilateral 
AQBT    is  a  parallelogram;    Therefore,   It    is  parallel  to   ^  ,  and  also  to 
OR  .    (If        ^is  drawn  parallel  and  congruent  to    PO  ,  a^d   Tc    a^d'  CT  are 
also  drawn,  the  entire  figure  is  a  parallelopiped,  -6  prism  \^ose  base  Is  a 
parallelogram  region.    However,  we  have* not  quite  proved  this  here.)  Since 
PO  *  and    T&   are  ^parallel  and  ^congruent, '  quadrilateral    POBT    is  a  parallelo- 
gram.   Since    AT    and   M    are  parallel  and  congruent,  que^rilateral    ORTA-  is 
also  a  pa]^kllelogram.  '  ^  -  ^  ^ 

*  We  have  now  identified  enough  parallelograms  to  enable  us  to  j)erf orm  ^fie ' ' 
vector  additions  required  ifn  the  statement  of  the  associative  property.  ^ 


Th6.  left  member 


P  +  .(Q  +  R)  rs'T  rf  B  =  T  ; 


since    Ol^Q    and    POBT  ^^^^s^e^arallelograms,  and  the  right  member 

'( P  +  q)  +  R  =  A  +  R     T  , 
since    POQA'  and    ORTA    are  parallelograms,  thus  ^ 

'     P +  :(Q  +  R)  =  (p  +  q)  +  R  . 
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Once  a  rectangular  coordinate  syst^has  been  inti^oduced  in  3 -space,  we  • 
have*  a  one-to-one  correspondence  between  the  ordered  triples  of  real  number^ 
and  the  termineil  points  of  origin-vectors.    Thus,  if  the  terminal  point  of  the 
origin-vector    A   has  coordinates    (a^^a^^a^)  ,  we  may' denote   A  ^in  coragonen^ 

form  by    [a^^a^^a^]  ,  where    a^  ,  a^  ,  arid   a^    are  the  x-  , 'y-  ,  and 

z-  components  respectively. 


It  follows^pom  the  definftion  that  two  veStofs-  ^;k\an3  b  are  equal  if  ^ 
and  only  _if  the  component  forms  of  their  priginlvectQtes  are  identical;  tl^at^  is', 
a  nj^S^if  and  only  if    faj^^a^ra^]  =  [b^^b^^b^^,  arid  .[a^^a^^a^]' =  (i>i>^2'^3^  ^ 


if  and  only  if        =  \  *j       ^  ^2  ^  ^3 


"3  • 


Several  theoVems  in  dhapter  3. were  proved  to  hold  in  thf  plane  using     ,  * 
comgponents.    We  shall  restate  them  here  with  modifications  appropriate  to  1^ej,r 
^interpretation  in.  space.    We  suggest  proofs  for  some  ahd  leaVe^the  rest  as     .  ' 
exe;cises.  j  ...  -  ^ 
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™^8^.    If   A  =  {8^^2,82]    and  t=  tb3_,b2,b2]  ,  .  V  - 

A  +  B  =  [a^  +  b^,  ag  +-b2  ^a^  +  b^]  .  '  ^ 

We  note  that  if  the  sum  is   X  ,  then         and         bisect  each 

Other  at  ^  g  >   ^  --^        y  .  Thus 

X  ^  (a^  +  b^,  ^2     ^2'^  >         "X-A  +  B  =  [ai  +  t^iag  +  b2,a2  +  b^]. 


THEOREM  8-3;    Multii£ication  of  a  vector   A   by  a  scalar    r    is  given  by 
'  rA  =  Ira^,ra2,ra2]  ♦ 


The  proof  is  left  as  an  exercise. 


THEOREM  The  inner  product  of  two  vectors    A    and    b'  is  given  by 

. '     A-  B  =  a^b^  +  a^bg  +  a^b^  . 


^  _  _  ^  -  ^  -  -  (01^03) 


Figure  8-6  : 

By  definition  A  •  B  =  | A|  |b |  cios  ,8  ;  in  triangle  AOB  we  spe  by 
the^Law  of  Cosines  that 


cos  8 


[A|^  f  iBl,^  -  (d(A.B))?  . 


2|a||b| 
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^Thus, 


2|A|lB|    ,  ■ 


THSORM  8->^,    JJf  'iC  ,  Y  ,  and^Z    are  any  vectors,  then  ^ 
•     (b)    (tX)  •  T  =  tU  •  Y) 


'  Corollary,  *X  •  (aY  +  bZ)  =  a(X  •  Y)  +  b(X  •  Z)  . 

The  proofs  are  left  as  exercises.    The  other  theorems  of  Chapter  3  were 
not  proved  using  components  and  involve  no  more  than  tvo  vectors;  hence,  they 
apply  in  3-space.  ,  .  . 

Example  2.    Find  tlj^g  angle  formed  by  the  origiiv-vectors  to  the  points 
A  =  (2,->,3)^  and-  B  =  (-l;3,l)  .  ,  ^' 

Solullion,    We  recognize  that  the  inner  predict, 
j  "  A  •  B  =  |a|  |b"|  cos  e  , 

.  1  ■      '    -       <.    -  >  ^ 

vlll  help/here.'^  Since    A  =  [2,-3,3]    and   B  =  [-1,3,1]  ,  we  have 

2  •  (-1)  +  (-3)  •  3  +  3  •  Ive^S^  +  (-3)^  +  f  A-lf  +  3^  +  1^" cos  .6  , 

-8  =       •  vTT  cos  0  , 


and 


cos  6  =, 


11 


o 


\      Hence  0-121 
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We  recall  that  any  vector  expressed  in  component  form  in  the  plane  may  be 
resolved  into  component,  vectors  along  the  axes^    The  component  vectors, in  turn 
may  be  expressed  as  scalar  multiples  t)f  unit  vectors*    Thus  we  may  resolve  a 
vector   A   as  follows: 

A  =  [a^^a^^a^] 

=  [a^,0,0]^  +  [6,a'^,0]  +  [O^O^a'^] 

«-       '      .    *  =.a^1l^0,0]  4-  a^fO^l^O]  +  a^[0,0,l]  . 

It  is  custpmary  to  denote  the  unit  vectors    [1,0,0]  ,  [0,1,0]  ,  and  [0,0,1] 
^  i  ^  J  ,  and    k    respectively*    Since  any  vector   A    may  J^e  expressed « as.  a^ 

«    lineeir  combination  of  ^i  ,  j  ,  and    k  as 

we  say  that    i  ,  j  ,  and    k    form  a  bdsis  for  3-space. 

^e  use  of  vectors  gives  a  concise  way  of  describing  a  line  in^3-space. 
^et  •{i,m,n)    be  a  triple  of  direction  numbers  of  a  given  line    L  which 
passes  throiigh  the  point    ^q^^O'^O'^O^  *    Thus<a  parametric  representation 
of   L  is 

z  =  Zq  +  nt  . 

The  T^ector    D  =  [i,m,n]    lies  on  the  line    L*  ,  which  has  a  parametric 
representation 

^    '    y  =  mt 
2  =^  nt  , 

and  which  is  parallel  to  L  .  Thus  a 'triple  of  direction  numbers  (£,m,n) 
of  a  line  L  determines  a  vector  parallel  to  L  ,  Furthermore,  the  point 
PCx,y,z)    lies  on.  L    if  and  only  if 

^  p  =  Pq  +  tD  .    ;  ^  • 


ERIC   '      .  fjl 


.If   L    if  -^he  line  which  passes  throiigh  tvo  distinct  points 

—     Po(xQ,yQ,ZQ)    and    ?^U^,y^,z^)     then,  from  Chapter  2, 

« 

(x^  -  Xq  ,  -  Yq.,  -  Zq)  is  ^  triple  of  direction  numbers  of  L  ♦  As 
we  have  just  seen/  this  triple  of  direction  numbers  determines  a  vector  I> 
which  is  peCraliel  to    L  .  But 

,    D  =  [x^,y^,z^]  .  [xo,yo,ZQ]  =  Pi  -  ' 

ThU3,   p*^    't^    ie  a  vector  parallel  to^the  line  through  Pq 
and    P,  ,        .  '  '  '      ,  ^ 

1  ^  .  r 


Example  3,    Find  a  vector  representation  for  the  line    P^P,  ,  where 

^   '  ~      life    ^  «  u  1 

Pq  =  3i  +  2j  -  Uk^ihd         =  -2i  +  j  +  2k 


Solution. 


Pq  =  (3,2,-if)    and    P^  =  (-2,1,2)  ,    Hence   P^P^*  has 


(5,1,-6)  as  a  triple  of  direction  numbers/  D,=  [5,1,-6]  Is"  a  direction 
vector  for  the  line.    Hence,  the  vector  representation  of  the  line. 


P  =      +  tD  , 


becomes 


•    •      p  ^  [3,2,-4]  +  t[5;i,-6]      .  '.y 

.=      +  5t  ,  2  +  t  ,  -U  -  6t] 

or  'J    P.^5t  -+-3)i  +  (t  +  2)J  -^(6t-+~H)k  ,  . 
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1.    Let  = 

(  a)    i.  j 

'     .(b)  vi-^' 


Exercises  8-^ 


[1,0,0]  ,  j  =  [0,1,01  ,  and    k  =  [0,0,1]...  Find 


/  p. 


(e)  j.  3 

(f)  k.  k 

(g)  {h3\  Sk^-'W' 

(h)  ^3i  +  2j  -  k) .  (21  +  J  +  k). 


3. 


Find  tl^'e  cosine  of  th6  migle  between  the  tvo  vectors -in,  each  part  of 
Exercise '2.  ' 

Given    B     2i  +  2j  -  k  .    Find    r    such  that    |rB|  =  1  . 

Let   A  =  [2;'3,-:^]  ,  B  =  [3,-2,1]  ,  C  =  [-1,3,^2]  .  Find 

(a)    2J+3B-C^^  .         (a)    5(A  -C)  +'3(C  -  a)*  • 

.       (b)'  A-^2B+3C  (e)    3(A  +B  -,C)  +'2(A  -B  +C)  ' 

.  (c)    2(A  +'B)  .  3(B  -  C)  Cf )    5(C  -  A  +  b)      3(B  +  A '  -  c) 

5.    Use  values  of    A  ,  b'  ,  "c  ^  as  in  fixercise  if,  and  find    X  ;so  that 


(a)  A+B  =  C+  X 

(b)  '2A  +  3B  =       +  5X 
Jc)    2(A  -  B.)  =  3(C  -  X) 


(d)    A  +  2X  =  B  +  C.-  X 


(e)    3(X  +  B)  =  2(X  -  C) 

y  AH  -  n.)  =       -  a;  (f)   X  +  2tx  +  A>,+  3(x  +'b)  =  0 

%  Use  the  values  of    A B  ,  iC  ,  as  in  Exercise'%,  afld  find  ^ 


(a)  A  .  B  • 

(b)  2A .  3B 
'(cr>--3A-  (B  -f-C)  - 

(d)    3*(3A  +  2C) 
te)  (A+B).(A-B) 


(f)  + 1^)  •    -  3c)    ;  ' 

(g)  (3A  -+  5B)  .  (3B  -  2Cy 

(hr  (a  ^  C)  .  (r^^A  +  'C)  ; 
(i)  (2A  -  3B  +  ifC)  •  (5A  -  2C  +  If]^ 
( j)    A.  "a  +  b'.  B  +  C**  C" 


7.    Discuss  and  relate 


A*  J,  |a|^  ;  |Ap  ,  A*A*A^ 


8.    Given    P  =  ai  +  bj  +  ck.    Give  algebraic  and  geometric  interpretations 


Of  '4- 


?i  +  3j  +  ifk    and    B  =  xi  -  j  +  3k  .    Find    x    such  tlaat  AOB 


9.    If  A 

<     a  right  tjiangle. 

10.;  Gi^cerv- A  =  2i  +  3j  +  Uk    and    B  ^  i  +  j.  -  k.^,  find -the  length^  of  the 
»;projection  of    A   upon   B. .     **  ;         •       »     .*  *     •  - 


^  1- 

11.  Show  that  the  line  joining  the  end  points  of  the  vectors 

5"  =  2i  +  3j  +        and  :B  =  i  •  j  +  lik    is  parallel  to  the  xy-plane. 

12.  If    (cj^a    and    c_[?  ,  prpve  that    cJ^C  a  +  ^)  . 

*13.    Describe  in  terms  of  components  all  unit  vectors  .perpendicitlar  to  the 
xy.plane.  ^  v  , 

Ih.    Find  a  vector   _[    to  both    A  =  2i  +  3j  +        and    B  =  £  +  j  -  k 
^  Note:    There  are  many  solutions.    Can  you  find  a  general  solution? 

15.  Find  tTO^measures  of  the  angles  \?f  the  triangle  vjl^j^  vei^ices  at 
'   a'^=  (2,-1,1)  ,  B  =  (1,-3,5)  ,  C  =  (3,-^*,-^*)  . 

16.  '   Find  vector  representations  of  the  lines  passing  through 

P  ^  (a,b,V)  ^  (0,0,0)    vhich  are  perpendicular  to    P  . 

17.  Prove  Theorem  8-3. '    ^  '  ,  t  '  * 

r 

18.  Prove  Theorem  8-5  and  its  Corollary.  •       4  ' 


1 


8p§.    Vector  Representations  of  Planes  and  Other  Sets  of  Points. 

In  the  first  courage  in  geometry  plane  is  an  undefined  term;  its  use  ils  ^ 
described  in  the  postulates.    From  the  postulates  we  learn  that  a  plane  is  a 
set  of  poi;}ts  and  is  uniquely  determined  by  three  noncol^near  points.  Furthe: 
if  two  points  lie  in  a  plane,  then  every  point  of  the  line  containing  these 
pcfints  also  lies  in  the  plane,  and  if  two  different  planes  in^rsect,  their 
intersection's  a  line.    A  line  and  a  plane  were  defined  to  be  perpendicular 
if  and  gnly  if  they  intersect  and ^ every  line  lying  in  the  plane  and  passing 
through  the  point  of  intersection  is  perpend ici^lar  to  the^given  line. . 

^  In  Section  8-U  w^  used  the  fact  that  in  space  the  locus  of  points  equi- 
distaht  from,  two  given  points"  is  a  plane.    This  led  to  analytic  representation; 
for  planes  in  rectaiigulai^  coordinates.    In  this  .section  we  shall  consider.' 
another  description  ,of  a  plane  as  a  xocus  and  develop  vector  representations 
for  planes,  .   '  ' 

We  let    M   be  a  plane  and       /  be  a  line  perp^^ndiciular  t6    M    ^  a  point 
.    Any  other  point    P  ,  in    M  ,  and    P^j  determine  a  line  in    M  ,  which  by 

definition  is  perpendicular  to    W  .    By  ^  theorem  from  geometry,  fevery  linb 

j"  ,  '  , 

perpendicular  to    N    ^t    P^    is  contained  in    M  .    Thus,,  we  may  consider  'm 
to  be  the  lopus  of  lines  perpendicular  to    N.   at    P^  .    We  call   N    a  normal 
line  to  the  planet  -  ^  ^ 


Figure  *t;-7  ^    ^  "  ^ 

The  description  ^  terras  of  perpendicularity  suggests  a  vector  repre-  \ 
sentation  in  terms  ^of  the  inner  product/  for  if    m  Hs  a  vector  vlth  repre- 
sentatives  in    M  ,  and    n    is  a  vector  with  representatives  ort  N  ,  ve  have 
p»  n  =  0  .    This  will  be  clearer  if  we  interpret  the  statement,  with  origin- 
^vectors.    The^ctoV    m   has  a' representative    m^^  emanating  froin'  P     ^ich  - 
'also  lies  in  M  .    The  veotpr    n    also  has  a  Representative    rT^*   em^ating  * 
from'  P     which  lies  on   N  .    Hence   m     ana    rT.    are  perpendicular?  Their 

corresponding  origin-vectors  *M  and.  are  perpendicular  *and,  M*N  =Q  . 
By  tflfe  Origiii-Vector  Principle  we  may  interpret  this  as    m.^lT  =  0  i  ^'"^ 

^To  obtain  a  v^tor  representation  of  the  -plane    M         riote  tljat  if  P 

is  a  fixed  point  in;  M    and    P    is  any  other  point  in    M  ,  then    P  -  ?    is  ( 

*  '  •  '        ^  .1  , 

parallelHo    M  .    Thus,  we  may  ^describe  the  plane    M    al^  ^ 

—'-^---^     «   ^     -  :  (P-  P^)V'J-e^p}  Vv  ^1  -  : 

c      ^       *       *       *  /  *  »  '       '  .       '  » 

We  note  that   P    iis  also  in  the  set.  l 

We  recall  that  it  is  possible  to  characterize  a  line  which  does  not  contain 
thfe  origin  in  2-space  as  the  set  of  poihts  whi^  is  perpendicular . .or  normal  , 

to  a 'directed  segment    OP  ,at   V  .  ^' lit  3-space  we  maV  de.s6ribe  a  plane  as- the  ^ 

•  ^  ""^^  ^ 

set  of  Joints  which  is  normal  to  a  directed  segment .  ON  I  or  origin-vectory  N 
at   N*  N,  is  calle^d  the  normal  vector  of    M  .    If  tlie*given  pofnt^  of  M  is 
N  ,^en  ,      ,  ,  ^ 

*    "  M     {'P  :  {P  -  n)  •  N  =0}.  . 


8-6         .  , 

If  we  let   Pi=i  (x,y,z)*  ,  [iTl  «  p  ,  and   (X,|i,v)    be  the' trtpi^  of       '  i 
direction  cosines  of   ON  ,  ve  have 

-     '  '        N  =  Ct^,  MP,  vp)  •  '      -        %,  j  •    '  . 

and  *     ,  r  ;  .         ;  '  , 

\N  ^'^•xp,  pj? ,  vp]  =  pT^ti,v]  .  y 

Thus     ^  .  ^  ^  '  ^ 

.     '    ,         (P  -N).  N  =  ([x,y,z]'-  p[X,u,v])*  p[X,H,yJ  =,'o,^ 

'vhich,  since   V  f  0  ,  is  equivalent  to  ^  . 

.  "Xx  +       +  vz  -  p(X^  +       +  v^)  ,=  0 

Binc^'K^  f^J      +       =  1  ,  we  have 

M  =  {(x,y,z)  :  Xx  +  py  +  vz  --p^  =  0)  ,  ^\ 

,an  analytic  ijepresentation  gTf  the  plane  in  terms  of  the  norjnal  form  of  its 
equation.    We  not^  that    (x,p,v)    are  direction  cosines  of  the  normal  segment 
and, that'  p    is  the  distance  between  the  origin  and  the  plane. 

r  '       '      •         )  ^  r  \ 

Example  1.    Find  an  equation  of  the  p36ne"^?fti«ir^i8  pei^^dicii'ar  to  the 
vector  'A  =»[6.-U.3]    at  the  point    A  . 

Solution.    We  have  ^       /  *         •  -  ' 

.  "     [x  -  6,y  +  ir,S  -  3]-  f6,4,;3]-='o  ,  :       S     >-  ' 

and.       •  .  '  •  - 

or  .  ^  '     .  ,    \     ^  '  /  ,      -/  . 

1  /  ^  6x  -  »Uy"+  3z  -  6l  '=  0  .    ♦  ^/^^ 

Again  we  note  that  .the  coefficients  are  direction  numbers  of  normal  lines  to 
'  the  plane.  *       "  *  '  '4 

>  ,     Exajg^ijgj^  Show  that  if  *         (^o'^O'^O^  ^1  f  i  V'^l'^X 

-distinct  points  in  a  plane  with  equation    ax  +  by  +^^c^ff^d  =  0  ,  th^n  every. 


point  of   PqP^  ,  is^^'the  plane 


.  .  golutlbn.  Any  point  :P  =  (x,y,z)  6n  line  has  the  parametric  representa- 
tion  i-,        '  [    \  .1  ' 

-  and;  is  in  the  plane  if  its  coordinates  satisfy  the  equation' 
^ax  +'  by  +  cz  +  ^  =  0  .    Tl^e  left  meml^r  becomes 

•  .     ^    a(xQ  +  (x^  .  x^)t)  +  b(y^ h  fy^  .  y^)t)  +  c(zq  >  (z^  -  ^^)t)  +  d 

^  ^      =  (axQ  +  by^  +  cZq  +  d)V  (ax^  +  by^  +  'cZj^)t  -  (ax^^^  by^  +  czQ)t 

=  0.+  (-d)l;  .  (.d)t  =  0  .  ^  ' 

Therefore,  any  poiht  of  the  line  is  contained  in  the  plane. 

We  may  Use  vectors,  as  we  did  in  Section  3-6,  to  describe  otjigr  sets  of 
points  in  SMce.  ^  ' 


3..  Find  a  vector  representation  for  the  line  segment  determined 
by  the  vectors   A  =-^2,-1,3]    and    B  =  [-1,4,^]    in  terms  of  a  single  parameter 
.    P  .         .  '         •  ' 


substitution, 


f[Qlution»    From  ^he  developaent  above,    ^  =  (X  :  2  =  pi  +  qB   ^ere  ^ 

» 

P->  Oi>v^  >0  }  Bnd    p  +  q^=  1}       -  * 

^  Since  P  +  q  =  l,q=l-p;  since  •  q*>  0,1-  p  >'b  op^  P^  <  1  •!  -  ' 
Since  'p  >  CL    the  combined  restriction  on   p    is  that    &^  p  <  1  ♦  By 

p5  +  qj'=  p[2,-l,3.]  +  (1  -  p)[-lA,7]   where   0  <p  <  1 
-  =  l2p^-P>3p]  +  [p  -  1  ,     -  Up  ,  7  -  7p]    ^ere  .0  <  p  <  1  . 

=U3^^  -  1  ,        5p  V^t"-  i^p]    ^^e^  6'^<  p,<l..  r  y 

and  .        *  * 

Jffi  =  {X  :  X  =  [3p  -  1  ,     -  5p  ,  ?  -  Up]   ^ere  0  <  p  1) 


^^^^Q^le  it*    Find  ^a  vector  representation  of  the  point  trtiich  divides  the 


directed  segment    AB    in  the  ratio   ^  .  ^ 


Solution^ 


=  |[2>-l,3]  +  jt-M,7] 

..fit      2  „i   .  r  7l 
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Alternatively,  if  we  think  of  the  parameter  as  a  coord^Lnate  of  the  point, 
then  for  the  desired  point  P  =  "J  •  Substituting  this  value  in  the  e^ppression 
obtained  in  Example  3^  "ve  obtain  ,  • 

t  =  [3-f  -  1  ,  if  -  5-f  ,  7  -  ^-f] 
fT  2  13i  .  , 

Example  5.    Find  a  vector  representation  for  the  ray  opposite  tp    BA  in 
terms  of  ,a  single  partoeter    q  .         ^  \  *^ 

Solution,    The  ray  ^pposit^  to   M  =  (X  ;  X  =  pS  +  qff  where    p  <  0  and 
p  +  q  =  1)  .    Since      ^  '  •  ' 

p=  1  -  q  <  0  ,  * 

therefpi'e      •         *  ^       ^  ^      ,  r        .         .         ,  . 

s  <1  >  1  • 

pS  +  q£  =  (1  -  q)[2,-l,3]  +  q( -1,^,7]    where    q  1 

.     =  [2  -  2q  ,  q  -  1  ,,3  -  3q]  +  ^-<lM>^<ll.  ^^re    q  >  1, 
'   *  =  (2  -  .3q  ,  5q  -  1  /  3  +  m    where    q  XI  - 
-    The  ray  oppc^ite  to    M  =  (X  :  J  =  [2  -  3q  ,  5q  -  1  >  3  +  ^  ,  whe»e  ,5u>  D 

Example        Suppose   A  ,  B  ,  and    C ,  are  the  vectors  whose  teiminkl  points 

♦ 

.  are  the  vertices  of  a  triangle.  Can. we  represent  the  triangular  region,  the 
interior  of  tfie  tldangle,  and  the  t^-iangle  itself,  in  tertns  of  these  vectors 
and  two  parameters?       .  •     ^    *;  ^ 


3kh 

a4s 


'  Solution  >    Ife  write    BC    as    {X  :  J  =       +  (1  -  q)?  vhere    0  <  q  ^  l) 
as  in  Example  3  above. 

Now  the  triangular  region  is  the  ^       '  ' 

f 

union  of  the  segments   Ax  or 

{Y:?  =      +  (1  .  p)!?  where    0  <  p  <  1) 
=  {Y  :  t  =  pl+  (1  -  p)[qB,+  (l  -  q)c] 

where    0  <  p  <  1  and  0  <  q  <  1) 
=  (y  :  Y  =:*p3r  +  (1  -  p)qB  +  (1  -  p)(l  -  q)c 
►  ♦  where    0  <  p  <  1  and  0  <  q  <  l)  . 

The  interior  of  the  triangle    ABC    will  be  -  <» 

(Y  :  t  =  pJ  +  (L.-  p)qf  +  (1  -  p)C    where.  "0  <   p  <  1    and    0  <  q  <  l) 

le  triangle  is       *  ^ 

{Y  :  f  =  pA  +  (1  -  p)qB^   (l  -  p)(l  -  q)C    vhere    (p  =  O     and.  O  <  q  <  l) 
or    (q  =  0    and    0  <  p  <  l)    or    (q.=  1    and    0  <  p  <  l))  . 

(We  cdn  write  these  results' more  neatly  if  we  let    r  =  (l  -  p^q  and 
s  =  (1     p)(l  -  q)  .    Then   p  +  r  +  s  =  1    and  the  triangular  region  is 

{Y  :  Y  =  pS"  +,.rB  +  scH^ere^  p  ,  r  ^  and    s    are  j^on-negative  and  p  +  r  +  s  =  l) 

This  form  is  easier^ to  recall.)         .  < 


Exercises  8-6  ^ 


equation  of  the  plane  which  has    f7,r3^5]  as 
^and  which  contains  the  ^Int    (0,0,3)  . 

2.  Find  an  equation  of  thj^lane  with  the  fiormal  vector 

".(a)^    [2,-3,1,1  -  •    •        ^  "         '>■■     ■  ' 

^  (b)   [-2,^,-7]  '  '  ^ 

(c)    [3,-5,4]'  ".^ 

[-i,-f,6]  ...^  • 

3.  ,Find  the  distance  from   (0,0,0)    to  ^he  pltoe  ^ 

(a)    2x  +  33r^  -  z  5 
*     (b)  •5x  -  3y  +  £z  =*8  , 
(c)  -ax  +  by  +  cz  =  d 


a  nomal  vector 


ERIC 
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In  the  figure  below,  consider  ABCD  to  be  a  ^-dimensional  figUre,  (This 
ia^knpvn  as  a  tetrahedron  and  has    h    faces  ctnd    6    edges. ) 

(a)  Show  that  the  lines  through  the  inidpoints  of  opposite  edges .^e 
concurrent ♦   «  <  ^         \      t     "  • 

(b)  ^ Show  that    PTRU    and.  QUST  .^e^parallelogram|. 

(c)  Show  that  the  pointTajT concurrency  is  the^mldje^int  of  each  segment • 

.     ^  .  c 


Shov  that  if        =  and    M  =  {(x,y,z)  :  Ax  +  py  +  yz  -  p  =  0}  , 

tl^fen  the  distance  between  and    M  ^i^ 

J? 

|Ax^  +  lay-L  +  ^^3^  -  pI  . 

Find  vector  representations,  tin  terms  of  a,single  parameter,  for  the  sets 

, described  below.  ....  ^ 

i 

(a)  AP    where    A  =  [^,-7,5]    and    B  =  [^,2,3^3 — ^    .         .  •  ' 

(b)  AB    wfeere    A  =  [3,^^,2]    and  'B- =  [-2,3,3] 

(c)  AB    where    A  =  [3,1^,2]    and^  B  =  ,[-2,3,^3]    ^       /  _ 

(d)  Sa    where    A=  [3,^^,2]  'and    B  ^^[-2,3,3,] 


Find^he  vector  representations  of  the  midpoints  and  trisection  points  of 
the  following  line,  segments:  *  ^ 

.     _  ^        .  I  ! 

(a)  AB    vhere    A  =  [0,0,0]    and    B  =  [6,12,15] 

  -  • 

(b)  AB    where    A  =  [-3,2',7]    and    B  =  [10,-11,19] 
(c-)'  AB    where    A=  [a^^a^^a^]    and ,  B  =  [b^,b^.b2]  ' 


T 


3k6 


8.    Find  the  vector  representHlons  of*  the  points  vhicsh  divide  the  directed 
'segment    PQ    ii\  the  ratio  j| 


(a)  -P  5  [-3,:2,-l]  ,  Q  =  t3,2,l]  , 
ib)    P=  [^h,.8]  X-=  [9,-5,?]  ,  ^d^^i 
(c)'   R  =  [2^3,1]  ,  S  =  [1,-2, V]  ,  and    J  =  ^ 


9.    Given  the  triangle    ABC    with   A  =  [2,3,1]  ,  B  =  [-1,2,1*]  ,  and 

•    a  =  [i,u,-2].l  -  ^ 

*  (a)    Describe  the  triangular  region,  its  interior,  and  the  triangle  itself 
using  these  yectors  and  two  parameters. 

(b)  Show  that    [1,3,1]    is  a  vector  whose  terminal  point  is  an  1  interior 
point  of  ,the  triangle, 

(c)  Show  that    [-1^.^-5^-6]    is  a  vector  \£oSb  terminal  point  is  dn 
^exfertorHCiQint  of  the  triangle. 


Challenge  Pro&lem 


.  A    ^  ^ 

1*    Given  the  four  vect'ors    A  ,  $  /  C  ,  and    D  ,  whose  terminal  points  are  not 

coplanar,  find  an  expression  for  the  ;betrahedral  region    ABCD    in  terms 

of  these  vectors  and  three  parameters.  \  '  ... 

We  have  extended  the  rectangular  coordinate  system  to  3 -space  and  have 
considered  the  analytic  and  vector  representations  of  lines  and  planes  in 
'"3-space»    In  Chapter  9  w^e  shall  consider  the  representation  and  sketching  of 
other  curves  and  surfaces.'   We  shall  also  consider  two  extensions  of  polar 
coordinates  to  3-space.         •  .  •^^^^^^'^■^^ 

»».  ^     .  *  •        ^        .        ^  ♦ 

We  have  also  suggeisted  that  we  may  interpret  algebraic  relationships  in  ^ 

four  variables  in  a  if-space,  which  may  be"  helpful  even  though  we  cannot 
visualize  it.    The  extension  is,  of  course,  possible  to  spaces  of  more  .dimen-  ' 
scions.    We  are  in  a  position  to  make  several  conjectures  base4  on  our  obser- 
vations  in  2-space  and  3-space,    In.2-space  the  general  linear  equation  in  2 

;  ■*J 

variables  describes  a  line,  a  one-dimensional  figure;  in  J-space  the  general 
linear  equation  in    3    variables  describes  a  plane,  a  2-diiifensignal  figure. 
Thus,  in*n-^pace  we  might-  expect  the  general  linear  equation  in  h-variables  to 
-"descrilife  a  figure  with    n-1    dimensions.        '  '  *  ' 


In  2-8pace  we'  are.  able  to  describe  a  line  eitl^er  by  a  linear  equation  or 

by  a^arametric  r^resentation  £n  one  parameter;  in  3-space  we  stilf  have  the^* 

param^ric  representation  of  a  line  in^  one  parameter,  but  the  alternative  is 

J  :* 
the  common  solution  of  two  linear  equations,  which  is  §iwkward.  -Some  of  the 

later  exerdi^es  s^ow  that  we  may  also  de'lSKyclbe  regions  in  a  plane  by  a  para- 
metric representajjion  in  two  parameters.    Our^onjecture  might  be  that  in  * 
spaces-*ci^h  enough  dimensions  we  may  describe  pne-dimensional  figures  with  v  c! 
parametric  representations  in  one  parameter,  2    dimensional  figures  with 
parametric  representations  in  -bwp  parameters,  aSad,  in,  general,  n-dimengional 
figures  with  parametric  representations  in    n  parameters. 


Review  Exercises 

/ 

In  Exercises  JL  to  8,  write  an  equation  of  the  locus  of  a  point  vhich 
sartisfies  the  stated  conditions.  ,      '   '  V 

1.    A  point    5    units  above  the  xy-plane. 


2.  '  A  point    5  from  thej^z-plane.  ' 

3.  A  point  equidistant  fr\jMy        and  the  yz-planes. 


iki    A  point  2    units  from  the  x-axis. 

5.  A  point  a   unitsy  f  rom  the  origin.  '  ^ 

6.  A  point  r    units ^^xoln' the  point    (2,-1^0)^  j,. 

7.  A  point  equidistant  from  the  point    (1,2,3)    and  the  plane  with  equation 
z  =  2  .  ' 


8.  A  point  that  lies  in  the  plane  determined  by  the  points    /3,1,2)  ,-^(1,2,3), 

Sketch  the  graph  of  thd' equations  in  Exercises  9  to  Ih.  -  . 

9.  x  +  >.  -  U=  0,  12."'x-y  +  z  +  3  =  0  ^ 

10,  2z  -  7  =  ^  ■  r     '  *•  "  .-IS.  "  X  =  5  -  3t  ;t  y  =  2  +  t  ,  z  =  3.,-  kt 

11.  kx+'9y  -  6z  +'36  =  0  Ik.    ~^  =  ='-^-^ 


In  Exercises  15«20^  graph  and  describe  the  geometric  representation  in 
one-space  and  2-space,  and  discuss  a  possible  meaning  in  3-space« 

I5I   ,W;  X  -  3  =  0)    .       >         I  .  •        ^  3) 

16,  :{x  :, -1  k'X  <•  3}  19.    (x  :  |x|^<  5} 

17.  (x. :  |'x|  *  3  f  0)       '  '        20.-  -(x  :  x(?c  -  l)(x  +  2)  =  0)  'Z  • 

21.  Graph  and  des^ibe    R^^  ,       ,  and    R^    for  one  space,  2-space",  and   

3-space  if  .  ' 

='  ((x,y)  :  |xi  <  2}  ,  R^  =  ((_x,y)  :  iy]  <  2)  ,  R^  =  R^-h  R^  . 

22.  Discuss  Exercise  21  if    <   is  changed  to    <  .    What  geometric  interpre- 
^    tation  can  you  give  for       U       ?  x  .  ^ 

23.  Graph  and  describe    ((x,y,z)  :  x^  +  <  1}  .    What  is  the  graph  If 
<   is '  changed  to    <  ?  . 

r  ~ 

In  Exercised  2k  to  >26,  use  the  four  points:    A( -2,1,3)  ,  3(3,1^^-2)  , 
0(2,3,-1)  ,  D(l,-3,2)  ,  and  the  four  planes: 

( 

\  :,g3Bi-**Ty  +  z+i^^  =  0,  M2:3x-y  +  2z-3=0,Mj:x+.2y--3z  +  2  =  0 
Mj^J-x  +  y+  z-  l=  0. 

i^2k.,   Find  the' distance  from  each  of  the  points   A  ,  B  ,  C  , 'D  ,  0   to*each  of 
the  planed: 

(a)  ^       '      ^     4>  (c)  i 

'     (b)   "M^  .    .        '  /     ^  '(d)    \  '  ^ 

25-.,  Find^  in  symmetric  form,  equations  ^f  th,e  lines  determined  by:    ^        ^  %  ^-^ 

(a)  ^   (M^,M2)                *  (d)  (M2,M3) 

(b)  '  [li^,M^)  /     .  (e)    (M2,Mi^)               «         "  .1^ 

(c)  (Mj_,M^)  (f)    {M2,Mi^};^          -  " 

26.  '  Find  parametric  equations  for,  each  of  tke  lines  referred  to  in  Problem 

'   25.       '    "        ■  >  •      '  ^^^^         '    •  ^      ^  ' 

27.  Show  that  the  space  quadrilateral   ABCD  ,  vhere   A.  =  (-2,3,2)  , 

^  ^        =  (-i,5,8)  ,  C  =  il,'i;k)  ,  D  =  (3,-1,-2)  ,  'is  a. parallelogram.  ^ 


,     ,      — - — —  — 


28.  Show  that  the  nedians  of  triangle   ABC  j  vhere   A.  =  (0,0,0)  , 

B  =  (2,1^,6)  ,  C  =  (-1^,2,^8)  ,  are' concurrent.  ! 

29.  Fo25  vhat  value  of    a   are  the  points    (^,2,5)  ,  (l,A,2)  ,  (2,lU,5)  , 
colli  near?  j  \ 

30.  if    (2,1,1^)  ,  (0,lf,-2)  ,  (a,-2,-i^r  are, the  vertices  of  a  triangle  vlth 
a  right  angle  at  vertex    (0,if,-2)  ,  find    a  . 


.A 


7"  .   '  ' 
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Chapter  9  ,  '  ^ 

QUADRIC  SURFACES* 

0 

^  •    I  "  » 

o 

9-1.    What  Is  a  ^uadric  Surface?  * 

If  you  knov  vhat  is  meant^  by  "Quadratic  equation,"  you  might  gue^  vhat 
is  neant  by  ''quadric  surface''.    The  locus,  if  one  exists,  of  an' equertion  of 
the  second  degree  in  rect8j:igular  coorcinat^s  for  3 -space  is  caJJLed  a  quadric 
surface.    Each  of  these  suiffaces  has  eui  important  property:    all  tJlane  sections 
are  conies.    There  are  mejiy  svirfaces  other  than  quadric  surfaces,  and  there  ^ 
are  more  quadric  surfaces  than  the  ones  we  shall  introduce.    We  shall  limit 
,  our  discussion  to  'the  most  useful  and  easily  recognized  ones.    You  will  recog- 
nize spheres,  cones^  €ind  cylinders.  '  Some  of  th^  other  ^urf aces  may  be  less 
familiar  to  ^oa,  l?ut,  inasmuch  as  fedl  ^intersections  of  these  surfaces  wjLth 
planes  are  conic  sections,  you  should  have  little  difficulty  visualizing  even 
those  quadric  surfaces  which  are  new  to  you. 

When  we  apply  matheinatics  to  physical  problems,  we  find  that  ^fe  drawing  * 
'  wiitch  depicts  the  physical  relations  iri  the  problem  can  be  useful.    "Dur  ^ 
principal  aim  in  this  chapter  is  to  develSp.  methods  for  visualizing  surfaces 
,a^d  curves/kn  3-space.    Such  configurations  frequently  occur  in  science  and 
calcHlus  courses. *N{e  shall  give  directions  involving  only  simple  figures  and 
equations,  but  the  methods  are  general  and  can  be  extended  to  mor^  complicated 
j^g^es.    We  aLso^  shall  indicate  how  equations  representing  quadric  si^J?ces  pr 
^  space  burvesfjiay  be  feiinplified;  ^  .  *  ^ 

Some  ability  in' the  sketching  of  geometric  figures  is  required*  in  this 
•chapter;    you  mvist  ma^e  drawings  of  three-dimensional  objects  ^n  a  twd-  ' . 

dimensibnal  surface.  .  Also,  we.  shall  irely  heavily  upon  the  material' which  you 
learned  in  Chapters  5,*  6,  and  7.    *        -        '  .  '  ' 


'  9-2.    Spheres  ,£(hd  Isilipsoids 

ton  are  familiar  with  the  graph  of  the  points  in  a  plane  a\a^  given  dis 
bance^frOm  a  given  point,  and  you  also  know  an  equation  of  this  graph."  If  th^ 


given  point  is  taken  as^the  origin  and  the  given  distance ^is^  ^  U  ,  th^equa^^tdn 


9-2 

18 


i 


+       =  16 ". 


J 


Now  suppose  we  consider  this  same  problem  in  3-space.    You  know  that  the'locu8>. 
.18  a  sphere  of  radius    h  ,  but  let  us_  proceed  as  we  would  if  ybu  did  not  know 
this.    We  shall  use  various  methods-  to  "discoTer'i  the  shape  of  this  familiar 
surface.    Later  you  will  use  the  same  methods  to  fin* the  shape  of  unfamiliar 
surfaces.  • 

'A  sphere  is  defined  asthe  set  of  points  each  of  which  is  at  a  given 
dlstance-from  a  given  point.    It  always  will  be  possible  to  'select  this  giveij 
point  (the  center)  as  the  origin  of  a  rectangular  coordinate  system.    Such  a 
choice  wilix  simplify  -the  algebraic  representation  of  the  sphere^ 

We  wish  to  examine  the  set  of  'points,  each  of  ^ich  is  a  distance-  k.  tr^m 
the  origin,    0  =  (0,0,0)  .    For  each  such  point    P  =  (x,'y,2)  ,  the  condition 
is  .  .       -  '  - 


of  +  (y  -  0)^  +  (z  -  of  =  h 


2       p  9 
X    +  y''  +  z''  =  16  . , 


or     (1)  , 

'An  attena)t  to  visualize  this  sphera  by  plotting  points,  such  as  (2r,3,.V3) 
^^"^'^^  '  >  "O^t  only  is  tedious  but,  even  vhen  a  great  many  points 

have  been  plotted,  does  not  reveal  the  sphere  we  expect,  ' 


■  o 
ERIC 


It  Is  more  illuminating  to  exploit  the  similarity  between  the  equation  of 
a  sphere^^and  the  equationdSs^a,  circle;    Fpr  instanc^e^  the  equation 


(21 


not^olhly  clooiely  resembles  qur  equation  (l)  of  the  spher^  under  discfisdion, 
'  ,  bil?;  Equation  (2)  repre'&ents  ^  part^of  tfiis  sphere.    It  represents,  of  course/ 
*the  intersectiou  of  the  sphere  ajid  the  j^^lane    (x  c=  o)    shown  in  Figure  9-2. 
jPhe  intetsectiog  of  d  quadric  surface  and  a  coordinate  plane  is  called  a  trace. 


,  1 


05 


Figure  9-2 


The  algebraic  representation 
^  of  -^his*  trace  if  th$  simLtappdus  solu- 
tion of  Equation  (l)  and'  x  =  0  . 
The  traces  in  the  bther  coordinate  s 
%  planes  are  found  by  takj.ng   y  =  0  . 
and    z  =  0  .    We  show  in  the  f j^mie,^ 
only  those  parts  6X  traces  vhith  are 
in  the  boundaries  o£  the  first  octant. 


(0.4,0) 


Figure  9-3  '  * 
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In  ^me  problems  we  need  help  in  drawing  the  traces.    In  this  event  we 
locate  the  intercepts*  bhe<  points  of  intersection  of  the  surface  with  the 
coordinate  axes.    For  Equation  (l)  the  values  are    k    and  .-1*    on  each  axis, 

Onae  the  traces  are  indicated,  as  in  Figure  9-3,  we  begin  to  see  the  shape 

of  thje  surface*    Next  v/e^ investigate  the  shape  of  the  rest  of  the  surface  by 

slicing  it  and  looking  at  each  -slice.    Such  slices  are  called  sections;  they 

are  the  curves  formed  by  the' surface  and  planes  cutting  it.    The  tracer,  of 

course,  are  special  cases  of  sections.    Let  us  make  our  slices  parallel  to  the* 

xy-plane*    An  equation  of  the  parfdlel  plane  one  unit  above  the  xy-plane  i^ 

2  =  1;  we  substitute  for    z    in  Equation  (l)^  which  becomes 

2  2 
X    +  y\+  1  =  l6  , 


or 


2  »2 
X    -f.  y    =  15 


(0,0^4) 


We  see  that  this  is  an  equation  of  a  circle  in  a  plane  parallel  to  the  xy-plane, 
With  radius    va5  ~  3.9     and  with  its 
centej*^on  the  z-axis;  we  add  to  the  ^-^-^ 
^gure,  in  the  p]^ane    z  =  1  ,  the  part 
of' the  circle  in  the  ftVst  octant." 
corttlnae  in  this  fashion,  letting  t 
assume  the  values    2    and    3  .  Each 
•section  is^ a  circle,  and  the  radii  are 
approximately    3-5    a^^d    2.6  ,  i*espec- 
tTv,ely.    We  have  added  parts  of  these 
ciVcles  in  Figure  9-U.  ,  When    z  =  k  we 
hav;'€ 


(4,0,0 


2  2  ^  . 
X    +,y    =  0  , 


(0,4,0) 


[Which  i^epresents  the  point  ^  (0,0/^)*^. 
Tor  any*;iValue  of  z  larger  than  h  , 
there  is  no  locus. 


Figure  §'k 


Nov  we  consider  sections  parallel  to  the  yz-plane,  giving  the  same 

t 

numerical  ^alues  to    x    that  we  gave  to    z       Again  we  ^i'ind^  that  the  sections 
are  circles,  which  we  may  add  to^our  drawing  (Figure  9-5).   -^e  migAt  also 
investigate  sections  parallel  to  the  xz-plane  if  this  appears  to  aid  our 
vlsuedi  zation*  «  > 
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(4,0^) 


(0.4,0) 


Figure  9-5 


Ls  has  probably  jseemed  e  slow  and  labored  procedure  to  get  a  drawing 
of  such  a  familiar  surface  as  the  sphere^  but  we  hope  that , you  wilL  now  be 
able  to  apply  the  same  methods^^o  other  equations  in  order  to  visualize  and 
draw  the  surfaces  they  represent. 


When  graphing  in  three  dimensions  it  is  helpful,  as  l?t  was  in  two,  to 
investigate  symmetry.    The  definitions  of  point -symmetry  and  Ifne-syrametry 
given  in  Section  6-2  hold  for  3-space,  but  a  more  useful  idea  is  that  of 
symmetry  Vith  respect  to  a  plane.    A  set  of  points    S    is  symmel^ric  with 
respect  to  a. fixed  plane    M    if  and  only  if  for  each  point    P   of    S  there 
is  a  corresponding  point.         of    S    such  that    M    is  the  perpendicular 
bisec'tt)r  of    PP^      'Here  we  shall  investigate  symmetry  only  with  respect  to 
the  coordinate  planes.    We  list  the  tests:    a  graph  will  be  symmetric  with 


xefspect  to  the 


xy-plane 
yz-plane 
xz-plane 


if,  whenever 


(x^,.y^,z^) 


is  on  the  graph,  so  also 
is     '  * 

If  a  surface  Is  symmetric  with  respect  to  all  three  coordinate  planes,  it  is 
also  symmetric  with  respect  to  the  origin  and  each  axis.    A  sphere,  of  course,, 
meets  all  these  te¥t8  for  symmetry. 


When  a  surface  is  syimnetric  .with  respect  to  alj.  three  coordinate  Pilanes, 
th6  part  of  it  in  any  octant  is  repeated  in  all  the  other  octants.    In  such 
cases  we  need  draw  only  that  part  in  the  first  octant,  since  this  makes  dur 
drawing  less  complicated.'  .  ; 
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The  sphere  we  have  been  considering  haB  its  center, at  tjie  origin;,  the 


equation  for;  such  a  sphere  can  always  be  written  in  the  forHt 


(3) 


2  2  2 
X    +  y  +2 


'vhere    |a|    is  the  radius.    Not e^  that  the  terms  containing    x  ,  y  ,  z  b11 


have  the  coefficient    1  . 
i 

Consider  the  equation 

Ah)  . 


+  r    +         ^  100  . 


-What  quadric  surface  does  tViis  represent?^  We  begib,  as.befgre,  by  drawing  the 
traces.    To  *ind  the-ti^ace  in  the  yz-plane^  we  let    x  =  0    in  Equat-ion  <  1^ ) , 
^    .2     ^2  ^ 

obtaining   ^  ^  |-  «  i  ^    we  recognize  that  this  trace  is  an  ellipse,  as 

o 

shown  in  Figure  9-6.    Jflien  we  let    z  =  0  ,  we  again^obtain  an  ellipse.  How- 

2"'     2  ' 

Vrer,  when   y=0,x.+  z    =25;  the  trace  is  a  circle.  '  Again  we  shall 
pictitre  pnly  those  portions  of  th^  traces  lying  in  the  boundaries-  of  the  first 
octant.    These  are  shown  in  Figure  9-7.  *  ^ 


.(OJO.O) 


/ 


'  Figure  '9-6 


Figure  9-7 


Now  we  find  th^  sections  *as  .before;  those  parallel  tt),  the  xy—  and 


yz-planes  are  ellipses;    the  ones 
parallel  to  the  xz*plan6  are  circles\ 
It  is  common  pretctice  to  select  just 
one  set  of  sectioi?^  to  illuminate  ,the 
drawing;    if  one  set  consists  of 
circles,  this  is  the  usual  choice. 
These  sections  are  shown  in  ^Figui^e  9-8. 


(0,10,0) 


Figure  9-8 
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^      The  surface  we.  have  been  sketching  belongs  to  a  class  called  elllpsolS^ 
They  ar^  so  named  because  the  sections  parallel  to  the  coordinates  planes  ai'e 
ellipses  (or  circles,  vhich  may  be  considered  special  cases  of  ellipses). 
These  surfac'eB  have  equations  of  the  form  s 


(5)^ 


2    .  '2  2 

^2  42  2  ' 
a      I?      c  . 


vher e  the  numbers    i  a  ,  t  b  , .  1  'c 


,  z-  intercepts  respecV, 


tively.    The  segments  of  the  axes  joining  the  intercept  p(:)ii:its  are  called  ^    *  . 
axes  of  the  ellipsoid^  "  •  ,     '  ^ 

If  tvo  of  the  axes  of  an  ellipsoid  have  equal  length,  the  surface  is 
called  a  spheroid,  "because  it  resembles  a  sphere.    These  are  of  tvo  kinds.  If 
the  third  axis  is  longer  than  the  others  as  is  illustrated  in  Figure  9-8,  the 
spheroid  is  ced.led  a  prolate  spheroid  and  resembjfes  a  football  or  a  watermelon. 
If  the  third  axis  is  shorter  than  the  otheiMTvro,  the  surface  is  called  an 
oblate  spheroid  and  appears  fattened  like  the  earth  or  a  "Yo-Yo"  top. 

When    a  =  b  =  c    in  Equation  (5),  we  have  the  equation  of  a  sphere.  *A 
sphere,  tl;en,  Xi  a  specled.  kind  of  ellipsoid  in  much  the  same  sense  that"  a 
circle  is  a  special  kind  of  ellipse.    Before  we  conclude  this  section  we  should 
ask  again,  "What  quadric  surface  does  Equation  (U)  represent"?    Following  vhat 
is  a  good  general  procedure,  you  should  write  Equation  (U)  in  the  form  of 
Equation  (5)  and  then  name  the  surface  according  to  the  abov^  descriptions. 


Exercises  9-2 

In  Exercises  1  to  12,  6iscuss  and  sketch  the  surface  represented.  In- 
clude intercepts,  traces,  and  the  name  of  the  surface.  Draw  several  of  the 
sections  parallel  to  one  of  the  coordinate  planes.  ^ 


I. 

x^  +  y^  +      =  25 

ti 

7. 

ifx^  +  9y^  +       =  36 

2. 

.2     ,2  ,2 
4X    +  Uy    +  4Z  = 

9 

i 

8. 

222 
9x  +  9y  +  25z^  =  225 

3N 

-  '  2        2  2 

^9x^.+  9y    +  9z  = 

0 

9. 

9x^  +  25y^  ^  25z^  =  225  . 

U. 

9x^  ^  Uy^,  +  9z^  = 

36 

10. 

i*x^  +  9y^  +  l6z^  =  lUU  . 

5. 

o         p  2 

9x  +  9y  .+  ^^2  = 

36 

11. 

9x^  +  ^y^.+  l6a^  =  IW^ 

6. 

pop 
^%   +-25y    +  25z^ 

=  100 

•  12. 
> 

i6x^  +  9y^  +  = 
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13.    Use  the  definition  of  sphere  to  write  an'equation  of  a  sphere  with  center 
^  (^^^O^^O^  radius    r  7^  , 

-Ik,    Show  that  the  equation  you  6btained  in  Exercise  13  can  always  be  writteh 
ir    in  the  form     ,  '  .  - 

V+y.+  z+Dx  +  Ey+Fz+G=0, 

Does  every  equation  written' in  this  |*orm  represent  a  sphere?  Justify 
;        your  ansVer.  • 


1%    Fina,  in  the  form  in  Exercise  Ik,  equaWons  of  the  spheres  with  the  given 
"center    (C>    and  radius  (r) 

-  (^)    C  =  (2,1,3)  ,  r  =  5  (d)    C  =  (i,  ,  r  =  1    ,      .  " 

-       .(b)    C  =^0,-1,2)  ,  r  =  2  re>   C  =        ^,  .  1)  ,  r  =  i 

Cc)    C  =  (1,3,-2).  ,  r  =  ,^  °  °  -5^'  2:5)  ,  r  =  3 

16.  Determine  vrtie.ther  the  followiiig  equations  represent  spheres.    For  each 
sphere,  give  the  raidius  and  the  coordinates  of  the  center. 

(a)  .  3x^  +  3y^  +  3z^  -  9  =  0 

(b)  +  y^  +       -  2x  +  i*y  .  6z  ^  10  J  0 

2  2**2 
i^-  X    +  y    +  z    .  4y  +^2z  -  20  =  0 

•(d)    x^.+ y^  +  z^  +  6x  -^8y  +  li^z'+  7?  =  0 

2       2       2  * 
(e)    X    +  y    +  z   ^  l*x  •  6y  +  13  =  0 

*  '  '  '  '  ) 

(-f )    x^  +'  y^  +  z^  .  2x  +  6y  +  14  =  .0 

(g)  36x^  +*36y^  +  36z^  -  36x  -  48y     '2z  -*52  =  0  .  ' 

(h)  l6x^  +  l6y^  +  l6z^  .  2lfx  .  64y  -  l6z'  +  41  =  0 

17.  If   A  =  (1,2,3)    and   B  =  (-1,0',?)  ,  \rfiat  Is  an  equation  of  the  sphere 
th?it  has    AB    as  diameter?     '  •  *- • 

18.  Write  an  equation  of  an  ellipsoid  with    x-  ,  y-  ,  and  z-intercep-s    Z  3  , 
i  7  ,  t  5* ,  resj)ectively.  .  ^ 


'  Challenge  Problems-  .  , 

/  .  —   ■         '        :  \ 

1.  -  Write  an  equation'  of  an  ellipsoid  with  center  at  the  point    ( 3,  -1, 2)  , 
\^    and  with  axes  parallel  to  the  x-  ,  y-  ,  and  z-axes  and  of  lengths    12  , 
8  ,  and    2h  respectively. 
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•2.    Points    P  =  (0,3',1)  ,  Q  =  (-2,o',"2)  \  R  =  (1,1,4)  ,  and    S  =  (-3,3,2)  are 
points  of  a  sphere* What  is  an  equation  of  the  sphere?    Will  any  four 
distinct  points  determine  a (sphere? 

9-3»  Paraboloid  and  the  Hyperboloid, 

What  Is  the  loous  of  a  point  equidistant  from  a  given  point   F    and  a 
given  plane    M  ?  ^  We  shall  assume  that  the  distance  from   F    to   M    is    U  . 
The  geometric  condition  for  the  locus  is  similar  tojme  one  vhich  defines  a 
parabola.    With  this  in  mind  we  let  the  line  through    P   perpendicular  to  M 
f  be  the  y-axLs  ar,d  .let  the  origin  be  the  mi^in'b  of  the  normal  segment  from 
\  F    to   K  .    Then    F  =  (0,2,0)    and'  the  equation  of    M"is'  y  +  2  =*0  ,  The 
\'required  point    P  =  (x,y,2)    must  meet  the  condition 


y  +  2 


2       2  2  2 

Squai:ing,  we  have    x      ^y-v^  Uy  +  U  +  z    =y  +Uy+U; 

hence    (1)         *    ^  +       =  8y  ,  ^ 

is  an  equation  for  the  lotus.  \^ 

Kov  we  must  decide  what  the  graph  of  this  equation  looks  like.    We  shall 

use  the  same  methods  ve  applied  to  the  equation  of  the  sphere.    If  we  look  for 

intercepts,  we  find, that only  intersection  of  the  surface  with  the  axes  is 

th'e  origin,    (0,0, 0)  .    The  trace  in  the  xy-plane  is  the  parabola   y^^^  8y  ^ 

^       /  2  m  '         '  ^ 

in  the  yz-plane,  the  parabola    z    =  8y  ,    The  trace  in  the  xz-plane  is  th^'  ' 

N  2       2  ' 

single  point    0  ,  giver,  by  the  equation   x    +  z    =  0       We  notice  that  in 

Equation  (l)    y    cannot  have  negative  valuers;  hence  nQ  part  of  the  surf^ice  is 

to  "tihe  left,  of  the  xz-plane.  "  '      .  "     * .  " 

'Ve  next  investigate  the  sections  parallel  to  the  xz^pXjane.  When-  y  =  1^ , 
*  22* 

we  have    x    +  z       8  ,  a  circle  with  radius    2V^  ;    For    y«=  2  ,  we  have  a 
circle  of  radiur    h  ,  and  so  on.,    ThCs^'jjJfe  surface  .may  be  thought,  of  as  formed 
by  a  succession  of  circles,  beginning  with  the  point -circle  and  with  radius 
increasing  without  limit  as    y  *  increases.    This  bullet-shaped  surface  (Figure 
9-9)  is  called  a  .paraboloid.    It  is  also  called  a  par&oloid  of  revolution,  as 
it,  nay  be  generated  by  revolving  a  parabola  about  its  axis.    The  reflector 
usually  called  a  parabolic  reflector  is  really  a  paraboloid. 
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(2) 


Figyre  9-9 

A  more  general  equation  of  a  paratolid* is  of  the  form 


ajie  traces  of  this  surface  in  the  xy-  and  yz-pXanes  are  parabolas,  but  the 
sections  parallel  to  the  xz-plane  are  ellipses  or  circles.  ^  This  surface  is 
called  an  elliptic  paraboloid ♦ 

We  tuni  now  to  tjie  equation 


(3) 


and  fi6d  that  the  x-  anca.,  y-intercepts  are    t  2    and    t  3    respectively,,  but 
that  there  are  no  z-fntercepts.    The  trac^in  the  xy -plane  is  an  .ellipse;  in 
the  other  iroord;Lnate  planes  the  traces  are  hyperbblas.    S^I?e  ellipses  are  - 
easiW  -^p  drkv-4han  hyperbolas,  let  us  make  our  sections  parallel  to  the  xy- 
plane/  When    z  =  1   we(^ave         '  '  ' 


represenjbing  an  ellipse  very  much  like  the  one  which  is  a  tr&ce  in  the  3Q?--plane. 
We  continue,  finding  thsft  for  numerically  larger  values  of    z    the  secti6ns  . 
will  be  ellipses  with  increasingly  larger  intercepts*    This  surface  (Figure 
9-10 )"is  called  a  hyperboloid  of  one  sheet,  or  an  elliptic^  hyperboloid.  Its 
equation  is  of  the  form 

'222 
a      b       c  V.  * 


figure  9-10 
Next  we  consider  the  equation 


(5) 


2       2  £. 

iL  .  y_  +    =  1 

1^    -  9  25 


Here  there  are  no  x-  or  y«intercepts;  the  z-intercepts  are  J '5  .  The  traces 
in  the,yz-  and  xz-planes  are  hyperbolas.  ,  Agaiji  ve  make  our  sections  parallel 
tcythe  :cy-plane.    If  we  write  the  Equdtic(n  (5)  in  the  form 
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\ 


T     9  -  25 

we  see  that  vhen    |  z  |  <  5  ^/^^^^  sure  no  real  values  of   x '  'or  y 


-  ,  Figure  9-11  * 

Wh^n   z  =  5    the  section  is  the  point    (0,0,5)  ;  for    z  =  -5  ,  we  have  the 
point    (0,0,-5)  ,    For    |z|  >  5    the  sections  are  ellipses,  whose  axes  in- 
crease as    |z|    increases,  'Thus  our  surface  may  be  thought  of  as  two  separate 
piles  of  ellipses.    It  is  called  ^  hjrperboloid  (or  elliptic  hyperboloid)  of 

"    — '  ; — 9  

two  sheets,  ' 


Exercises  9-3 

Discuss  and  sketch  the  surfaces  reprgji^ented  by  the  equations  in  Exercises 


1  to  12. 

n  2^2 

1.    y    +.Z  = 

7. 

9x2 

^2     *  2 

+  9y  -  z"'  = 

36 

2  2 
2.    X  .  +  y  = 

l6z 

•  ^. 

9x2 

p  p 
-  ify   +'9z''  = 

=  36 

3.    l^x^  +  kz^ 

=  l6y 

9. 

2 
X  - 

2     •  2 
.gy    +  4z  = 

36 

If.    kx^  +  9z 

=  Ikky 

;  10. 

-  25y^  +  i^z^ 

=  100 

9x^  +  >z^ 

=  Ikky  . 

u. 

.x^ 

^2  2 

-  9y  +  z  = 

6.   9y^  +  kz^ 

=  ikhx 

12. 

2 
X  - 

2  2 
+  z"^  .  1 

=  0  ' 
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13>  ;We  observed  that,  for  the  hyperbploid  whpse  graph  is  given  by  Equation 
(3),  the  sections  parallel-  to^Jhexy-plane  are  ellipses.    Prove  that 
th^e  ellipses  have  the  same  eccentricity. 


V 


Challenge  Problems 


*  The  surfaces  represented  by  the  following  ecjuationc^^i^e^alled  hyperbolic 
paraboloids .    Discuss  and  sketch  them. 


1.  i*x^  -  Sb^^  =  36z  , 
3.    y  •  -  z    =  X  . 


9-^.    Cylinders.  *  ^  ^ 

Equations  of  the  quadric  surfaces  which  we  have  invest iga"^d  have 
contained  all  three  variables.    Wh^it  if  an  equation  contains  only  two 
variables?    Suppose  the  efquation  is  ^ 


'(1) 


2  '  2 
X    +  y 


25 


We  find  the  x-  and  y-intercepts,  and  note  tliat  there  are  no  z-int^rcept^.  The 
trace  in  the  xy-plane  is  a  circle  of  *     .     z  * 

radius    5    with  the  center  at    0  ;  in 
each  of  the  other  coordinate  planes  it 
is  two^ straight  lines, -^par allele  to  the 
coordinate  axis.    The  sections  parallel 
to  the  xy-plane  are  all  circles  of  radius 
5    vith  their  centers  on'the' z-axis..  F;rom 
^  Figure  9-12  we  recognize  the  sui^face  as  a 
cylinder. 

Figure  9-12  ^ 

A  cylindrical  surface,  or  cylinder,  is  the  surface  formed  when  a  Xine 
moves  in  space  so  that  it  alwajrs^has  the'same  direction  numbers  and*  in-tersects 
a  fixed  plane  cujrve.    The  plane  curve  is  called  a  directrix;  the  lines  are       -  -  m"^ 
called  generators  or  elements.  .A  part  of  such  a  surface  is  shown  in  ' 
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Figure  9-13;  the  curve,  c    in  the 
xy-plane  is  a  directrix,  the  line 
I    an  element.    For  the  circular 
cyliner  in  Figure  9-12,  any  one  of 
the 'Circles  ve  have  drawn  might  be*,^ 
considered  a  directrix,  and  any  of''' 
*  the  lines  of  the\cylinder  an 
element.'  ^ 

.  We  shall  restrict  our  exanrples 
to  cylinders  wi^h  elements  parallel 


Figure  9-13 


to  an  axis.  In  such  cases  one  of  the  variables  is  missing  from  the  equation.  Foi 
example,  ve  shall  consider  the  equation  ^ 


(2) 


2  2 


Let  us.  see  if  we  can  show  that  this  surface  satisfies  our  definition  of  ar 
cylinder.  ^  If  it  is  a  cylinder  then  ^'  ^ 

2 

the  trace  in  the  xz-plane,  the  ellipse 
with  equations 


(0,0.3) 


2 

X 

•3^ 


2 


0  , 


must*'  be 'a  directrix.    V/e  selecj  any  ' 
point  of  this  ellipse,*  say 
P  =  (^,^0,75)  ,    v/e  find  that  for 
afiy  value   y.,  the  point    ^^^T^'P))  is 
a  point  of  the  surface.    All  such  points  Figure  9-1^ 

'  lie  on  the  line    I    perpejidicular  to  the  xz-plane  at    P  ;  hence   I    is  an 
element  of  the  cylir^der.  ^  " 

Hot  all  cylinders  are.quadric  surfaces.    A  plane,  may  be  considered  a 
»  cylinder,  since  one  of  ar^  two  intersecting  lines  in  it  mao"  serve  as  direetrix 
and  the  other  as  an  element  ♦    Qther  exart^les  of  cylinders  are  the  graphs  of 
suah  equations  as    z  =  sin'.y    and    y  =  e    .    You  might  sketch  one  of  these 
cylinders.  ,  '  ...  ' 
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'  Exercises"  9-^  -  *' 

Discuss  and  sketch  the  cylinders  represented  l}y  equations  1  to  10  . 

^1%  x^  +  y^=:64  •                   ^     6,  l^y^-+  9z^=  36  '   -  ^ 

2-         +          25  ^    ^    •   :  ;25x^  +^ll^i.y2  =  360O  ^i. 

3'  y^  +  z^'=r36  8,  ll+i^x^  +  25z^     3600   '  ^ 

4.  I^x^          =  36  •                  .9.  9x^  -        =  1 

"'5'.         +        =  36  10,  9x^  -  25y^  =  1 

11.  Write       equation  for  the  locus  of  points 

*  (a)    at  distance    9    from  the  x-axis 

*  (b)    at  distance    6    from  tl|e  y-axis  ^ 
(c)    at  distance   \    from  the  z-axis 

12.  'Write  an  equation  for  each  of  the  cylinders  discribed  below, 

(a)  Axis  is  the  x-axls,  trace  in  the  yl-plane  is  a  circle  of.  radius  3  . 
(*>)  Axis  is  the  y-axis,  trace  in  the  xz-plane  is  a  circle  of  radius  5  , 
(c)  ^Axis  is  the  z-axis,  trace^in  the  xy -plane  is  a  circle  of  radius  ,10 

13.  A  line  moves  so  that  it  is  al'ways  parallel  to  the  y-axis  and    10  units 
from  it.    What  is  an  equation  of  its  locus? 

s 

\\.    A  line  njoves  so  that  it  ^is  alv6ys  parallel  to  the  x-axis  and    12  units 
from  it.    Whatsis  an  equation  o*f  its  loqus?  ' 

^     15.    The  circle  with  equations  ^ 

2  2 
X    +  z    =  If  ,,y  =  0 

is  the  directrix  of  e^cylinder,  and  a  line  parallel  to, the  y-axis  is  an 
"  element.    What  is  an  equation  of  the  cylinder? 

*16,    Write  an  equation  of  the  cylinder  with  the^ellipse  with  equations 

.2  .  K_2  ^  s 


,         ^         25y    +  Ifz"^  =  100  ,  X  =:  0  '  ^ 

as  directrix,  and  a  line  perpendicular  to  the  yz-plane  at  a  vertex  of  the 
ellipse  as  an  element. 


36,      *  ■  ^ 


.Q  o 
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(1 

Ghallfenge  PrdblemS 


Discuss,  and  sketch^ the  cylinders  represented  by  Equations  l.to  8  . 

'    '        '  *  *  ^ 


3. 


z 


-  z  ^1^0 


5.  -  2^  -  6z^=  7 

6.  x"^  y^  2x  -tl  4y  =^  V 
7#       =  slji  X 

y  =  cos  z 


8. 


Write  a^  ^quaxjon  for  the  cylinder  vith  axis  parallel  tt)  the  x-axis/ 
w'tb  tra^^e  in  the  yz-plane  a  r»ircle  of  radius    k    and  center  at  ''0,« 


and 


Ske^chl the ' cylinder . 


9'«5#    Ihe  Cone,  ^    '  .  , 

Let  us  Investigate  the^'^surface  whose  equation  is 


=  0' 


When, we  look  for  intercepts  and  the 

trace  tn  the  xy-plane,  we  find  only 

the  point    0, ='  (0,0, 0)  .    If    x  =  0 

Equation  (1)  becoirjes 
r 


^  -  4r  -  0 


the< trace  In  the  yz-plane  is  the  union 
Of  tvo  intersect^ing  lines.    So  is  the 
trace  in  the  xz-plane.,^>  '    '  ' 


Figure  9-15 


We  find  that  the  sections  parallel  to  th^  xy -plane  are  circles  wHJ>ae  * 
radii  :&;criase  as  "[zf    increases.    The  sections  parallel  to  the  other  /»oorjai- 
nate  plarv^sv^re  hyperbolas.    Does  this  sound  familiar?    It  should,  since  the 
surface  (Figure  9-15)  is  a  right  circular  cone,  vhose  sections  are  the  co'iics 
we  studied  in  Chapter  7.  ' 

^  A  conical  surface,  or  cone,  is  the  surface  generated  by  a  line  ( called 
ah' .element  or  generator)  ^ich  moves  so  that  it  -mvays  con^be^ns  a  point  of  a  ^ 
plane  cuarve  (called  the  directrix)  and  a  fixed  point  (calle^  the  vertex)  wh'.ch 
is  not  in  the'  plttne  of  the'  curve.    (See  Supplement  to  Chapter  7  for  farther 
information  on  the  rigj^  circular  cone  and  its  sections.)    Here  we  shall 
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consider  only  right  cones  with  vertex  at  the  origin  and  the  directing 
conic  section  in  a  plane  perpendicular  to  one  of  the  coordinate,  axes* 

*    As  another  example',  let^us  sketch  ^ 
the  graph  of  the  equation 


curve  a 


(2)  . 


X 


1 


OJie  sections  parallel  to*  the  xz-plane 
are  ellipsesr  the  con^  .C^igure.  9-l6) 
is  called  an  elliptic  cone. 


Figure  9-l6 


'  Exercises  9^$ 
« - *  \         '  •  . 

Sketch  the  cones  represented  by  Equations  1  to  -6.    On  each  sketch  show 

the  intercepts,  tfaces,  and  at  least  two  of  the  sections  perpendiculjar  tOs^e* 


axis  of  the  cone. 


1 

1. 

2 

X  n 

2 

z 

2 

=  y 

yv-  - 

.  2 

=  X 

x2 

3. 

T  - 

25 

x^     y  z 
9  "  l5  *  1^ 


5*   ^^x*^  +  9y  -  362"^  =  0 


6.    I6x^  -  %^  +  9z^  = 


Write  an  eqiation  of  each  of  the  cones  described  in  Exercises  7to  10. 

7*  Axis  is^^the  y-axis,  a  perpendicular  section  is  a  circle  whosfe  radius  is 
'      twice  the  distance  fijom  the. origin  to  the|i)lane  of  the  section. 

8.  Axis  is  the  x-axis,  a  perpendicular  section  at    x  =  ^    is  an  ellipse 
wboe^  section  in  that  plane  i^  .ky^  +  9z^  =  36  . 

9.  Axis  is  the  z-axis,  a  perpenBiculcgr  section  at    z  =  J4.^  is  a  circle  of 
.radius    3  •         j*  ,  ** 

16,    Axis  is  •6he  y-axLs,  a  perpendiqular  section  dt    y^  5    is  an  ellipse 

whose  equation  in  tljat  plazip^  is  J9x  +  z   =  16  .  \. 


11.    It  vas  noted  that  the  sections  of  the  graph  of  Equation  (2)  parallel  to 
*.  the  xz-p].ane  are  ellipses;  prove  that  these  ellipses  all  have  the  same 
»     •  eccentricity. 


Challenge  Problems 

1#    Write  an  equation  of  a  cone  vhose  axi^s  Is  the  x-axis,  and  "whose  sections 

2 

perpendicular  to  the  axis  are  ellipses  vith  eccentricity  —  .  At  x  =  1 
the  major  axis  of  the  ellipse  is  '12  •  '  . 

2*    Write  an  equation  of  a  cone  "whose  axis  is  the  z*-axis^  and  vhose  sections 

^  •  '  1  - 

perpendicular  to  the  axis  are, ellipses  vith  eccentricity  ^  •    At    2  =  2 

thfe  mpjor  axis  of  the  ellipse  is    l6  . 


9-6.    Surfaces  of  Revolution.         '  .    •  "  ' 

A  surface  that  is  generated  by  revolving  a  plane  curve  about  a  ^fixed  line 
in  the  plauae  is  called  a  surface  of  revolution^    The  fixed  line  is  called  the 
axis  of  the  surface.    Some  pf  the  quadric  surfaces  ve  4:ave  discussed^  here  are 
surfaces  of  revolution.    A  sphere  is  ^e;  it  may  be  generated  by  revolving  any 
of  ItB  great  circles  about  a  diameter  of  that  circle.    The'  ellipsoid  of 
FigiAre  9-8>  the  paraboloid  of  Figure  9-9,  'the  cylinder  of  Figure  9-12,  and  the 
cone  of  Figure  9-15  are  all  surfaces  of  revolution. 

Let  us  find  th^^^uation  of  the  '  ^  "   '  ^ 

•  surface  obtained  by  revolving  tlie  ^ 

•abola  id.th  equations^       =  -2y  , 
X  =  0   abDut  the  y-axis.  Let 

s  **  * 

P  =  (x,y,  s)   be  a  poii^t  on  t^ie  surface. 
The  plane  through   P   perpendictiLar  to 
the  y»axis  intersects  the  generating 

the  point    C  =  (0,y,k)  |,  i*here^ 


cur^  at 

k  =  d(C,F)  ;  the  same  plane  intersects 
the'  y*axLs  at  the  point   F  =  (CjLy,0) 
*  Since    P   must  li^/in  this  plarie.  oa  a- 
circle  with   F    as  center,  'its 
coordinates  must  sat|[8fy  the  equation  , 

(1)  ^  l^x^+^z^ 


Figure  9-17 


9-6 


where   k  is  the  radius  of  the  circle.    The  value  of   k   is  detemiined  by  the 
requirement  that    C  =  (0,y,k)'    be  on  the  generating  curve,       =  2y  .  Therefore, 

(2)  .  ....      '        k^  =  2y  ."  ^  ' 

/^uating  the  expressions  for    k     in  Equations  (l)  and  (2),  ve  have 

^  (3)  ■  •  +  2^  =  2y  ,  ■  •        ■  ' 

an  equation  f(fr  the  surfac^  of  revolution,    tt  is,  of  cours-e;  a  paraboloidl  - 

The  paraboloid  of  revolution  .for  vhich  ve  have  just  found  an  equation^ 
is  generated  by  a  parabola  revolving  on  its  axis*    The  parabola  may  revolve 
about  lines  other  than  its  own  axis;  suppose  it  revolves  abou"t  the  z-axis«  We 
sense  intuitively  that  the  resulting  surf  ace  ^of*  revolution  is  ^ite  different* 
Let  us  ^obtain  its  equation.  ^  . 

We  start. with  equations  of  the  generating  curve, 

■  ^  -  -2    '  ■ 

z    =  2y  .  X  =  0  , 

-and  let    P  =  (x,y,z)    be  ^^int  on  the  surface.    A  plane  through.  P  perpen- 
dicular tvO  the  z-gLXis  intersects  t^e  generating  curve  in    C  =  (O^k,?)  where 
k  =  d(C,F)  ;  the  same  plfiUie  intersects  the  z-axis  in    F  =  (0,0, z) 


• 

\ —  \ — ■  ^ — . 

igure  9-l8 

Since  P  lies  oh  a  circle  in  this  plane  wi.th  center  F  ,  its  coordinates 
satisfy,  the  equation 


Sinie   k   is  the  y-coordinate  of    C  ,  and    C    is  a  point  of  the  generating 
curve,  the  coordinates  pf   C   must  satisfy*  the  equa^on  of  that  curve;  hence 

ERIC-     .  :     ^  .  37^  ■ 
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and  thei'efore 

(5^  , 


V" 


2 


Equating  the  expressions  for  -^k     in  Equations  ll)  and  (%),  ve  have 

^ 

(6) 


2^2 
X    +  y 


z 

T 


as  an  equation  of  our  surface  of  revolution,  * 

/'  ^  . 

Since  Equation  (6)"  is  not  quadratic,  the  surface  is  not  a  quaAric  surface, 
Hoverer,  ve  can  use  the  methods  of  this  ^ 
chapter  to  investigate  its  shape.  From 
>^the  equation  we  see  that  the  surface  is 
symmetric *vith  respect  to  each»of  the 
cooriinate  planes.    Its  only  intersection 
"vith^^the  :{y-plane  is  the  brigin;  the 
traces  in  the  othef  coordinate  planes 
are  parabolas •    "Jhe  sections  parallel^ 
to  the  :{y-plane  have  equations  of  the 
form 


2^2 
X   +  y  . 


clearly  they  are  circles,  as  they, 
should  be  for  a  surface  of  revolution. 


Figure  9-19 


Exercises  9-^  r 

In  each  of  Exercises  1  to  l8,  find  an  equation  of  the  surface  obtained  ^ 
, revolving  the  plane  curve  ^bout^th'e  axis  indicated.^  Sket^ch  the  surface.  In 
Exercises  1  to  lO^^ne  curve  is  to  be  revolved  about  its  ovn  ctxis,  and  the^» 
surfaces  obtained  are  quadrtc  surfaces;  in  Exercises  11  to  \Q  the  axis^Of 
revolution,  is-  not;  an  cods  of  the  curve,  * 


1. 

•^2 

X  =  0 

2, 

2 

*  X 

=  2z  , 

y  =  0 

'J 

3. 

z  =•  0 

j.  y 

1 

axis 


5  5' 


k.    3x  =  2y  ,  |z  =  0  } 
5^,    /  +  z2j,25  ,|x  =  0  ;  y-aj|8-  . 
6:  r;y^  f.z^  ^-.a^  J      o  ii-a^  p^^ 


1? 


ERIC 


^  7  • 


7. 

9x2 

+  V.  =  36        =  0  5  X-axis 

13. 

%2  .  ,2 

8. 

9x2 

+  %    =  36  ,  z  =  0  i  y-axls 

Ik. 

x2  .'1,^2 

*9. 

2   ^         ^     ^  * 
-  z    =14^  x.=:  0  ;  y-axis 

,15. 

y2  =  8z  . 

10. 

- 

4z^  =  100  ,  y  =r  0  ;  x-axls 

16.' 

0 

,2  • 
z  = 

,  y  =  0  ;  z-axi© 

17. 

z  =  r  , 

12.' 

x2  = 

2z  ,  y  =  0  ;  x-axis  » 

18. 

z  =  y3  , 

19. 

If  a 

curve  in  the  yz-plane  te  represented  by  the 

=  16  ,  X  =  0  ;  z-axis 
=  100  ,  y-  =  0  ;  z-axls 
p  X  =5  0  ;  y-axis        •  ^ 
s    =  llA ,  X  =  0  ;  z-^s 
X  ='^;  z-axis 
3c  =  0»;  y«-axi8 


and    X  =  0  ,  show  that,  if    z  >  0  ,  an  equation  of  the  surface  obtained 
by  revolving  this  curve  about  the  y-axis  is 

f  (y ,  >^^~r?h=  0  .  , 

I 

\ 

9-7.    Intersection  of  Surfaces.  Space  Curvesr       *  ^        '  \ 

In  order  to  visualize  quadric  surfaces  va  have  been  discussing  the  j.nter. 
sections  of  curved  surfaces  and  planes.  This  situation  is  represented  by  the 
simultaneous  solution  of  two  equations,  spch  as  '        ^  ^ 

(1)  >       ^  x^^y2^z2=V, 

*        z  =  3-.  ,  ^  - 

In  this  case,  by  substittxting    z  =  3    ^to  the  first  equation,  we  have 

2^     2  '      '  .  » 

X   +  y   =  16  ,  an  equation  of  the  circuit:  section  of  the  sphere  in  the  plane 

z  =  3  .    This  circle  is  in  a  plane  parallel  to  ttfe  xy-plane,  has  itp  center 

at^  (0,0,3)  ,  and  has  radius    If  .    It  is  completeljf  described  either*  by  the 

|irst,pair  of  equations  or,  more  s imply ,j  by.  the  pair"^ 

(2)  :   \  •  .     x2+y2  =  i6 
'  -    ^  .  '  •      ^  =  3  •  ^     ^  ' 

But  Equations  (2)' represent  the  intersection  of.  a  cylinder  and,  a) "plane.  Or 
we  might  have       *       '  •  '     ,  ^  ^  \ 


(3) 


16  , 


/representing  the  intersection  of  alcone  and  a  cylinder.    In  each  case  the- 
I  circle  vhlch  i&  the  intersection  of  the  two"  surfaees'is  the  same.    You  might 
'I  like  to  i^ify  -bis  iy  finding  Simultaneous  solutions.  ,  (Equations  (3)  have 
,Man  additionairsj^ution  set.)  \  \'  ^  .          .  \ 


It  should  be  intuitively  evident  by  now  that  there/ are  many  pairs  of  ^ 
surfaces  vhich  intersect  in  the  circle  described  above  J   Earlier  in  your 
mathematical  training  you  encountered  this  situation  vhen  you  described  a  line 
as  the  intersection  of  tvo  planes*    There  are  infinitely  many  planes  containing 
a  given  line,  and  any  tvo  of  these  planes  may  be  used  to  describe  the  line. 
Similarly,  ther^  are  infinitely  maiiy  surfaces  passing  through  a  given  curve,  , 
and  this  curve  may  be  represented  by  the  equations  of  ar^r  ,tvo  of  the  surfaces 
having  this  -purve  as  their  intersection.    Such  an  intersection  is  called  a 
space"  curve.    (It  is  perfectly  correct  to  describe  a  plane  as  a  surface  and  a 
line  as  a  curve.)  -  .  i 

From  the  many  representations  of  a  spac^e  curve,  we  try  to  choose  one  vhich 
gives  us  immediate  information  about  the  shape  and  location  of  the  curve,  ^'or 
example.  Equations  (l)  tell  us  at  once  that  the  intersection  of  th^ir  Sr^lis 
is  a'  circle  and  lies  in  the  plane    z  =^3  ,  but  they  do  not 'show  us  the. radius 
or  the  location  of  the  center  of  the  circle.    Equations  (3)  indicate  that  the 
intersection  of  their  graphs  is  a  circle  of  radius    \  ,  with  its  center  W  the 
z-axis,  but  we  do  not  immediately  -ffee  the  plane  of  the  circle.    All  of  this 
information  is  available  at  fjLrst  glance  from  Equations  (2);  hence,  this  r.e- 
presentation  is  likely  to  be  our  choice  from  among  the  three  suggested^* 

The  representation  off  Equations  (2)  is  useful  also  in  sketching  this  space 

'  •  2       2  2' 

curve.    Recall  that  by  eliminating  the  variable  '  2    from   k    +y    +  2  =25, 

we  obtained  the  equation  "*       .  . 


16-, 


which  represents  a  cylinder  whose  generators  ai:e  t)arallel  to  the  axLs  of  the 
"'missing  var^iable,  z  .    SIxch  a  cylinder  not  only  cpntains  the  curve,  but  its  , 


equa 


ion  is  also  .the  I  equation  of  the 


 T 

plane.    For  this  reason, vthis  cylinder 

sometimes  called  a  projecting  i 
cylinder  of  the  space  curve.    If  the 
other  variables  are  removed,  other 
projecting  cylinders  are  obtained;      ^  . 
sincfe  these  cylinders  contain  the 
cuarve;  any  two-  mdy  be  used  to,  show  the 
intersection.-    Interpjrettfig  Equations 
(2)  ifl*  this  way,  we  thin!:  of  the^plane 
z^  =  3    as  a  cylinder  parallel  ^  both  , 


jection  of  the  curve  on  the  coordinatii 


Figure  9-20  ^^ 

the  3c-axi9  and  the  y-axis.  the  sketch,  we  draw  the  projeSting  cylinder^ 

16   and  show  the  plane    z  4  3^  intersecting,  it. (Figure  9-/20)  ♦ 


r>  r 


^  ^1372  • 


( 


&cam^e..l#    Find  sinipler  equations  Jfor  the -curve 

.  ■  2       2       2  ^• 

X  s  3  . 


.Solution.    Let    x  =  3    in  the  fir^  equation  to  obtain 


9  z2 
27  \  9      3  ^ 


or 


'"Which  becomes 


2  2^ 

9      3-^3'  1 


2"     2  ' 


The  curve  is  an  ellipse  represented  by 

2-2 

'        .      /x  =  3  . 

^^^^0^1^  2.    A  typical  problem  from  calculus  could  be  stated  as  follows:  ^ 
Find  ahe  volume  of  the  region  in  the  first  octant  bounded  by  the  Surfaces 

2       2  ■  . 

y   +  z   +  2x=l6,x  +  y  =  lf,  and' the  coordinate  planes, 

.  As  a  staiV6n  this  problem,  you  should  mke  a  reasonably  accurate  sketch 
of  the  boundaries  of  tlfe  region.  ^  (You  can  find  the  volume  when  ^  study  • 
calculus.)    We  first  find  the  traces  of  the  surfaces.  .  One^surface^ is  a       '  1 
^  paraboloid  of  revolution  and  i;he  other  is  a  plan^^.    Their  traces  are  shown  in  | 
Figure  9-21.    These  trtices,  aloig  with  the  coordinate  axes,,  provide  us  with 
all  of  the  edge^  of  liie  solid  except  one;    This  edge  Is  the  space  curve  which 
is  the  intersection  of  the  parabolkid'^and  the.  plane    x  +  y  =  U  .    To  .find' this 
edge,  we  eliminate    X   from  the  equation  pf  %he  paraboloid  and  obtain 

'    •  '     '  '  (y  -1)^  +'z^  =  9  .  .    ^  . 

«  ♦  ^-^  -  •- 

^^thej^jecting  cylinaS:  parallel  to  .the ^Ix-axis.  ^he  projection  on.the  yz-plane 
IB  a  circle  with  cisnter  at  f  0,1,0)  ^d  radios  3  ,  as  is  shown  in  the  figure. 
The  space  curve  is  repret^anted  by-  .    '     ^  ^  . 
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(5) 


i 


X  +  y  =  , 


we  ^sh^  now  "describe  how  to  loca^  some  points  on  it; 


(4,0.  2 y?) 


Figure  9-21 


Since   y    is  the  variable  appearing  in  both  ecfuations,  we  choose  a  point, 
P  ,,on  the  y-axi^,  and  we^draw  lines  parallel  to  the  other  axes  i.itersectin^ 

^  the  traces  of  Equations  (5)  in  points    .Q  ^  and   R  ,  as  sliown.    We  now  Qomplete 
the  rectangle  by  draw}.ng  lines  parallel  to  the  x-„  and  2-axes  from    ^   and   R  « 
These  lines  intersect,  at^  9  ,  a  point  of  the  space  cjurve.'^   Otiier  points  may  be 
found  in  &  similar  manner,  and  vhen  these  points  are  joined  by  a  smooth  curve, 

•  the  figu4ia,<Jx.t^iirplete^  -  ,   •  '  ♦ 


Example  3>    Sketjcji  the  curve  described' by 

•  X  =  2  cos  t  ,* 
/  \         '  ^     .      y  =  2  sin  t  y 

z  =  2t  •  • 


■  V 


37U 


3rS 


Solution^    If  ve  squaafe  both  meinfiers 
of  the  first  tvo  equations  and  add,  ve 
Obtain  . 

^  +  y^,=:  Mcos^t  +.sin^'t^) 


pr 


This  represents  a  circular  ^ojecting 
cylin^r  of  radius    2    whose  axis  is  " 
the  z-axis.    All  elements  of ^ the 
solution  set  are  contorted  in  this 
cylinder,  and  since    z    is  directly 
proportional  to    t  ,  we  note  in 


/ 


f  \ 

\ 

<  \ 

A  V 

i   Jl  

 '7 

Figure  9-2; 
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Figure  9-22  that  the  curve  is  an  ascending  spiral  "wrapping  around"  t^e 
-   cylindrical  surface.    Th±B  curve  is  called  a  helix.  '  ►  ^  '  ' 

We  might  view  this  dif-f ferently  by  eliminating  the  parameter    t  .  Then 
ve  have  "  ' 

\ 


X  =  2  cos  - 


y  =  2  sin  ^  , 


and  the  curve  is  seen  to  bg  the  intersection  of  tvo  projecting  cylinders  whose 
cross-sections  are  sine  (or  cos ineV curves.    The  elements  of  one  cylinder  are 
parallel  to  the  y-axis;  the  elements  of  the  other  iiyljLnder ' are  parallel  to  the 
X-axis.    If  you  vish  to  build  a  model  for  this  problem,  you  might  use  tvo 
pieces  of  corrugiAed  cardboard.  |  ^  •     '   1  . 

Still  «fnoth;i  viev  of  this  curve  may  be  obtained  by  writing  the  equations 
in  cylindrical  coordinates.    We  shall  consider  this  in  the  next  section. 


*  '  Exercises  9-7 

'^1*    Name  and  describe  the  Intersection  of  each  of  the  following  pairs  of* 
^equatlons,  and  write  for  each  a  simpler *palr  (1:1^ there  is  one)l 

(a)    x^^  y2  +  ^  ^'16\  I    .  "  ^  ^  / 

=  -2  .  .  •     •■  •  • 


(b)         +  y2  +  ^  =  1; 


I 


\  :  i  (         '      .1        1  .  1 
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375 


.  .U.  ''-    '379  ' 


i  " 

1 
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> 

z  =  0  . 

(d) 

+       +  z^  =  1^  , 

Z  =r  0  ♦ 

(e) 

-x^  +  z^  =  25  - , 

y  =  5-  •  s 

- 

(f) 

2   •  2 
x"^  +  z"^  =  25  , 

z  =f  0  •  .  ' 

(g) 

x^+y2=;50,  • 

• 

• 

X  -  y  =  0  • 

.  (h) 

x^  +  8y^  ^  kz  -  =  12  , 

4 

z  =  1  •          ,  ,  ^ 

•  Ti)- 

+  3y^  -       =  12  , 

■J  • 

X  =  0  •      ^  * 

x^  +  2y^  +  8z^  =  8  , 

X  s  0  • 

(k) 

x^  +  2y^  +  8z^  =  8./  •    \  . 

y  —     •                '  • 

2       2  2 
x^  +  y    -  z    =  z  , 

'    2  ^    2'      2  . 

X    +  y    -  z    =  1  V* 

Ik 


2*    Make  a  sketch  of  the  region  iii'  tlfe  first  octant  bounded  By^the  given 
surfaces  and  the' coordinate  planes, 

I       ,    '  ~     2   I   2"  '  - 

'  (a)    Insidfe  the  cylinder    x  =50-  and- under  .the  plane 

X  +  y     ^  =  lOi    '  * 


(b)  Inside  the  'cjrlinder        +  z?  =  l6    and  In  the  half-space  formed 
by    X  +  y  =  k  ^  j^hich  contains  ^the  origin* 

(c)  Inside  the  paraboloid   x   +  y  -=^Jfz"  and  undfer  the  plane  'z  =^2  • 

(d)  Inbide  the  cylinder    y^  +  z^,  =  25  -^and-'inside  the  cylinder  — . 
x^  +  z^  =.25  •     •  ,      I  ^' 

(e)  InsUde  the  sphere «  x^  +  y^  +  z^  =  25    and  inside  the  cylinder 


(J~Unto'  the^MTRbolo^Ld    l8z  =»'1)-X^  /f  9y^    and  in  the  half-spacee  formed 
*  fd         3,  liMcih  containsthe|>rtgii?^. .  **-r 


37,6 


5l    Ui'.  V 


<  \  J  i 


• ^    , 330  V 


9-8 


3»    Find  the^pquations  of  the  projecting  cylinUers  of  the  curye  vhose 
•  *  equgtipns  are* "  ^'  > 

V      ^  +  ,2y^  -  z^'  =  3  ; 

P       o  p 
r  '  \  ;     •  - 

Sketch  the  curve  by  making  use  <Jf  the  projecting  cylinders, 

^     )  - 

A  calculus  problem  requires  the  student  to  find  the  height  above  the 
xy-plane  in  vhich  the  plane    2x  +  y  =  2    intersects  the  paraboloid 

z  =  l6  -  i^x   -  y        Find  this  height  by  sketching  in  one  of  the.' 
coordinate  planes  the  trace  of  a  projecting  xylihder, 

^    •  /  .  ^  •       -   :  ' 

-)e  5«    A  calculus  problerf  asks  for  the  volume  inside  the  cyl^Jider 


X   +  y    -  2y  =  0    and  between  the  xy-plane  and  the  upper  nappe  of  t^e 

2       2       2'  •  ' 

cone  ;  z    =  x*  +  y    »    Make  a  sketch  forifthis'  problem,  showing  the 

portion  of  the  region  in  the  first  octant. 


9-8,    Cylindrical  and  Spherical  Coordinate  Systems, 


Some  problems  in  science  tljat  have  a  setting 'in  3-space  are  easier  to 
handle  if  they  are  expressed  in  terms  of  cylindrical  or  ^pherlcaj.  coordi-nates. 
If  the  surface  has  symmetry  with  respect  to  a  line,  then  cylindrical. cpordl-  * 
nates  may  simplify  the  work  pf  the'  probI«a>    If  the  surfajpe  has'^joint- symmetry/ 
the  use  of  spherical  coordinates  may  provide  a  simpler  analyt^.c  repr^entation 


and  solution. 


i»Cylindrical  Coordinates    c^e  a  combinat jjon  oj^  .polar  and  rectangular 
^coordinates^    A  ponlar  coordinate  system 
is  used  in. one  coordinate  plare;  the  . 
axis  perpendicular  to  this  pline  has  a 
Linear  coordinate  system^    A  j>oint  is 
designated  in,  cylindrical  coordinates 
by  an  ordered  triple.*  We  use    (r,8,?)  , 
as  indicated  in  Figure  9-23.    The  first 
two  coordinates  are  the  coordinates  of 


the  projection  of    P   in  the  polar  plane. 
The  third  coordin€Kte--is-4;he,.coprdihate 
of  the  projection  of*  P    on  *the  linear  x 
axis.  'In  tl^s  figure  we  Inay  verify  what 


1  ' 


ve  could  have  guessed;  the. transformations  from  cylindrical  to  rectangular 
form,  and  vice  versa,  are  accomplished  by  the  same  process  ve  used  in  ' 
Section  2-k  to  relate  poldr.and  rectangular -i^^orSihates.    The  transforming  • 
-equ^itions  are' 


pop 
,x     r  cos  r    =  X    +  y 


y  =/r-  sin  0  tan  e  =  ^  ,  vhere  ^x-fo 


2  =  2 


The  simple  equation,  r  =  k  ,  represents,  in  cylindi'ical  coordinates,  a 
right  circular  cylinder  vith  radius    k," whose  axis  is  the  linear  axis.  Thi§ 
fact  accounts  for  the  name  applied  to  this  sjnstem. 

Example  1,    Write  in  cylindrical  coordinates  the  equation  of  the  sphere 
with  radius    ^   whose  center  is  at  the  origin*.  " 

—  2       2  2 

Solution;    In  rectangular  coordinates  the  equation  is    x    +  y    +  z    =:  5 

2       2       2  2  2 

Since   r    =  i    +  y    ,  the  equation  is  written        +2    =  5  . 


Example  2.  "  Transform  to  rectangular  coordinates  and  identify  the  surface 
whO^  equation  in  cylindrical  ^coordinates  is  '3r  cos  0  +  r  sin.^+'  22  =  0  . 

^       .     ■      •    -  t) 

Solution,  *  Using  the  transfcMrming  equations we  obtain    3x  +  y  +  22  =  0  , 
thp  equation  of  a  plane,  »       \  '  ' 

•  /    ■         •  ,       •  •  ' 

^"Example  3.  *In  connection  with  th,e  helix*  in' Example  3  of  the  previous 
section,  we  suggested  k  s|)lutic|n  using  cyli^ndrical  coordinates,^    We  vi>lte  6 


in  place  of  t  ,  use  the  transforming  equaljions,  and  square  as 
"  obtain  Lng 


+  cjs^  e.^  h  sin^  6 


before. 


2  _  2' 

r^,  =  Mcos^  e  +  sin^  0)  , 


Since  r  =  2  ^as  the  same  graph  as  r  =  ve  obtaia  a  pimple  expression 
for^  the  helix:     -  ^  ^  ^  '      ^  , 
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r 
r 


2 

2e  . 


Since  this  Ijelix  is  a  cons.t€Uitiy  ' 
asc^ding  spiral  around  the  z-axis, 
we  can  locate  some  of  its.  points  by  a 
device  ve  might  describe  as  fixing 
"ribs"  to  a  "spine",  or  of  locating 
steps  on  a  spiral  stair^case.  The 
z-axis  will  be  the  "spine"  to  vhich 
the  "ribs"  are  attached.    (We  ar.e 
using  a  condensed  scal^  on  the  z-axis 
to  save  space. )  * 


(2,0 


2,?r,  Zir] 


.Figure 


We  first  lockte  a  point  at    (2,0,^).  as  shovn  in  Figure  9-2U.  When 

6  =        \Te  have  rotated  to  a  point  one-quarter  of  the  way  around  the  "spine", 

and  ve  have  ascended  a  distance  ir  .  We  fix  a  "rib"  ^to  this  point*  We  might 
next  stop  at  e  =  n  and  fix  another  point/  This  process  can  be  'continued  as 
long  as-  desired  and  the  points  may 'be  conneated  by  a  smooth  curve  to  sketch  a 
poi^ton  of  the  helix.  .  .      ,  • 


^   Another  useful  system  for  locating  points 'in  3-space  involves  the  usfe 
of  spherical  coordinates.    In  this  system-  the  coordinates  of  a  point    P  •  are 
deten^ned.by  assuming"  a  polar  coordinate  system^ in  the  plane  determined  by 
the  xfoint    P   and  the  z-axis/  The 
positive  half  of  the  z-axis  is  the 
polar  BMsa^^^^he  positi-ve  sense  of 
this  polar  ^le  is  ;from  the  polar  axis 
to 


ray  'OP 


The  polar  distances 


d(()^P)    is  denoted  by   }>  '  and  the 
meas^e  of  the  polar  angle  by       •  In 
the  xy-plane  the  usual  system  of  polar 
angles  is  assumed.    The  projection  of 
'P   in  the  xy-plane  determines  J1:he 
terminal  side  of  a  polar  angle  of 
♦measure    6  •    These  three  numbers  repre-  - 
^ent  the  poin^    P   and  are  called  %he 
spherical  coordinates  of  •  P  ^    They'  ^e- 

-written  as  an  ordered  triple,!  usually  as    (P,0,4>)  /        Figure  9-^  this 
system  is  used  to  name  the  point  vhich  in  r^tapgular  poordinates  voul^d  ba»W 
F  =  (x,y,z)  .  '  .     [        .    ^  '    '  ^ 

ERIC  . 


Figure  9-25 


33  3' 


In  order  to  relate,  sphericfil  coordinates  and  r^^^t^^ular  ^^oordinat^s, 
ve1)btain  (from  Figure  9.-25)  the  folloving  relations; 

,  X  =  d'(Q^M)  =  d(O^Q)  cos  0  =*p'sin.<t>  cos  9  / 

•       '  -y  =  d(0,M)  =-:d(0,q)  sin  9^  -P'siit  <^  sin  6/, 

z  =  P  cos  <t)  •       •  ^  *  - 

The  derivation  of  the  equations  for  relating  spherical^  coorSifiates  and 
cylindrical?  coordinates  is  left  as  an  exercise'/  ^  V 


^  Exiainple  !•  Write  in  ^spherical  coordinates  the  ©Ration  of  the  .sphere 
with  radius    >^<^"whose  dt^^ter  is  at  "the  origin,       j  { 


'  Solution,  Since.  P  iQ  the  distance  from  the'origin  to  a  point,  w6 
obtain^T      ^       .  ;  J  ' 

g  P  =  v5. 


This  simple  equation  forri,  ,  for  a  sphere  in  ^spherical  coordinates 

accounts  for  the  name  applied  to'  this,  system,  ''Confj^e  thia  vitji  r  =  k  in 
cylindrical  coordinates,  and   r  =  k   in  polar  coordinates. 

Example  3,    Transform  to  rectangular^  <^r  cylindrical  coordinates  and 
identify  the  surface  vhose  equation"  in  spherical  coordinates  is   P  sin  <t>  =  3 


Solution,    We  square  both  mefibers  knd  obl^sdn  *  ^  . 

'         -P    sin   (D  =  9  .  . 

Multiplying  the -left  member  by   1    (disguised  as    cos    0  +  sin   9)  ,  we  have 

•  '   '  '  • 

'    P^  sih^     (cos^  G  +  sin^  ©)  =  S  ,       "      ^  ^* 

'  ^       ^         I  .  '  -  J  '    ,  •  /  ^ 

P"^  sin  '4>-cosf  G  +  P    ?in    Ain    G  ^=-9  ,|         *  ^  ."^ 


which  in  rectangular  coordi^fcttes  "ts 


'UUDi     U    ~  H 


2  2 
x""  +  y""  =  9  . 


sin^  Ai 


cylindrical  coordijAtes  we  have  simply^ 


.J' 

r  with  radius  axis 


It-'-' 


It  may  come  aa  a  surprise  vhen.  you  realize , that  very  likely  you  used 
spherical  coordinates  before  you  knew  jrtiat  they  yere,  ,,;tn  terms  of  the  position 
©f  a  point  on  the  earth/  6   is  the  longitude,    90^  -  the  latitude,  and  . 

(assuming  the  earth  is  a  sphere)   p    is  the  earth* s  radius,  ' 


•whose  spherical  coordinates  are 


3 

(b)  (3,0     .  .  .     •       '  .  .  ' 

•♦(o)    (2, 1  ,f)  .  .  •         .  ■  • 

(d)  Ij  /  ■•    '    —  \^  \. 

,  3«  Write  the  rectangular  and  the  spherical  coordinates  of  the' points  vhoete 
/  ,    cylindrical*  coordinates  are  '  ^    '        .  •      -  *  ^ 

^      (a)'(2,|,3)  .        .  -  -       .    .         '  '  ■ 

'"(c).  (o,j-,8o .     '  '    ■  ;  ' 

(d)    {k,l,2)  .  .  ,     '     .  -     •     '  - 

Ifr,    Write  the  cylindrical  and  the  spherical  coordinates       the  points  vhose 
rectangular  coordinates  are 


(a)  (2,3,0)  . 

(b)  (0,6,3)  . 

(d)  -(1^,1,2)  .  ^1^," 


*         -Exercises  9-8  *;  '  -} 

1,  *  Derive  trtosforkLng  equations  to  relate  "cylindrical  coprdinates  and  *  . 
,  spherical  coordinates.  ^ 

2.  Write  the  re(^tangular  and  thfe  cylindrical  coordinates  of  the  points 


5.  ♦Transform  the  followl^  equations  into  cylindrical  coordinates  and  into 
spherical  coordinates,  '  -  .        •  « 

(a)        +      =  25".  -   ■  r 

•  ^  (Tj)    xz  =  Ify  .  .  '    .  ,     ^  •  - "       •   .  ^ 

•  ,(c);        +y^  =  8x  .         -  -„       *  ,  "    .  "  '  '  . 

(d)  x^^+  y^.=  3z .     ; .  "  :         ,         '. . 

♦6,    Transform  the  following  equation^  into  rectangular  coordinates. 

(a)  '/).=  6  .•  ■       >     '  . 

,  (Ty)    r  =  6  .  ■  ,•„,..*.  ,  • 

(c)    z  =  6  +  r  ;.  ■  ,      .      .  ^  , 

'(d)  /  =  9  -  r^  .       ■  ■  .    ^     ■  ,  •  • 

?•    Identify  and  describe  each  of  the  following  surfaces .  * 

la)    r  =  3  .  •  _    ^  ■  ,  .  ■ 

•(b)  0  =  5.    •  '  -  ' 

'  ^  2       2  /  • 

(o)  -  r    '4---z^  =      .  — -'--^ 

U)  '  ^  -  J  .  • 

(e)  P*cos  (j,  =  7  .  1       '         ,  ''^ 

(f )  z  =  r  cos  9  . 

(g)  z  =  r  ^    *  ^ 

(h)  r  =  2  sec  e  .  , 

A  circular  cylinder^of  diameter        intersects  a  sphere  of  ^'adius ,  h  so 
*  that  an  element  of  the  cylinder  contains  a  diameter  'of  the  sphere> 
*        Choose  axes  and'  write  equations  tf  the  bounding  surfaces  in 

•  •  •  ,    *     *  * 

\  (a)    reqtangul^  cor>rdinates, 

(b)  cyWLndrical  coordinates,  and 
'   (c)*  spherical  cocJrdinates. 


9-9.  ,Stimmary. 

Our  work  in  this  chapter  has  been  limited  to  the  (nost  important  and 
familiar  quadric  surfaces,  and  we  have'lotated  the'  coordinate  axes  so  as  to 
get  sira(ple  equations  for  them.    Students  who  have  enjoyed  this  work  may  like 
:         .to  pursue  it  further  by  looking  up  such  topics  as  ruled  surfaces,  hyperbolic 
paraboloids,  curves  in  space,,  and  surfaces  of  higljer  order. 

'  *      -  "\  '382 


Our  Objective 'here  lu^s  been  to  develop  methods  to  help  you 


visualize 
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surfaces  and  curves  in  §pace,  .  The  methods  we^have  used  are  general,  and  qhould 
be  of  use  to  you  in  visualizing  or  sketching,  particularly  *in  your  vork  Ip. 


calculus  and  its  applications-."^ 


Surf  aces  in  space  are  i;epresented  by  one  equation,    f(x,y,z)  =  0  ;  for 
quadric  surfaces,  the  equation  is  of  the  second  degree.    Curves  in  spa^ce  are 
*  given  by  the  int^j^edtion^  of"  tvo  equations  (or  three  in  p^ametric  form), 
f(3c,y,z)  =  0   and    g(i^y,z)  =  Q  .    The  most  important '  purves  for  sketching  a 
su3;face  arjs  the  traces^ and  the  sections  parallel  to'th/e  coor^dinate  planes. 

•  The  surfaces  we  have  studied  include  the  c^ne,  cylinder,  sphere  and 
ellipsoid,  elliptic  paraboloid",  ai^d  the  hyperboloid.    A  cone  is^  generated  by 
a  line  moving  about  a  line  vltji  one  poifit  fixed,  a  cylinder  by, a  line  moving 
partial  ^tc  a  fixed  line,  and  a  surface  of  revolution  by  a  plane  curve  revolv- 
ing  about  a  line  in  the  plane  of  ^the  curve.    For  the  limited  cases  we  have  » 
studied,  the  quadric  surfaces  wB^y  be  identified  Iqy^  their  sections  parallel  to 


the  coordinate  f>lanes  as  follosrs':  ; 


Quadric  Surface 
Cone  } 

Elliptic  or  circular 
*  cylinder 

Sptie're 

Ellipsoid  ^ 
ElWptie  paraboloid. 

Hyperboloid     '       <  * 


.S^c^^ioris  Par^^lel  to  Coordinate  Planes  . 

— ^7  '  '  ' — 

Conic  se.^ions,  including*  degenerate  ,cases. 

ellipses  or  circles,  parallel  lj.nes, 
*  line.      '  *  ' 


Ci^l^,  including  point-circle. 
Llips^s,  including  circles-  aAd  points. 


f 


jParabolSs  ^d Ellipses,  including  circle^  and 
point  sSj 

'ELlips^,  including  circles  and  points,  and 
hyperbolas 


*_In.  sketching  a  surface/  *f(x,y, z)  ,=  .0  ,  it  is  .suggested  that  information^ 
abaut  It  be  obtained  and  placed  on  the  graph  in  iihe  following  'c5rder: 


1.    Inter  cei^ts 


2.  Trace's 


Set  t"v^o  of  the  variables  equal  to  zerC  and  solve  the 
resulting  equation  for  the  third  variable  to  find  the  , 
Interpepts  on  ea.c^  axis* 

Let  Cne*variabl*es  equal  zero*  one  at  a  time,  to  find  the 
equations  df  the ^tracfes* -  the  sections  in  the  coordinate 
planes 


3V  Sections  Let   z  =  k  ,  vhere   H-^is  a  cons-tant^  tQ  find  the  sections  , 

parallel  to  the  xy-plane,  for  exajnple.    You  can  build  up' 
a  sketch  of  the  figure  by  using  enough  different  values  of^ 
k  .    For*  this  purpose,  select  the  sections  easiest  to  draw. 

We^  determine  symmetry  witt^,  respect  zo  the  xy-,  yz-,  or  xy-plane  by 
checking  that  the  equation  of  the  surface  is^  unchanged  when    r,z  ,  -x  ,  or    -y  ' 

'Is  substitutes  for  z  ^  x  ,  or  y  ,  respectively.  Knowing  the  symmetries  of  ,  '  ' 
a -surface  helps  in  identifying  it  and  sketching  it,  *  When  a* surface  is  sym- 

,  metric,  ve  often'  Sraw  only  the  part  .in  the  first  octant.-  ' 


Certain  curves  which  are  the  intersection  of  two  surfaces  were  studied. 
^  In  addition  to  using  inte^-cepts  and  traces,  we  used  projecting  cylinders  to  . 


help  us  visualize  and  draw  space  curves. 

Finally,  cjrlindrical,  and  spherical  coordinates  were  introduced  as  other 
ways  of  describing  the  location  of  points  in  space.  ■  ^   .        *  ' 
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Review 'Exercis 


i)iscuss  and  s'ketch  the  surfacep^epresented  by 'the  equations  in  I'to  20. 
l6x^  +  Sy^f  +  l6z^  =.1U4  .  ^        11.  .  93C^  .  Ity^  =  0 


2.  '5x^  +-5y^'+       -  If 5  =  0 


12.    36y^  +  25z^  =  900x 


.3.  'l6z  ,=  x^  +  y^ 
'  h.   36z  =  9x^  + 
5,  .25x^  +  lOOy^  =  lKX)z 


^  pop 

6.  i6x  +  9y  +  9z 


9. 


b  lU 


7.  9x^  +       +  9z^  -  16 .  =  0 

8.  Ifx^  .  9/  \  hz^  =  36 


4x^  +  9?^ 


36 


10.    Ifx^  -         =-  36  ^ 
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13.    ^I6x^  +  25y^  +  l6z?  =  too* 

> 

2 


Ik.   y^  +      =  ;100 


15.  ^  +  y  + 


2x  ^  3  =  0 


16..  25x   +  2'^]f    +  25Z    =  0 


17.  lex""  -  '9y 

18.  x^  +  r^'+z 


19.  •36X  +  25k  =  900 


20.   25x''  .  9y 


/ 


+  9z^  =  0 ,         ^        '  ^ 


+  8x  -  6y  +  lOz  +  3U  =  0 


^  9z  =  0 


s 


.  Discuss  ,and  sket[;h  the  surfaces  described  in  Exercises  21  to    3§  ,/-S^rite 

an  equation^f or^  each  surface;  identify  those  ^h at  are  not  named, 

-*  •       w  ^  «     %  '         '  # 

21.  A  sphere  centered  at  the  ojigin  with  radius    10  .  '  • 

22.  An  ellipsoid  with  axes  of  lengths    12  ,  10  ,  and    8  , 

23.  A  circular  cylinder  with  radius    5    and  aSds  the  x-ax}.s, 
2U.  A  prolate  spheroid' with*  axes  t)f  lengths    \    and^  ^-16  • 

25.  An  oblate  spheroid  \4th  axes  of  lengths    \    and    6  .  ^ 

26;  A  cylinder  with  the  y-axis  d^' its  axife,  and  its  trace  in  the  xz-plane» 


the  ellipse  with  equations  25x^  +  =  UOO  ♦ 

27  •    The  .surf  ice  obtained  by  revoivJLng  thei  curve  with  equations 

2  *   J  2  ^     '  . 

l6x  r-^^    =  1^^  ,  z  =  0    about  the  y-axis.  ^  H 

28.    The  surface  obtained  by  revolving  the  curve  with 'equations    x^  =  , 
*       y  5:  0    about  the  z'-axis\'  < 


2 


29.    The  surface  obtained  b^  revolving  the  curve  with  equations    z    =  8y  , 
X  =  0    &bout-the>  V-axis.  '     *       ■  /  . 


anec 



30,    J^ie  surface  obtained  by  revolving^  1>he  curve  with  equations  \ 

»        •  2       ^  2  '         '  r' 

2"^^    -  36z    =  900  ,  y  about  the  x-axis,       ^   ^  ^  ' 

,  31,  Refer  to  Exercise  27,  but  revolve  abou*^  the  x-axis, 

32.  Refer  to  Exercise  .28,  but  revolve  about  the  x-axis^  •  ^ 

33#  Ref^r*^to*5xercise  29,  but  revol;p'e  aboiit  the  z-axis. 

3^«  'Refer  to  Exercise  30,  but  revolve  about  the  z^axis. 

35«    The  surface  obtained  by  revolving  the  curve  with  equations 

*  2  ,  ^  '  '  - 

^  25x    -  loy    =  Q  /  z  =  0    abou;b  th|  x-a3d8^^_________.  ... 

_  3u6,^'>Jlefer-to-ExercTse^5,  hut  revolve  abouli  the  y-axis. 

37.  The'  surface  obtained  by  revolving  the  !.ine  with  equations    x  =  2  ,  y  =  0 
about  the  z-a^s.     .     .  ^      .  , 

38. ^   Eefer  to  Exercise*37,  hut  revolve  the  !Line  wi"6h  ^equations    x  =  2z^  ,  ^  =  0« 

39.  'Writq  an  eq^iatlon  for  tjie  \ocu8  of  points  10  units  from  P  =  (3,-2,l)  .  V 
ho*    Write  an  equation  for  the  locus  of  poin^    5    units  from  tjie  y-axis, 

,  •  ".^  ■-•         •  .    .     -     \  385;    ■      ■  •  ' 


*^»-      ,41.    WritQ  an  equ&tion  for  the  locus  of  points  equidistant  frofa  the  plane* 

X  =  0    and  ^  the' point    (6,0',0)  .  .       ^  .J-* 

h2.  .What  are  the  graphs  of  the  following  equations?^ 

2-22  .  P       P  P 

2       2     "  2       "  2      '2  "2 

'  2       2  '  2*22 

x2      v2      z2  ■       '  ^         '  ■■  ~ 

U3.  I  Points  .      and    i    are        units  apart.    Write  an  equation  for  tlie'locus 
*^of  a, point  the  sum  ^f  whose  distances  i'rom   A    and    B    is    6  .  Simplify 
the, equation,  sketch  the  graph,  and  identify  it. 

^kh.    Follbw  the  same  instructions  as  in^the"  previous- exercise,  but  let  the 
difference  pf  -the  distances  be    2  .  .  I  , 

k^.    A  pencil  vith  a  hexagonal  cross-section  is  .sKarpened.    Describe^tjie  space 
curve  \jiiich  ybu';5ee  ^s  the  .ed^e  of  the  painted  surface  of  the  pencil. 

h6^    A  cube  Jiaving  .edges    1  ^nit  ih  length  has  one  vertex  at  the  £>rigin  and 
^    three  of  its  faces  each  in  one  of  the  coordinate  planes^    A  plane 
^  ^  ,   contains  the.  midpoint  of  the  diagonal  of  the  cube* from  the' origin  *and  is 
perpendicular  to  \the  diagpnal.    Find  the  sections  of  this  plane  on  the 
faces  o^"  the  cu^e.    Wial^Icind  of  figure  Is  this  set  of  sections? 

47.  Sketch  the  intersection  of  the  surfaces  * 

•  ^  2        2*    *2  2*^' 

/  X    +  y    +;z    =  4  ,  X    +  y^-  4y  0 

•   fh  the  first,  octant,  using  .projecting  cylinders. 

48.  -^In  each  of  the  .following  cases,  classi^  the  given  surfaces,  find  th^ 
projecting  cylinder3  of  the  curve  p£  intersection,  and  sjcetch'the  curve. 

(a)       +  2y^  +      =  8',  3x^  +  2y^"  -      =  8  .     "     '  »  •  '  . 

2  ,  '2  ,  _2         '    2       2  ^  o„2 
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(c)    X.  +  y ,  +,z^  =  1  ,  X.  ^  y."^  +  2z'=^  -  5  . 


•    '  386; 

t 


h9*    Sketch  the  solid  *in'the  first*  octant  bounded  by  .the  given  surfaces  apd 
the  coordinate  planes.    .  :  r  .*      ,  . 


(a)  ,       +       =  l',  y  =  2  '  . 

(b)  y  =.K  ,  z  =  ic  +  y^.,  X  =  1^.*  •  '  '         '  "' 

(c)  xV+ y^.  =-9  ,  z  ^  y  ,»z  =  2y  .  ■  ,     \  -  ' 

(d)  \y^=  36',-         z^'=  23  .         ■  ■       '  ■  ^ 

50.    Express  each  •equation « in. terms,  of  two  other  coordinate  systeins.  (Assume 

-V  that 'alV  relate  .to  3-space.),  ,          •  .  *  * 

(a)    z  =  5  .      •  .  (g)        ./  ^.le  .  '  ^ 

2       2'  *         •  ' 

(IJ)    X    +  y    =;lnc..       ,      ^  (h)    r  =  2  cos  0  .  •  ^  * 

,  '  P  *  >•  •  / 

(c)    r  =  T  '  '       (i)       sin,  (i>  =  S  cos  (f)  • 

■  '      .(d)         +  y^  +       =  25  ...         '  \  '  Xj)'       sin-  0  =.3  *i  ' 
.     (e)    r^.f  z^  ^  9  .    /       '  (k)        +       =:  64  . 

(f )  />  cos  0  .=  6  .  ^i)       sin  0  cos  0  s'cos  0  .  .1  ' 

ghallenge  Problems    '  * 
Describe  and  Sketch  the  surfaces  represented  by  Equatiorfs  1  to  6 

l».»z  =  sin  y  '  s   W   l^x^  + 9y^*+'36z^  +  8x- 5%- 72z'=  23 

'  2.    y  =  cos  X  I  5.    x^  +  y^  •  i^z^  +  2x  +  6y  +'851.=  10 


2 


*  ,2  .2 


3»z=x-2x*  •  .6.    z  = 


2  ^  .2.. 
X    +  y 


/  f  '  '387 
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-1   Chapter  10  ^ 
GECMTRIC  -mANSFOBit^TIONS 


a. 


10-1.    Why  Study  Gegmetrlc  Transformations ? 

In  previous  chapters  you  have, had  considerable  experience  in  relating  a 

graph  and  its  analytic  representation.    Because  of  their  importance,  conic 

sections  were  given  very  careful  treatment..   Despite  this  emphasis  you  may 

.  '  i 

have  noticed  that,  vith  the  exception  of  the  circle, *all  the  conies  you 

sketcheil  had  their  centers,  foci,  vertices  at  the  origin  and  dne  or  both  of 

^      ■  ,  *  * 

the  coordinate  axes  as  axes  of  symmetry. 

However,  in  various  studies  where  the  "graphs  of  the  equations  of  .cohics 
'(dnd" other  curves)  dre  of  importance,  o^f  encounters  mor^  coraplidated  analytic 
representations  of,  these  curves.    Consider,  for  example,' the  following  pairs 
'of  equations:       *  »*  .      '        -      ^        *       •  .  ^ 

.     .(1)        +-y^  +  lOx  .  l4-y  +  !<■  =  0  ,  x!  +       =|^5  J         ,         '  . 

(2)         -  y^  -  l^x>'6y  >  30  =  0  /x^  -  y^  =  25  J  • 

.03)   y^  -  X  -  6y  +  11  =  0  /y^  =«x  . 

If  you  Tjfen^  tp  the  trouble  of  graphing  all  six  of.  these  equations,  you 
would  find  thkt  ^each  pair  of  equations  represents  a  ^ir  of  congruent  graph8> 
They  differ  only  in  their  plac^nt  with  respect  to  their*"  coordinate  axes. 
If^ofae  is  ^interested  in  geometric  properties  of  such  graphs,  it  is  clear  that 
•  the  second  equation  of  each  ,pa:ir  is  simpler  to  analyze '  and  will  quite  readily 
yield  information  regarding' intercepts,  symmetry,  asymptotes,  etc.,  3|pelative 
to  its.  coordinate  system.,  •   ^.        •  »  t'^' 

It  is  one  .of  the  purposes  of  this  c^agter  to  show  hpw  we.  can  relate  such, 
a  complicated  equation  of  a  curve  to  a  .simpler  equation  of'the  same  curve 
represented  in  a  different  coordinate  ^atem.    The  oper^igh  which  performs 
this  task  (tunong  others)  is  commonly  refeired  to  as  either  a  "transformation 
of  axes"  or  a  "transformation  of  coordinates'-.  ♦ 


4* 


J8$ 

j92 


lO-I' 


7^ 


are  related  to  the 
on    C«  . 


In  this/  chapter  .we  will  consider  tvo  types  of  transformation^  vhlch  ^ 

accomplish  the  purpose  just  described.    The  type  we ^ treat  first  (in  Sections 

*2  and  3)  is  one  TJtierein  the  operation  is  performed  on  the  axes  and  the  graph 

under  study  remains  fixed.    We  then  turn  our  attention  (ip  Sections  5  and  6) 

to  th6  type  \rtierein  the  operation  is  performed^on  the  points  of  the  curve*. 

Trtifle  the.  axes  remain  fixed.    We  ref/r  to  the  latter  type  as  a^  point' trans- 

formation, ^  *  >  * 

/  '  •  I. 

Our  ;task  takes,  oir  one  of  two  aspects.    We  may  be  given  a  relationship 

be^een  the  coordinates  of    P  =  (x,yj    on  a  curve    C    and  th^  coordinates  of 

=  |x^,yO    on  a  curve    .C»    and  then  investigate  the  correspondence  between 

C  •    On ^the  other  hand,  the -converse  is'  considered:  , Given  two  curves 

^d    C«    and  some  coiTrespondence  between' them,  we^  investigate  the  mannei^/in 

%rtiich  the  coordinates  of  any  point    P  =  (x,y)  »  on  C 

coordinates  .of  ttve  Corresponding  point    P«  =  Cx'^y') 

In  the  cases  of  the  three  pairs  of  equations  presented  earlier,  the 
corresponding  curves  were  actually  congruent  and  tjie  poipt  correspondence  was 
one-to-one.    In  other  cases  the*  corresponding  curves  need  jiot  be^ congruent 
although  thei:e  may  still  be  significant  relations  between  them.    For  example,* 
in  Section  6,  you  will  encounter  a  correspondence  between  a  straight  line  and 
,a  circle  under  a  transformation  callef^an  inversion.  - 

Certain  transformations  preserve  geometric  properties  such  as  the  measure 
of  distance 'between  points  on  the  original  curve,,  the  m^sure  of  angle  between 
two  lines,  the  order  of  points  on  a  line,  etc,        whil-e  others  do  not  preserver 
,  t^ese  properties.    Discovering  Trtiich  geometric  properties  are  invariant  (dq^ 
no.t  change)  under  a  set  of  transformations* is  of  significance  to  the  advanced 
students  of  geometry  because  these  properties  help  them  to  classify  "the  large 
/     number  .of  geometries  Trtiich  have  been  created.    This  topic  is  discussed  irT^ 
Section  ^,      '     ,      »  *       *  * '      .  . ^  ' 

We  ^  may  also  speak  of  the  properties  of  a  transformation.    An  inqportant 
^transformation 'we  shall  meet  in  Section  6^has  the  property  that "it  preserves 

measure  6f  angle  but  not  necessarily  measure  of  distance.    TransformaMonS'  " 
.whiHsh  liave  this^  property  are  called  cohformal  and  have 'many  applications  in  ^ 

science,  5^  ^  •  , 
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10-2.'    Translations «  ^  }  *  . 

Suppose*  we  have  a 'curve  in. the  ^coordinate  plane  and  anjoquation  of  the 
curve*    Let  us  consider  the  problea  of  writing  an  equation  oY  the  same  curve 
wi.th  respect  to  aiipther  i)air  of  axes.  *  The  process  of  changing  from -one  pair 
of  axes  to  another  is  called  '"transformation  of  axes"  oi*  "a  transf ormation^  of  * 
coordinates"  as  stated  earlier.         \     -         1     '  * 

Cfee  of  the  most  useful,  as ^ well  as  simple,  transformations  is  one  in 

vhich  the  nev  axes  are  sl>ifted  in  such  a  way  that  thqy  remain  parallel  to 

their  orjLginal  positions  arid  oriented  in  the  a.ame  direction.    Such  a  trans- 

formation  is  called  a  translation. 



THEORM  10-1  #  .  Given,  a. coordinate  system  "in  a  plane^vith  origin  at    0  . 
'The  ajces  are  then  trai^slated  so  that  the  new  origin  is  at    0*  =  (h,k) 
li^   (x^y^    and  (xJ/yO    are  the  coordinates  of  a  point    P'  when' 
refverred  to  the  original  and  nev  axes  respectively,  then    x'  =  x  -  h 
and  ^y'^^y-k., 


*  * 

\ 

'P'=(x',y)  !^ 
T=(x,y)      !  . 

p  /        \  [  ' 

» 

m.  f  » 

t 

»  -Figure  10-1 

*                      V                                      f  ' 

'    '  ''  J 
1                           ■  • 

•  tf 
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.Proofs   .Let    P  =  [xjy]  ,  0»  =  [h,k]    and   P  =r  [x»  y»]  . 

(-iK-p~«o«  +  p«  .  -  ^ 

(2)  '[x,y^^  [h,k]  +        ,       .  : 

(3)  Thus      /  X  V  x'  +  h 


/  X  V  X'  +  h 


(-Why?)    ,  , 


V 


'if       solve  these  equations  for    x'    and   y'  ,  we  obtain  the  "inverse  form": 


ly' 


x*  =  X  -  h 
y'  =  y  - 


We  shall  refer  to  the  Equations^  (3)  or  [h)  as  the*  equations  of  translation. 

\  '      ^  . 

Exainple  1.   Wni  the  new  coordinates  of  the  points'*  P^  =  (-3 A)  / 
p^.=  X^,-2)    if  the  origin  id(  movecJ  to    (-3',5)  •  .  • 


Solution;    Since   h  =  -'B  ,  k  =  5^,  the  equation^  of  tganslation^e; 


,  c    '  /  x»  =  X  +  3  ,  y 

>        .     i>  ty«  ^  y  .  5  . 

Applying  these  equations,  we  see  that  the,' point    P^     (-3,1)    nov  has  the, 
coordinates  '  (0,-U)  /  an^   P^  =  (^,-2)  '  now  has  the  coordinates    (7,-7)  with 
respect  to  the  new  axes  • 


Consi'der  an  equation  of  a*  curve    f(x,y)  =  0  .    By  the  equations  of 

translation,  the  coordinates    x    and    y    are'  transformed  respectively  into 

x»  +  h  ^and    y''  +  k  .    Thus  the  equation    f(x,y.)  =  0    changes  ,to  ♦ 

f(x*  +  h|  y'  +  k)  ^  0  .  ^^fce  two  equations  represent 'the  same  curve  since  the. 

point    P(x,yj    vhose  coordinates  satisfy    f(x^y)  =0    is  the  same  >as  the  point 

P'  =  (x*,yO    vhose  coordinates  satisfy    f(x*  +  h,y'  +  k)  =0  . 
•  *  ,  *  ,        ^  ^ 

-  To  illustrate' this,  consider  the  line    I    in  Figure  ;L0-2  passing  through 

t^;points    P.    and    P     of  Examy^le  l.*  The  equation  of  line*  ^    is-     *      -  ' 

3x  +)7y  +.2  =  0  •    -We  now  replace    x    by    x'  -  3    and    y    by    y''  +  5    and  the 
^^uation  of    Z    is  now  3x'  +  7y'  +  28  =  0'  .         note  that  the  coordinated  of 
"•^points  =  (0,-i|)    ^rrd    P^*  =  (7,-7)    satisfy  this  last  equation^  The  nev 

equai^on    3x*  +  7y*  +  28  =  0    represents  trie  same  line,  with  respect  to  the 
.new  axes,    x\    and    y'  ,  with  the  new  origin  at^*0*  =  (-3^5)  •* 

I  \  2  2,, 

I    Example  2.    Find  the  equation  of  the  circle   ^x    +  y    +  lOx  -  4y  +  4  =  0 

K    after  a  ^ranslatton  moves' the'  origin  to  the  point  ,  (-5^2)*  • 

- '  Solution:    The  equations  of  translation  are  x=x*-5^yf¥''^-2* 
Substituting  into  1^  equation  of  the  circle,  we  have 

^    I      '  *  (x'  -  5)^  +  (y'  +  2)^  +  io(x»  -     -  My'  +  2)  +  ii  =  0 

*  I        '  •-2  2 

If  ve  expand  ajid-^collect  terms,  our  equation  simplifies  to    x'    +  y'    =  25  . 

We  ilrfer  immediately  that  the  circle  has  a  radi^us  of    5    units  arid  that  its 
v^iC^nter*  is  at    0'  =  (-5>2)  .    If  you  were  to  find\the  locus  (or  graph)  of  the 

original  ^^juation,  you  would  discover  that  you  had  precisely  the  same  circle. 
•After  doing^this,  you^ould  appreciate  the  advisabitity  of  translating  the 
*  dxes.    Note  1>ha*  the  pr4.nci:^al  differeja^e  in  the  two  equations  is  'that  one 

.contains  first  degree  teynis  and  the  other  does  not.  ^  ^ ,  \ 

,The  basic  question  i^s:    Hov  do  ve  Itnow  where  to  place  the  new  origin  so 
that  a  compficated  equation  reduces  to  a  simple  one?    feis  method  is  illustrat 
ed'i^i  Example  3.  , 

Example  3.    Trjanslate  the^axes 'so  .that  the  equation  of  the  circle 

X    +  y    +  lOx  -  jiy  +     =  0    c?an  be  written  in  a  form, which  contains,  no  first 
degree  term,         1  ^    ^      ^  * 


Solution:  ^  ^         *  .  -^ 

*  p  "  p  * 

(1)  ,  Write  the  equation  in  the  form   x  .+  lOx  +  y    -  l^y  =  -1*  and 

^coniprete  the  "squares  as  follows:      *  , 

(x^  +  10x^+  25)  +  (y^  -  V  +  li)  =  li  +  25  -  -If  or 

"  ^      '     (x  +  5)^  +*(-y  -  2)^  =  25  . 

(2^   If  we  let    x«  =  x  +  5    and   y*  =  y  -  2  /  o^  last  equation  becomes 

X'    +  y»    =  25  ♦  ^  n  .*  _ 

'  '  .  .  r  x»  =  X  +  5 . 

(3)    We  not w  that . th"(^  equfLtions    |—  -       are  the  equations  of, 

I  y'  =  y  -  2         •       .  > 

translation  to  new  axes  with  the  origin  at    (-5,2)  /. 

To  show  tl:;e  wider  aj^plicability  of  this  method,  let  us  do  one  more 
exaraplp:       ^  "  .  - 

Escample        Graph  the?  curve.o  9y      kOvi  +  36y  +  28  ^  0  • 

Solution^  .     '  ^  "  V    .  . 

'    (l)'  Rewrite  the  equation  in  the  following  form  so' that  we  can  use  the 
^method  of  "eomlleting  the  ^quare":  -  • 

•  '  Mx^  +  lOx)  .  9(y^'  -  ^y)'=  -2S^  . 

(2)  Completing  the  square:  .  *  ^ 

^(x^     lOx  +  25)  -  9(y^^-  %  +  it)  =  -a^.ipo 
or    '  :      Mx  +  5)^  -  9ty  -  2)^  =  36  /      ^ ^  ' 
_j      (3)    Sul^stituting  a*  =  x  +  5    and   y*  =  y  -  2  ,  we  have  \ 

kxt^  .  9y*   =  36 
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We  recognize  this  curve  to_be^a.hyperbola  Vith  center _  0«  =  (-5,2)  .  This  *  ' 
curve  can  now  be  dravn^by  using  the  methods  discussed  in  the  earlier  chapters^ 


.     ^  %  *  Figure  10-3  "         -  ^ 

The  translation  of  axes  can.  be 'used  to  simplify  equations  of  curves  other 

y    than  conies,  but  at  tfiis  point  ve  vill^jrestrict  our  discussions  to  such  curves. 

.  .  *' 

We^will  noy  generalise* the  above;  "         J  , 
■t  ^   '   ;                '         ,          ,  * 

\     s  ^'  (i)    A  circle  in  the  form*'  (x  -  h)^  +  (y  -  k)^  =  r^  ,can  be  simplified"  • 
'  to    x>^  +  y>^  =  r"^  .                               '  '  , 


^  2  '* 

(2)    An  ellipse  in  the  form        '  ^\    +      l'^^    =  1/ 

•  3^      •2     H        •        ,  • 

to  I_  =•!  ;  *  '    •  - 

a        b"^   ■  ;  < 


^  can  be  simplified 


V 


(3)    A'hyperbola  in  the  fbrm 


x^^     y>2     '  ■ 

to       -  y_  =  1  .  . 

.    a^      b^  ^ 


1  .can  be  simplified 


(4)  A  paraboJLa'in  the  form    (y  -  k)"^  =^^lfp(x'-  h)  ,  or    (,x  -  h)^  =  My -k) 
can  be  simplified  to    y»    =  4p?d^or..  x»    =  Ifpy'  respectively, 

(5)  OThe  equilateral  hyperbola    (x  -  h)(y  -  k)  =  c    .can  be  simplified 


to    x'y'.  =  c  . 


395:; 

3  8  « 


i 

J 


'  10-2 


All  of  the  above  can  be  done  by  translating  the  axes  to  a  nev  origin  at 
0'  =  (h,k)  "by  use  of  the. equations  c^f  translation  • 

~l  'X.-Tzr  X*— h-* 

^  y  =  y»  +  k  . 


T         '         .    ^       -  \       •  Exercis,es  10-2 

»»  t 

1.    Write  the  equations  o^  translation  vhich  change  the  coordinates  of 

A  =  (2,12)  to-  (5,8)  vith^re'spect  to  a  nev  origin  'O*  .  What  are  the 
coordinates- of    0*    vith' respect  to  the  first  origin? 

*2.'  'Determine  the  equation  of  the  curve  represented  by 

2x^  -  y^  -  12x  ~  Uy  +  12  =  0    if  the  origin  is  translated  to.  (3,-2)  • 


.  3.    Given  the"  transformation 


x»  =  X  +.  U 
t   =  y  +  6 


What  effect  does  this^transformation  have  vhen       is  api^lled  to  the 


cuirves : 


(a) 
(b) 


2  2  '  2  ^ 
X    +  y    =  r  .? 


a 

Points  * 


Z-  -  1  9 


=  (I/O)  ,  B*  =  {%-2)  ,  ana    C  =  (3,^)    are  vertices  of  a 
right  triangle.    FinS  the  coordinates  of  these  points  if  the  origin  is 
moved  to    0*  =  (-4,-2)    by  a  translation  of  axes.  *  Using  the  nev 
coordinates  give  tvo  proofs  that  an  observer  at    0»    can  present  to 
-  d^nonst rate. that  .AABC .  ia  a  right  triangle.        >   .   -i    •  -        '  ^  ' 

*  '       •     •  s  * 

Translate  the  axes  so  that  the  equation  of  the  cu3rve 

'    x^  -  y^  +  lOx'H-  Uy.  +  5  ^  0    can  be  written  in  a  form  cbntaining^  no  first 
, degree  terms.    Indicate  the  equations  of  translation,  drav  both  sets  .of 
^axes,  and  sketch  ^the  curve. 


2  2 

,6.    Given  circj-e       :  x    +y  =.2^ 
A  ,  B  ,  and'  C    on  this  .cir^rle 
prigip  is  translated  to  *0*  =  (1,-: 
with  respect  to    0»  .    Verify  that 


)  ^ 

ind  the  coordinates  of  three  points 
en  find  their  coordinates- tf  thei^.- 
).)    ana  the  equation  of  the  circle 
the  nev  coordinates  of    A  ,  B  ,  and 


C    satisfy  the  transformed  equation. 


?♦    A  line   L   has  the  equation    3x  -  2y  +  6  =  0  .    Draw  the  line,.   The  axes 
are  then  translated  twice*  in  succession  in  accordance  with  ,the  e^quations 
+3  '  /  x«  =  x"  +  It 


(1) 


!x  =  x»-  +  3  '  /  x«  =  x"  +  4  . 

followed  hy     (?)  ; 
y  =  y»  +  2  \y\  ==  y"  +  5  , 


Find  th6, equation  of   L    with  respect  to  both  the  x»-  and  y»-  and 
x"-  an^^^-  axed.    Then  find  the  equations  of  translation  which  would 
perform  hoth  operations  at  once.    What  would'  he  the  effect  of  commuting 
translations    (l)    and    (2)  ? 

&•    Sketch  the  ciirves  after  performing  a  convenient  translation  of  axes. 
^  ^  Indicate,  the,  equations  of  translation  and  draw  both  sets  of  axes.  ^ 

(a)  y^  .  6y  .  12x  .  3'=  0  '  '  % 

(b)  3x^  +  l^jr^  -  6x  +  8y  .  5  =  .0 

(c)  2x^  +  6x  -  3y  +  12  =  0 

(d)  U  +  3)(y>  i^)    12  =  0  ^    •    '  ' 

(e)  (y  4.  2')^  =  (x +']2r^_    .    •  ;  '        ^  ^  \ 

9.    Derive  the  equations  for  the  translation  of  axes  with  the  new  origin  at 
0*  =  {ti,k)    without  the  use  of  vectors.       *  '  , 


10-3«    RotaiyLon  of  Axes;    Rectangular  Coordinates. 

We  next  consider  a  rotation  of  a  rectangular  coordinate  systfem   C  •  We 
introduce  a  near  cooixiinate  System   C    whose  origin  coincides  with  the  origin 
of   C   afid  whose  axes  are  obtained  by  rotating  the  axes  of   Q   through  an  * 
jEipgle   a  *    TSius   (cz,  is  an^anglia  iiustandcurd  positioir  whose  inttiCLL  side  is. 
.   the  positive  side  of  the  ^-ax±s  ai^^ose  teimlneJ.  side  is  .tiie  positive  side  ^ 
of  the  x.^*axis.    Once  again  we  wani^o  discover  the  relationship  between  the 
^j!^ 'coordinates-  of  a  point    P    in   C   and  the  cooWLLnates  of  the  same  point  In  C*^ 

The  presence  of  the  ajogle   a   suggests  the  use  of  polar  coordiiiates.  We 
consider  the  systems  of  polar  coordinates  associated  with    C  'and   C*  by 
letting  the  polar  axes  bS  the  positive  sid^  of  th^  xjraxls  and  th^  x*-axis.  ^ 
Thus,  as  we  havp  seen  in 'Chapter  2  ,  if P    is^the  point  ^^'( i*^)-"'  inrthe  ^ar^ 
coordinate  system  whose*  polar^axis  is  the^positive' side  of'J^e  x-ax±s,  then^^_ 


"  AO-3.  i 


,  =  r  cos  d 


y\=  I 

*  sin  e  .  *  ' 

\     \                Figure.  10-1^  '  * 

However,  in  the  polaj:  coordinate  system  whose  polar  axis  'fs  th6  positive  side 
of  the  x;-axis,    P   is  clearly  the  point    (r,e  -  a)  .  Cierefore, 

'    *            =  r  tos  (©  -  a)  =  r  (cos  e  cos  a  +  sin  e  sin  a) 

( 2)                *  -  \ 

y-^  -  T  sin             =^r  (sita  e  cos  a  -  cos  0  sin  a) 

Coabining  equations    (l)    and    (2)  ,  we  get  \ 


.  (3) 


X,  cds  a  +  y  sin  a 


y«  =  -X  sin  a  +  y  cos  a 
These  transformation  equations  ajpe  often  called  equations  of  rotation, 

Exang)le  1#    In  a  given  coordliiateCflyBteii^^two'  points    P-    and       ,  ^  h^ve  , 

the  cooifdlnates  (2,3j*.  and,.  (-^^,5)  respectively*  The  axes  ar.e  then  rotated 
through  an  angle  of  '  30°  .    Find  the  ^ctangular  coordlnateis  od^  P^_  and  Pg 

with  respect' *to  the^riew  axes#  . 


ERIC 


• 398" 


10-3 


Solutfon:   Since   sin  30°  =  i   and   cos  30°  =      ,  we  have'  upon 

/x»  =  i(>^x  +  y)  i 
substitution  in  the  preceding' equations,     (    •  *  ! 


Thus         has  the  new  coordinate's 


Pg  has  the  new 


/2V3  ^-  3  -2  +  3v^V  ' 
V       2     '       Z  ■•/' 

coordinates     (:iit2^  ,  1  +  ^)". 


^ES^        Find  the. eqixat ions  jrelatiiig -coordinates  in    C   and    C  vhen 
C'    is  pbtaiAed  from    C   by  a  rotation  of    (a)  ,  ^b)  -30^. 


Solution: 


(a*)   Since  sin        =^  cos  ^+5^  =  —  ,  we  .have,  upon  substitution 'in  the 


preceding  equation^ 


xt  +^  =-3-<3C  +  y) 


t      -1     a.  .  1 

r»  =  —  — ^  +  — - 


1^    '     V?  1^ 


r(-x  +  y) 

(h)   Since  sin  (-30°)  =  -  |   and    cos-  (-30°)  =         we  have  ' 


V 


y     2^  2 


We  can  solve  for    x  -  and        in  terms' of    x«    and   y«    in  Kquation  (3)  .  • 

,(1)   x.cos  a  +  y  6ln  a  =  x>   .  , 

-X  sin  a  +     cos-  a  =  y*  .  )  *  , 


(2)   X  cos   a  +  y  sin  a  cps  a  =•  x«  cos  a 
X  sin  &  -  y  sin  a  ^s  a  =  -y*  sin  a  . 


(3)   Adding  corresponding  meoibers,  we  have:        -  ^  * 

2  2  '  ' 

4        X  COS   a  +  X  ein.  a  »  x'  cos  a  -  y*  sin  a  ^ 

2  2 

or         x(  cos   a  +  sin   a)  =  x*  cos  a  -  y'  sin  a  ; 

V    .  hence,            ,   X         x  s  x«  cj^s  a  -  y'  sin  a  •  ' 

(S)   'By  a  similaj^'^TOce          y  =  x'  sin  cf  +  y'  cos  a  • 
We  shall  ret^  to  either  of  the  pairs  of  .equations 

=  X  cos  a  +  y  sin  a  (  x  «  x»  ^  cos  a  -  y'  sin  a  ^ ' 

y^XY^  =  -X  sin  a  +^cos  a  (  y  =  x*  sin       y'  cos  a 
e  equations  of  rotation^ 


Example  3.    \^hat  -eqixation  represents  the  graph  of    2x   +  i^i^xy  -  2y 


"wben  the  axes  are  rotated  *  30  ? 

Solution,  ^  . 

(1)   Since   B  =  30^  ^  the  eqii^ions  of  rotation  are: 
X  =  x»  cos  a,-*y*  sin  B  =  |(i^x«  --y') 

y  =  x«  sin  d  +  y»  cos  B.-  ^x«  +  i^yO 


(2)    Substituti,Tig  l4^.the  equation  '2x^.  +  ifi^xy  -        =  l6  ,  and  per-  ' 
forming  the  indicated  multiplications,  ve  have 

|(3x»^  -  2>^x»y»  +  y»^)  +  V5(>^x^^  +  2x»y«  -  Vsy'^)  ' 
-         \  -|(x»^;+"2>^xtyt  +^3yt2)-=l6  ^  ^ 

*     (3)    Siraplifiring,  <rc  have   x»^^-  y»^  «U  /        '   .    '      ^  - 

We  recognize  the  graph  of  this  equation\  to  be  a  hyperbola.  The  graph 
in  the  x«y»-  coordinate  system  can  easily  beWavn*        '        j  '   ,  • 


'Figure 


f  Note  that  a  rotation  of  axes  through  an  angle  of.  30°    made  the  xy-term 

^sappear.    It  vas  the  elimination  of  the  xy-term  which  made  it  possible  for 
us  to  graph  the-  curve  much  more  readily.    What  ve  have  not  discussed  is  a 
method  for  determining  through  -what  angle  a  given  set  bf  .axes  may  be  rotated 
to  eliminate  the  xy-term,    Ijnfortunately  we  cannot  .develojp  this  topic  here, 
'The-  intereste^d  student  will'  enjoy  studying  this  topic  in  the  supplementary 
chapter. 

Exam[ple        What  equation  represents  the  graph  of    x^  -  y^  =  U  -when 
the  axes  are  rotated    U5    ?  ^  '  — 

/"  '        '       :     '  • 

'  Solution    '  .  •  '  • 

.    (1)  ^  ^ihce    ai$|.,U5    ,  the  equations  of  rotation  become: 

/  '   ^    .        '        '  x=i:(x^.y')''•'  • 

/        (2)    Substituting  in  the  equatfoh    x^  -  y^  =  U    ve  have, 


(3)    Simplifying,  w6  have,  x»y^t  -2 


ftOl 


404 


'10-3 


We  have  here  two'  different  equations  of  the  same  equilateral  hyperbola, 
-  J  . 

y  :  >  • 


J 


'  I'iguji'e  10-6  ,^  - 

_In  this  example,  the  equation  vi^h  "which  ve  "began  had  no  xy-term.  After 
a  rotation,  an  xy-tenn  appeared  and  the  squared  terms  vanished^   It  may  seem 
at  first  ,glance  that  ve  made  a  siirrple^'pro^^em  hard.    There  may  be  a  good 
reason,  ho\{ever,  vhy  we  may  Vant  to  convery  an  equation  from  one  form  to 
another.  ^ 

The  equation    x^y*  =  -2   tells  us  that  the  variables         .and  "  y*  are 
inversely  proportional  to  each  other.    Inverse  proportions  are  of  frequ\i 


occurrehce  in  science.    For  examples,  in  traveling  a  fi^xed  distance  at^ a 
constant  rate  the  speed  is  inversely  proportional  to  the  time;  the  velocity 
of .the  vlnd  is  inversely  proprotignal  to  the  spacing  of  the  isobars  (lines  of 
constant  pressure) 'on  a  weather  map.    We  are  trying"  to  poin€~out,  in  t'his 
instance,  that  the  study  of  a  curve  whose  equation  has'  "the  'f oi4n»  xy  s     ^  a 
constant,  may  be  more  prifitabla  than  the  study  of  the  curve  whose  liquation 

has  the  form    x    -  y    =  c  ,  a  constemt;    ^    l         i  ^ 

We  >of&w  generalize  the  silHiation  discussed  in  Example  ^.    If>e  start  ^ 

with  a  second  degree  equation  containing  no  xy-term,  a  rotation  of  axes 

'  '  *  ' '  kiT 

through  an  aifgle    a  ^  whose  measure  does' not  equeJ        ,  for  ariy  iiiteger,  ,k  j 

will  usually  introduce  an    xy-term  into^  the  transformed  equatioh.  {An 
exception* to -this  is  the  equation  of  a  circle).  *         .  ^>  " 


•^Consider  the  equation  o£  .the  second  degree  vhich  contains  no  xy-tertn.  ^ 


'  •  2     >  2 

-  Ax    +"Cy    +  Dx  +  JF  a^O  ,  /* 

and  apply  th^  equations  of  rotation  ^  / 

X  =      cos  a  -  .y^  sin  a    -  . 
:f  =      sin  a  +      |os  a 


Afper  ve  substitute  and  ^perform  the  indicated  operatioiis,  this  equation 
becomes :  *  *  ' 


A»x»^  +  B^xV^  ^  C^y*^  +  ]^x  +        +  F»  =  0  '  ^ 

vith-T^spect  to  tlie  new  "axes.    The  new  constants  are  in  terms  of  the  constants 
A  ,,C  ,  D  ,  E  ,  and   F  .    When  A^  =        and        s  0    the  equation  represents 
a  circle,    (The  details  will  be  leff  as  an  exercise. ) 

This,  last  equation  is  called  the  "General  Equation  of  the  Second  Degree" 
and  is  written  without  prime's  as  follows: 

'      ■      ^       2'  .      2      '     '  - 

Ax   +  Bxy  +  Cy'+Etx  +  ^+  F=  0 

In. the  Supplement  to  Chapter  7;  we  consider  the  metfiod  of  graphing  such,/ 
equations.    In  particular -you  .will  learn  how  t(?-ranove  the  xy-term  by  a 
rotation  of  axes  through'  a  determined  angle   $  .    You  have  already  learned 
how  to  translate  the  origin  to  remove  the  linea/  terms.    When  both  of  these  ' 
operations  ^e  performed,  the  equation  of  %he  curve  is  in' a  form  which 
simpler  to  analyze  and  graph.-  ^        ^  ^ 

Polar  Coordinates.  It  was  pointed  outj^  earlier  that  %Aen  the  pol?tr  axis 
is  rotated  through  an  angle  whose  measure  is  a  ,  the  point  P  =  (r,al  *will 
haye  new  coorOinates    (r,  e  -  a)  .    Figure  10-U  illustrated  this  relation* 

^  1^  Let  us  now  cpnsidef  a  ^polar  equation 

-^-^^^cT^r^^-^    ^  ==1^- ^  cotte  :  a) 

^i^hich  represents  a^oriic  i^ose  axis  makes)  an  angle  whose  measure"  is   a  wi'fih 
the  polar  axis.    We  illustrate  an  ellipse  in  such  a  position  in  Figure  10-7. 


10-3 

1 


Eigure  10-7 


'  If  \he  polar  axis  is  no\^  rotated  through  an  ^ngle  vhoae  measure  is    a  _ 

*     then  an  equation  relati,ve  to  the  nev  polar  axis,    OA  ,  vill  be  ,  ' 

"(2)  "  ^  =  1  -  e'cos  6'  '  e'  =  e  -  a  . 


-Tou  vlll  recognize  this  as  a  polar  equation  of*  a  conic  vlth  focus  tit  the  pole 
and  axis  along  •the»nev  polar  a^s^as  discussed  i^i  Chapter  T.   ^  * 

^  This  rotation  enables  us  to  graph  the  same  curve  by  using  a  simpler 

equation.    This  effect  vas  observed  earlier  ic'Section  10-3  vhich  vas  ton- 
cerped  with  rectangular  c^rdinates.  '  ^ 

The  polar  equation  vhich  represents  a  circle  is    r  =  k     a  constai^t* 
This  equation  is  independent  of  '  B    and  ia  not  changed  by  any  change  in. -6 

l8 

Example*    Graph    x  = 


3-2  cos(G  +  60°) 

'../  •     ■  - 

Solution";  We  first  rotate  the  polar  axis  through  an  angle  of  -6o  •  ^ 
The  equation  of  the  curve  relative  to  the  new^polar  axLs  vill 'be 


-  18 

^  r  3  -  2  cos  e*  • 


This  equation  represents  an  ellipse  vlth  its  focus^  at  the  origin  and  vlth 


its  major  axis  along  the  nev  polar  axJ^  as  shovn  in  figure  10-8,  ^ 


••I 


y  hot- 


Figure  ,     .  ' 

Exercises, 10-3 

Points   A  =  (1,0)  ,  B  =  (5,-2)  ,  and  C  =  (3*4^)    are  vertices  of  a  right 
jfriangle,    Fi^cL  the  coordinates  of  these'  poifnts  after  the  axe's'ire^ 
rotated  150°  ^  ^Using  the  new  coordinate^  show  tiiai^  the  area  of  the 
triangle  has  not  changed. 

What  is  an^  equation  in  terms  of   x*    and  '  y*    of  the  line 
3x  +  Sir  .  8  =  0    after  'the  axes  have  bfeen  rotated   -30°  ?   What-  is  the 
slope  of  this  line  in  the  new  coordinate  system? 

Given  the  equations  of  rotation  ^ 

X  ='x*  COS  a  -  y*  sin,a, 
,   y  =  x»  sin  a  +  y*^  cos  a  - 

Solve  these  equations  for    x*    add  y*  •  ^  • 

^«   J  •        *       •  -  '  '2 

What  is  an  equation  of  the  parabola  x  «=  y  with  respect  to  ,axes  TK^THng 
an  angle  of   k^^   with  the  original  axes? 


1^05 


10-3    '        ^  •  —   '■        •        ~  ' 

5.  Find  the  transformed  equation  if  the  axes  are  rotated  througji  the 
indicated  angle.  \  ,  '    *  , 

Ca)        -  Vf^cy  +  ar^  =  3  r  e  =  30°      '     *  '  -  I'' 

2  '  2  '    '  '""^  1  ' 

^b)    23x    +  8xy  +  17y    ^  25  ,    6    is-  the  angle  nirtiose  i^angent  equals,  • 

„'\(c)  ^  =  ^,e=^-^  _  "  .    •  "  ■ 

(d)   y2  =  4x  ,  e  ^1  I 

6.  ^  Given  a  circle  ^ose  equation  is    x   +  y    =  r    .    Find  the  equation  *of  ^ 

this  circle  vith  respect  to  th^  new  axes-^after  the  original  axes  undergo 
a  rotation  through  any  angle  \^ose  measure  is    a  .  ' 

7.  Graph  each  of  the  following  aft^r  rotating  the  polar  axis  t'o  simplify  the 
equation.  .  ^  / 

■    *  (a)    T  = 


(c)      r  = 


2  -  cos(0  r 

60°) 

5"  +  3cos(e 

-  12O°0 

3 

1  +  si'n(0  - 

50°) 

.         \  ^  .     .  Challenge  Problema     *    ^  ^  '  - 

1#   •Given  the  general  equation '  of , the  second  degree  * 

2  *       2     •     '     -  ^ 

Ax    +  Bxy^+  Qy    +  Jbx  +       +  F  =:  0  .    Find  an  equation  of  its  graph  if 

the  axes  are  rbtated  through  an  angle  of   Q  .    Let        ,       ,  and  C 

be  the  coefficients  of   x/^',  x^'  ,  and  y«^    respectively.    Prov4  that 

2  *                 2*1  o  " 

B»    -  4A«C»  =  B    -  4AC  .    (This  expression  B^  -  kkC    is  caUed  the 
f          •   .        ^          -              i  ^ 

characteristic  of  the  equatioti. )  .                       "  . 


>  >  >  -/ 


erJc 


2.   A  Qet  of  axes  is  rotated  through  an  angle  of  measiu^e   a   so^that  the^ 
equations  of -rotation  are:  . "  - 


/X  =  X'  coff  a  y«"ein  a-  \ 
'  y  =  x»  sin  a  +  y<  cos  cu- » , 


This  rotation  is  followed  l?y  a  s-^cond  rotation  through  an  angle  of  measure 
6  '  so  that  the  equations  of  rotation  are:  '  -  * 


x"  cos  .e  -  y"  |$n  e       ^         ^  ^  ' 
x'V  sin  0  +  y"  .COS  e      '    .    *      '  ,  * 

^  Prove  analytically  that-  the  coordinates    (x,y)    and '  ix';,y")    are  related 
x'=  x"-'cos  (0  +  a)  -  y"  sin  (a  +  a)  '  ^ 


/X  =  X-( 

~  Vly^=  x"  \ 


'sin"(0  +  a)  +  y"  cos  (0  +  a) 


10-1^,    Invariant  Properties »  ,  >' *  . 

^  It  vas  mentioned  in  Section  1^0-1  that  certain  properties  oj^'  geometric  ^ 
objects  o£ten  retoin  the  same  under  trahsformations>«    Exactly  vhich  properties 
remain  invariant  defends,  of  course,  upon  the  ^iven  transfonnations.  '  ^  . 

Th^e  geometry  we  ar'e  studying,  cabled  Etxclidean  geometry,^  is  identified  by 
the  fact^that„the.„meastire  of  both  distance  and  angle  of  geometric  figures 
remain  invariant  under  translation "^and  rotation  of  axes.    Many  other  geometric 
properties  alsoVemain  invariant.    These,  ix^lude  the  ojrder  of  points  on  a  line, 
coUineaxity  of  J)oints,  cuid  coi\currence  0^^  lines,  ^Ilere,ve,shalX  discuss  oQly  , 
the  measures  pf  distance  and  angle.    The  other  geometric  jxroperties  will  be 
^illustrat'bd  in  the  exercises.   ^      "  t\  '  "  ' 


We  shall  first  consider  the  distance  between  tyo  points  in  a  plane  under 
^^translation  of  axes.      i  "      *  »  ,  • 


y 

r 

y                <  P2= 

'    ,  •Pi  =  (x„y,) 

!     p;=(x;,y;)  .  \ 

jO'=(h,k) 

 1  '  '■  !— ' 

0 

1                                       -           ■  > 

Figure  10-9  >  '      .  ^ 

In  the  figure,  the  x-axis  and  y-axis  with  origin  at    0   have  been 
translated  so  that  the  new  origin  is  at    0*  =  (li,k)    with  respect  to  the  old 
axes.    Observers  at  both    0    and   0'    look  At  the  same  two  objects  and  con-  • 
sider  the  distance  between  them.    The  observer  jat    0    refers  to  th^ir  locations 
as  positions         and        /  and  the  distance,  between  tiiem  as    s  ,  while  Jhe 

observer  at   0*    refers  to  the  j^ositions  as    P.  ^    and  ^B^*',  and  the  distance  . 

between  them  as    s*  .  -  p  .  - 


You  and  I  know  that    s  «a  s* 


But  how  can  the  two  observers  reconcile 


their  observations?    To  answer  this  question,  we  list  the  known  facts: 


(1)    s'=  d(P^,P2)  =  /('Xg  -  x^f  +  (y^  -  y^)^  . 


and   s»  =  dCP^SPgO  =  /(x^*  -  x^'f  +  iy^'  -  Vi)}.' 
(2)  iThe  equations  of  translation  relating  the  coordinates  are: 


X*  =  X 


y*  =  y*- 


h 
k 


Using  these^'facrfcs,  we  have 


(3) 


h 
h 


Therefore  xJ 


and 


We  substitute  the  expressions  from   (3)    in  the  formula  for    s«  , 
,      ,       obtaining    s«  =  -/(x^  -  x^)^  +  (y^  .  y^)^   vhich  is  identicsa  with 
the  formula  for    s  ,  as  vas  to  be  proved/  ' 

A^numerical  problem  may  help  in  making'  the  above  discussion  cl'earer.  Let 
=  (^6)  ,  T^^  (.i,2)    and    0*  =  (5,-2)  .    Thus  the,  equations  of  transla- 
tion-  are  ^x«  =  X  -  5    and   y«  =  y  +  2  . 

-Uie  coordinates        P^.«  ,  are    (^1,8)    and  of  "E^'    are    (-6,V)^  Thus 
d(P^«,P2').=        +  16  =  M  ,  d(P^,P2)  ^25  +.16,='^^  /and  we  have 

What  if  the, axes  in  the  above  problem  had.  been^ rotated  instead  <Sf  ^ 
translated?   We  vould  then  consider  ti^  folloving: 

(l)    The  equations  of  rotation  are: 


r" 


x«  =  X  COS  e  +  y  sin  6  , 
x  sin  ©  +  y  cos  e  . 


so  that 


x^«  =  x^^cos  ^+y^  sin  6    and.  x^^  =       cos  e+y^  sin  e  ;  ' 
^l'  =        sin  5^+y^  cos  e    and   y^«  =  -x^  sin  e^+Yg  cos  6 
Therefore,    x^*  -  x^«  =  (.x^^-x^)  cos  6  +  iy^-Vj^)  sin  6  ,  and 
-yi*  =  -(Xg-x^X^in  e  +  (y^-y^)  cos  e 
(2)    Squaring  and  adding  corresponding  member^,  ve  h'ave^ 

.\.(X2'  -  Xj^O^+Cyg'  -yi')^  =        -Xj^)2(cos^  e  +  sin^  6) 
»        ,  ^      -  -  ■  V 

^^(yg-yi)  (coa  e  +_s±n  e)  , 

or    Cxg'  -  x^')2  +  (yg'  ^y^O^  =  (Xg  -  Xj^^)2  +  (yg  -  y^)2  '  , 

•.(■3)    Thus  .  d(P^',P2»)  = '^(P^^Pg)  .  ♦  . 

Ife  see' that  distance  is  .invariant  under  both  rotation  and  translation  of  axes 
and  ye  state  this  as*  a  theorem:  '  •  --^V- 
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THgORIH  lO-g^  ^  The  measure  of  distancfe  between  tvo  points  is  invariant 
under:  ^  .  "  ^ 

( a)  a  translation  of  axes  ,  •  . 

(b)  a  rotation  of  axes.  >  • 

^The  invariance  of  t^e  measure  of  angle  under  a  translation  or  a  rotation, 
of  axes  follows. directly  from  Theorem  10-2^* 

Consider   ZlABC   determined' by   A  =  (^c^/yj^)  y  B  ^  (^7^2^  '  • 
C  =  {y^y')f>^  •    Under  either  one  of  the  above  transformations,  the  points  A., 
B  ,  and   C   will  have  new  coordinates.    They  will  now  be  designated  as 
A«  =  (x^»,y^»)  ,  B»  =  (xg'^ygM  ,  and   C?  =  (^^^^3*^  respect  to  the 

new  Bxes»  ^< 

Since  distance- between  points  is  invariant,  we  have   AB  =  A'B*  , 
BC  ^  B^',  and    AC  =  A»C»  .    Hence,  ZSABC  ^  M*B»C»    and  the  corresponding 
..angles  are  ^congruent,  ,     '  ^ 

THEORM  lO^S.    The  measure  of  angle  is  invariant  under; 

(a^  ^-a  translation  of  'axes,  '  ^ 

(b)"  a  rotation  of  axes.  .  • 

It  would  have  been  possible  to  prove  the  invariance  of  the  mea^e  of  ^ 
angle  under  translation  or  rotation  independently  of  the  invariance  ot  di^t^c 
discussed  here.    We  could  start  wi^th  the  formula'  >-  ^  '      i   '   ^  \  ' 


1  +  m^mg 


cos  Q  =  — — 


2 


\ 


ai;^  consider  the  lines    L-  .:..ex     by  +  c  =  0    and    L    !  a'x  +  b*y  +  c'  =  0  • 

'    Upon  the  translatidh  of  J^ea,  the  lines    L^'    and        ,  with  respect  to  ^ 
the  new  axes  have  the  equation-'  ^  ^ 

:  a(ic«\h)  +  b(/«  +  k)     c  =  0  ,^  '  . 

or^  :  ax*  +  by«  +  (-ah^+  bk  +  c)  =  0  . 

a^d  Lg*  :  a«(x^+  h)  +  b«(y«  +  k)  +  c«  =  0  ,  ^  . 

V  .    Lg*  :  a«x«^'^«y«  +  (a«h  +  h«k  +  c«)  •=  0  •  * 

_.The  slope  of  Is  given  by         =  |  =       ,  and  the  sloge  of  is  given 


by  ""nig*  a  -  p.  ST  jn^,'"srnce  the  slopes  are  equal,  cos  0' c=  tos  6   and   ©•  =  © 

for  the  principal  Value,    Hence  the  measure  of  angle  Is  invairiant  under 
traiiJSlation. 

^  The  proof  of  the  Invari^ance  of  angle  under  rotation  involves  considerable 
algebraic  manipulation  and  is  left  as  a  "challenge"  exercise.      *  ,  • 

;    \   .         .  '  : 

•    *    ,  Exercises  10-U        ^  I 

 I  < .  ^ 

1,    (a)   Find  an  equation  of  the  line  through   A  =T2,l)    and   B*-TO,U)        '  I 

and  drav  the  liiie. 

(b)  Find  the  coordinates  of        and   B    and  an  equation  of  the  line 
after*  the  origin  Jias  been  tiranslated  to    (-li.^-6J  • 

(c)  Verify  Jhat    d(A,B)^    is  invariant  under  this  translation, 

^  2.  .(Refer  to  Exercise  1  above  )     *  ♦  ' 

(a)  Find  the  coordinates  of   A   an^   B    and  an^. equation  of  the  line 
^  after  the  axes  have  been  rotated    90°  •  * 

.    (b)    Verify  that    d(A,B)    is  invariant  under  this  rotation, 

3.    Given  line    L  :  Ux  -  3y  -  IS  =  0    passing  through   A,=  (0,-U)  ,      -  ^ 
B  =  (2,.  h    and    C  =  (3,0L.  '  ^ 

,(a)  Find  the  coordinates  of  these  points  (nov  renamed  A»  .  B*  ,  and  - 
respectively^)  and  an  equation  of  the  line  (now  called  L*)  -when  the  ! 
origin  has  been  translated  to    (-»l,-l)  •  -  , 

(b)  Verify'that  the  order  of  points    A*     B»  ,  and    C    is  the  same  as* 
that  of   A  ,  B  ,  and    C  •    (That  is,  ordea>  of  points  on  a  line  is  ^ 
invariants  .     ^     ^  .  -  -         >         .  ^  >  ^  .  _ .  ^ 

(c)  Verify  that    A'  ,  B*  ,  and   C\  are  collinear,    (That  is, 
coilinearity  of  points  is  invariant  under  translation,) 

•  K.  Given  lineB    L^^:  Ux-3y-5=0,Lg^:x-2y  =  0,  and  ,  '  - 

L^^ :  5x  -  3y  -  7  =  0  .  . 

(a)  Verify  that    L^^  ,  L^-  ,  and         are  concurrent, 

(b)  '  Find  equations  of  these  lines  (nov  renamed         }  Lg*    and   i^O  : 

cfter  the  origin  has  been  translated  to    (3^-S)  • 
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\^    (c)    Verify  that  -L^*     Lg*^  and   L^*    are  co?icurrent.^  (That  is, 
^concurrence  of  lines  is  invariant  un^der  translation,  y 


^(d).  \feat  is  the  relati^^^een  the  point  of  .concurrency  of_Lj««,«Xg 


V     and'  -  L^y/an^  thart  afig;  I^*     ^2*  rL^*^?*   ~ 

(e)   Do  parbs    (b)  ,  (c)  ,  (d)    if,  instead  of*  translating  the  origin, 
le  ayes  are  rotated  .  ^  *  ' 

5.    Give'nf  linps        r       +*  2y'-  8  =  0 

and  \      :  5x  -  y  -'9    =  0  .    /  ■     .  ^  ' 

(a)  Find  the  acute  angle  between   L^'  and         at'-^their  point  of. 
'  intersection. 

(b)  Find  equations  of  and  (now  called   L^*    and   L^*)  after 

.    the  origin  is  translated  to    (2,2).  •  > 

(c)  Find  the  angle  between   li^*    and   L^*    and  verify  that  the  anfele 

is  invariant  under  translation.  » 


Challenge  Problem 

Prove  that  the  measure  0$  angle  is  invariar\t  under  a  rotation  of  axes, 
without  making  use  of  the  invariance  of  distanqe. 


IO-5.    Pbint  Transformations 

In  the.  previous  sections  we  considered  an  operation  called  the  "trans- 
formati^  ofjTaxes"..   We  now  consider  another  type  'qf  tranf ormation  which 
'  achieves  similar  results  from  a  different  point  of  view.    However,  this  new 
pdint  of  view  le^ds  to  significant  results,  such  as  the  transformation  of  a 
given  curve  into  a  corresponding  curve  which  is  not  .congruent  to  t)ie  original 
This  we  could-  not  achieve  by  the  original  approach.  *  » 

We  now  consider  a  transTorm£^tion,  called  a  point  transformation^  which 
cairies  ?ach  point   A    into  "another  point   A*    in  the  same  plane.    Thus  the 
points  of  a  figure   F    are  carried  into  a  set  of  points  forming  a  figiire  F« 
as  shown  in  Figure  10-10.    The  axes  remain  f  i*xed. 


kl2 


Figure  10-10  .  , 

In  this  sense  a  transformation  is  an  operation  by^feicji  ^each  element  of  a 
geometric  figure  is  replaced, by  another  element.    Another  way  of  expressing 
this  concept  is  that  a  transformation  is  a  one-to-one  correspondence  or 
mapping  of  each  point  of   A  ^  onto  a  co»responding  point   A»  •    The  plane  is 
mapped  onto  itself.    A  point  trani^formation  is  -written  symbolically  as 
A — ^  A*    and  A*  *ls  called  the  ima^e  of   A  •  ^  .  ^  ^ 

WcLcan  also  consider  translations  and  rotat^ons^as  point  transformations. 
-~In  Figure  10-11,  P  =  (x,y)   has  been  mapped  into^       =  ^[x*,yO   by  "moving"  the 
point  horizontally  a  distance  of  h    and  vertically  a  distance  of    k  •  ThCts 

^  <  /  X*  =  X  +  h 

'  { 

I  y*  =  y  +  k  • 

Another  vay  to  write  this  transformation  is  (x,y)  — (x  +  h,y+k)  •  This 
form  win  be  \ised  frequently  in  the  remainder  of  the  text,  . 


^  •    \        •  Figure  10-11   \  ^  ^  ^ 

This  pair  of  equations  *is  similar  to  those  derived  earlier  for  a  translation 
of  axes;  they  differ  only  inT^S?^  signs  of  h  and  k  •  This  occurs  because 
we  are  now  loovlng  the,  point/and  keeping  the  axes  fiaged, 

) 
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The  following  example  will  illustrate  this  fact. 

Let  points   A  =  (2,6)  ^  B  =  (2,1)    and   C  =  (1^,1)    be  tke  vertices  of  a 
triangle  as  shovn  in  Figure  10-12.    These  points  now  ui^ergoia  point  trans- 
formation given  by 


Thus 


I  y«  = 


X  +  !)• 


A  =  (2,0)  -W  A'  =  (6,6) 
E  =  (2,1)  — ^^*L-=<6^7) 
C  =  (1^,1>— *  "C  =^(8,7) 


B' 

(6,7)r- 


C" 
•(8,7) 


A" 

(6,6) 


(2,0)  .      '  ^ 

Figure  10-12 

{ 

You  will  note  that   AABC  *has  beep  mapped  into   M'B'C*  .    You  should  * 
also  observe  that  the  same  "visual  effect"  could  have  been  achieved  by  ^ 
translating  the  x- "and  y-cbces  to  a  new  origin  at  ^  {^k,^6)  .    VThat  we  are 
saying  is  that   MBC   would  have  the  'same  r^ative  position  and  appearance  to 
a  person  standing  at  point    (0,0^    as   M'B'C*    would  have  to  a  person  standing 
at  point    (-U,-6)  .    Note  that  the  coordinates    (-U,-l6)    are  the  negatives  of 
the  values  of   h    and   k   used* in  the. point  transfoiTnation. 

A  rotation  is  now  cc^Udered  as  a  mapping  in  which  each  point  in  th»§ 
plane  is  mapped  onto  a  point  the  same  distance  from  the  origin  as^  previously. 
When    P  — ^  P»    and  Q 
congruent  angle 


rt 


Q»  ,  .the.roteCtion  will  map  /POP'    into  the 
In  the  figure,    A  =  ( 2,0)    has  been  mapped  onto 


hlh 

4i7 


/  Figure  10-13 

A*  =  (-/B,!)    by  rotating  through  an  angle  vhose  measure  is    30^  ;  both  points 
are  at  a  fixed  distance  of  -j^vo  units  from   0  .    A\conrparable  visual  effect 
VDuld  ha\e  been  achieved  if  the  axes  had  been  rotated  through  an  angle  vhose  . 
measure  is    -30°  ,  and   A"  =  (■/3,-l*)    located  on  the  x«-axis.    The  idea -we 
are  emphasizing  is  that    A   has  the  same  relative  position  to  an  observer  at 
A"    as    A'    has  to  an  observer  at    A  .    Also,    OA   Has  the  same  position  with 
respect  to  the  xj^-  and  y*-axes  as    OA*    has  with  respect'^'to  the  x-  and  y-axes. 
A  siirilar  statement  could  be  made  regarding .  the  rotation  of  any  polygon  or 
for  any  general  figure    F  •    The  aiigle  of  ^rotation  could  be  generalized  to,  be 
€kny  an^p  \diose  measure  is   a  • 

We  now  return  to  the  concept  of  reflection  which  i/as  discussed  in  detail 
in  Section  6-2  with*relation  to  the  syfnmetry  of  curves]    We  shall  how  define 
certain  relfections  ^n  terms  of  point  treyisformatiofi  asl  follows: 

(1)  A  reflection  with  respect  to  the  x-axis  is  given  by    (x,y)  --^(x,-y) 

(2)  A  reflection  with  respect  to  the  y-axis  i^given  by    (x^y)— (-x,y) 

(3)  A  reflection  with  respect  to  the  origip  is  given  by    (x,y)  — ^  (-x,-y). 

Note  our  use  here  of  the  alternate  notation  indicated  earj-ier  in  this  section. 

i 

Reflections  vith  respect  to  lines    L    and   L*    parallel  to  the  x-  and 
y-axes  respectively  are  best  treated  by  translating  the  x4  and  y-axes  to  ^ 
coincide  with   L    and   L*  .    In  accordance  with  our  practipe  regarding  nota- 
tf.oxi  we  shall  now  refer  *to  lines   L    and^  L*    as  the  x*-  ethd  y*-axes  respec- 
tively.    Thus  the  point  transformations  are  considered  with  respect  to  the 
X*-  and  y»-axes  and  to  the  new  origin  at    0*  =  (h,k)    as  shown  in  Fi^uye  10-l4d. 
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We  can  consider* reflections  witfti  respect  to  any  point  or  line  but  the  ^ 
equations  of  transformation  are  oflfen  difficult  to  state  escplicttly.    We  J  * 
consider  this  subject  beyond  the  /cope  of  this  text  and  refer  you  to  the 
challenge  exercises  in 'Section  6/2.     •  ^ 

Spne  refleptions  of  'segmemis  are  indicated'  in  Figure  10-llf.  i 


(-X2,ya) 


(x,y)  — (x,-y) 
Figure  10-lUa 


\ 


,    (x,y)  — >^  (•-x,-y) 
Figure  lO-llfc  ^ 


(x^)  — 9^  (-x>y) 
Figure  lO-lto 


jR=(xt,yi), 

_a  


}(xiA')*Sc 


-  (x,y)  — (x«,y») 
.(x»,y)— -  (x»,-y«) 

Figure  10-lUd 
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In  each  of  the  above  illustrations,    ^{-9^,-9^)^=  d(P^«,P^O  .    It  is 

possiBie  to  prove  that  distance  is  invariant  under  the  set  of  all  reflections. 
We  present  here  a  j)root  of  i|j;ve  first  case  vhere  a  line  segment  is  reflected 
vlth  |»e^pec1^  to  the.  x-axis,. 

^  Referring  to  Figure  lOrlUa,  we  have    dtP^,P2)  =  / (^Cg*-  x^)^  +  (y^  -  y^)^ 

and   d(P^Sp^Of=  Jix^,  -  +  (-yg  +  y^)^' .    Since    (-y       ^^^-^72  " 

ve-have,  d(P^,P2)  =  cKP^^P^O  ^  ' 

'9t  JL&  also  possible  to  prove  fciat  any  translation,  rota,tion,  or  combina- 
tion of  translations  and  rotations,  can  be  accomplished  by  a  series  of  no 
more  thar^  three  line,  reflections.    A  proof  vlll  be  found  in  the  Supplement 
to  ^6napter  10.    We  shall  inerely  illustrate  it  here  in  three  examples. 


Example  1.  Show  how  the  translation  of  MBC  to  the  new  position 
indicated  by  .  M"B"C"    can  b§  effected  by  a  sei-ies  of  line  reflections. 


^  \  .  Figure  10-15 

,*lCn  Figure  IO-I5,  v&  see  that.  MBC  has  been  translated  to  M"B"C"  by 
a  stries  of  tiTO  refelctions.    The  axes  of  Xs^^^lection,  and        ,  were 

se3^ected  parallel  to    AC       Axis  may  be  chosen  freely  but  there  is  only 

one  position  -possible  for  . 


Example  2.    j(Same  as  Example  1.) 


"  Figure  IO-I6 

^  r  '  - 

,  In  Figure  10-16,  ve  obse^e  that  AAJBC  has  been  reflected  with  respect 
^  to  axes    £^    and        ,  with  the  result  .that  it  has  been  both  translated  and 

rotated. 

)  ,  '  ' 

Example  3*    Demonstrate  hoV  axes  of  reflection  can  be  selected  to  move; 
' a  directed  line  segment  from  one  position  to  another  given  posit ion# 


[  ^ 

1 

 - 

 I- 

• 

1  * 
1  *^ 

\  \  aV 
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.  A' 

Figure  10-17  ~  .< 

In  Figure  10-17,  5B' A"B"  by  a  series  of  at  most  three  line  ^ 
reflections  by  usfng  the\f olloving  procedure.  % 

^     (1)    Draw  ^  'and    A"B''    intersecting  at    P  .  • 
♦ 

(2)  Bisectr^le    P    «nd  call  the  bisector    PP*  . 

(3)  Reflect   M  ^with  respect  to    RP»  .  FF"  ,  the  image  of*  Ab\  will 
lie  on  .  ^'^  ■  ^  .  . 


42;1 
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ih)    Construct    QQ»  ,,a  perpendiculaa:*  to    B>A"  .    Reflect    A»B»  with 

respfect  to  QQ'  .  iTts  image  DC*  lies  on  •A'B' "  and  ^  coincides  with 
B"A"  .  *        •  *  ■ 

(5)    Construct    RR' the  perpendicular  bisector  of  '  CD  .    Reflect  CD 
with  re8i)ect  to    RR » ' .    Thus    D  — ^  A"    and    C  — B"    and  the 


order  of  ppints  'on    A"B"    is  the  .same  as  that  of   AB  . 
The  selection  of  axes  of  reflection  when         |A"B"    is  left  as  an  ^ 


exercise. 

The  effect  03?  one  or  more  reflections  u^on  a  geometric  figure  can  be 
studied  analytically  as  well  as  by  actual  construction  and  observation.  To 
illustrate  this  approach,  we  shall  consider  the  point  reflection 
(x,y)  '—^  (-x,-y)  .  / '  ^  ' 

Upon  applying  this  transformation  to  the  line    L:  ax  +  by  +  c=  0,  the  * 
''equation  becomes   L'  ;  -ax  -  by  +  c  =  0    or  ^x  +•  by  -  c  =  0  .    The  lines  L 
^d  are  parallel  but  the  intercepts  on  the  axes  have  different  signs.  '^'T^ 

Specifically,  the  line    2x  +  3y  -  6  =  0  ,  with  intercepts    (3,,0)    and  (0,2) 
traps^orms  to  the  line    2x  +  3y  +  6  =  0    with  intercepts    (-3^0)    and  (0,-2) 

2       2  2- 

When  the  same  transformation'  is  applied  to  the  circle    x    +  y    =  r 

we  note  that  tliere  is  no  change  in  the  equation.    This  result  verif4es-the 

fact  that  this  circ3?€  is  symmetric  with  respect^to  fche  origin.    A  similar' 

2  2       2  2       2it2'  '   ^  ^ 

result  is  obtained  for  the  ellipse    b  x    +  a  y    =  ,  the  hyperbolas 

2  2       2  2       2.  2      '        '  *  3 

b  X    -ay    =  a  t>     and    xy     k  ,  the  cubic  parabola    y  =,x    ,  and  any  other 

> 

"  curves-rthat  eire  symmetric  to  the  origin. 

pp.  p  , 

The  circle   x    +y    +DX'+Ey+F=0    transforms  into  another  circle 

2       2  •  ' 

•X    +  y    -px-ISr+F=0.    The  radii  have  the  same  measure  but  the  center  is 

now  at    (|,  |)-    I'nstead  of  at  '  (  -  |,  -  |)  ,    Figure  10-l6^ illustrates  the 

effect  of  the  point  reflection    (x,y)  — ^  (x'y')    upon  the  circle 


p  Q 

0  :  X    +  y    -  Jix  -  •6y  -  12  =  0  .    The  equation  of  the  transformed  circle  is 

C*  :  X  +  y  +  Ux  +  -  12  =  0  .  C  and  C  "both  have  a  radius  of  5  bu 
the  center  ofJ    C»    is  at*  (-2,-3)    vhile  that  of    C  /is  at    (2,3)  .  ^ 
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y 

C 

.(2,3).  ; 

III/ 

(-2,-3).  . 

C'  \ 

*                      \  ' 

/I  \,.  ^ 

« 

Figure  10-18 


A  second  ^reflection    (x',yO  — (x",y")    .with  respect  to.  the^  same  point 

I      \  2  2''' 

vill  map    C*    into    C"  :  x    +  y    -  4x  -  6y  -  12  =  0    and  ve  observe  that 

=  6  .    A  similar  result  is  obtained  vhen  any  reflection  is  followed  by  one 

of  the  sam.e  tj^e  and/with  respect  to  the  ^ same  point  or  lirte.^'  A  number  of 

transformations,  other  than  reflections  have  this' same  property.    Ve  shall  ' 

discuss  one , of  these  in  the  next  section, 

A  variety  of  ^oint  transformations  will  be  presented  in  the  exei^cises. 


Exercises  10*^  ' 

1\    Given  poijits  oA  =  (1,2)    and    B  =  (3,-^)  •    Reflect    A    and    B    Vith  ^' 
respect  Ijt  the  '  -  ' 

(a)  -   X-axis  ^        •  .  (c)    origin  ^     ^  ^  — 

(b)  y-axi-s  '      (d)    line    x  =  6  , 

Verify  in  each  case  that    d{A,B)    is  iavariant. 

2.    The  equation    x'  = 'x  +  2    may  represent  a  point  transformation  along  the 
X-axis.    Select  any  three  points  on  the  x-axis,  find  their  images  under 
the  transformation,  and  determine  tvo  properties  which  reiAain  invariant. 
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3.  Perfonn  Exerpise  2  for  the  transformation        =  2x  .    Find  three 
properties  inv^^rdant  under  this  transformation. 

4.  Show  that  the  angl^  between  the  lines    L,'  :  y  =0    and    L    :  V  =  x  is 

^  *  J-  ^  ■ 

prlsserved  under  rotation  throj^gii-  an  angle  of  measure   ^  . 

5.  Show  the  effect  of  the  mapping  ind^ated  for  each  o-f  the  following  curves 
by  graphing  both  the  original  curve  e^d  its  image  on  the  same  set  of  axes. 


(a) 
(bT 


X  ;  (2c,y) 
y  ;  (x,y) 


("c).  xy  =  6  ;  (x,y) 


(-x,y) 
(-x,-y) 
('X,-y) 


(d)  ^kx^^  -  9y?  =  36  ;  (x,y)  —  (3x,2y) 

(e)  x^  +  y^  -  2x  +  iiy  +      =  0  ;  (x,y)  — ^  (-x,y) 
.   (f)    y  =  x^^  ;  (x,y)  — .^^x,-y) 

(g)  -y  =  sin  X  ;s,,(x,y)  — ^(x,-y) 

(h)  ,^y  =  tan  X  ;  (x,y)  — ^  (-x,y)  ,  ^ 

(i)  -y  =       ;  (x,y)  -^(-x,y)  ' 

6.  A  =  (-2,1)  ,  B  =  (5,-2)  ,  and    C  =  (3,3)    are  vertices  of  a  triangle. 
They  are  rotated  about  the  origin  through  an  acute  angle   f    sCich  that 

C     •  " 

tan  0  =  ^  •  ,  Test  and  verify  three  properties ^which  remain  invariant 

under  this  rotation.-  , 

«  •»     *  ,  * 

7.  .  (a)  Given  the  segments^  AB  and  CD  a6  shown  in  the  figure.  Show,  by 
^    '      .  construction,  how   AB    can  be  mapped  into    CD    by#  means  of  line 

'  reflections.       "^1    *  ^    •      -  ^ 
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(b)    Trace  congruent  triangles    ABC and    DEF  Jteeping  "bheir  rel^ive 
positions*    Show  how  to  map  MBO'  into   ADEF   by  the  method  used 
in  part    (a)  .  ^  .  ^ 


8.  The  points  on  the  follow^^ng  curves  are  rotated  through  an -angle  of 
measure.  |   with  respect  to  the  origin.    Find  the  equations  of  the 

0  o  " 

•  * 

transformed  curves.    Sketch  each  of  the  curves  and  its  image  on  the 
same  set  of  axes.  ^ 

•     "(^),  3x  +      -  8  ='o' 

(b)  'x^,  +  y2  =  25  '  • '  -^^   .  '  • 

(c)  y^="lt3f  .....  ■  .  , 

9.  Discuss  the  transfofmJltion  (x,y)— ^(-y  +  3  ,  x  +  l)    by  finding  the 
~   images  of  the  curves  in  Exercise  8." 

10.  Determine  whether  'pareillerism  is  preserved  when  the  lines  /  ^ 
J.  :  3x  -  ay  +  5  =  0    and  ^p,:  3x  -  2y  -  3  =  0    undergo  the  mappijig 

^      "'(x,y) — ^(x  +  y ,  ^2x  -  y)  .  ^ 

10-6.    Inversions.  :■  ' 

 * — : —  ,        J  -  x/  . 

'  "  '  '  '  ■  ^  A 

We  conclude  with  a  dijscussion  of^*a  point  transformation  called  an 
inversion.  '  ^  k 

Consider  a  circle   C   with  radius .  r  -  and  center  at    0  .    ^Select  any^ 

point   F  f  0  y  >  2^\'        ^raw  'Of      With    P    as  a  center  and  OP 
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as  radius  draw  an  arc  intersecting    C  \  at    R  .    Finally,  with^  R    as  centeV 
and  a  radius   r    dirav  an  arc  intersecting         in        .    The  construction  is. 
shovn  in  Figure  10-19  *    (Note  that  this  construction  requires  that  the 


cirele  be  intergect'l^at^point    R  .) 


'  0 

p' 

1 

Figure  10-19  ' 

^RP    is  isosceles  since    OP  =  RP  ;  AORP'    is  isosceles  since    OR  =  RP»"  . 
•riius    /ORP  = /for  =70P'R    and(7SRP0'=  AORP'  .    Then    jfo^^)  =  d('6^P») 
d(0,P)  •  d(0,P')  =  r    .    Two  points    P  T\    which  meet  this  condition 

are  said  to  be  mutually  inverse  points  with  respect  to  circle    C  . 


When    d(0,P)  <  2^  /  the  arc  drawn  with    P    as  a  center  and    OP    as  radius 

^will  not  intersect  the  circle.    *In  this  case,  construct  the  pe^endic 
bisector  of   OP    intersecting  tie  circle  at    R    and    OP    in  S 


Lcular 
At    R  , 

construct    /  ORT  =  /  POR  .    Then   ET    will  intersect    OP    in    P«  .    It  is 
left  as  an  exercise  to  prove  that    OP  •  OP*  =  r^  .  ^ 

••  •■  ■  .  ■  •     •  . 

DEFINITION.    Ap  inversion* is  a  point  transformation  ^which  maps 
'  '  each  of  two  arbitrary  points  which  are  mutually  inverse  into 
the  other.  ^  '     •  '  1 .  ^ 

Circle   C    id  called  the  circle  'of  inversion  an^  point    0_  is  jcallea"l;"HF^ 
center  of  inversion.    Point    P*    is  said  to  be  the  inverse  or  image- of — P-^ 
and  vicerversa.  '    ,  "  . 
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Each  point  C>n^^tihe  unit  circle  is  its  own  imag^;  each  point  outside  this 
.  circle  Ms  a  -unique  image  inside;  and,  vi1;h  the  exception  of  tbe  origin,  each 
point  inside  the  'circle  has  a  unique  image  outside.    This  is  true  because 
if   d(&,P)  <^TJ^^/ye  have    d(0,P»)  >  r  ,  and  for    a(0,P^  >  r  ,  we  have  ' 
6{0,?^)f<^r  ,    For  any  point  on  the  unit  circle,    d(0,P)  =  d{0,P»)  =  r  . 

We  now  obtain  an  Analytic  representation  for  such  a  transformation.  For 
.  simplicity,  we  let    r  =  1  . 

R 


y 

III  ' 

/ 

i 

0 

'  M                    N  X 
U,0)      1      ^  (x',0) 

Figure  10-20 


Given  a  unit  circle    C    with  its  center  at  the  origin.    Draw  any  ray    OR  and 
1-ecate  on   OR    mutually  Inverse  points    P    and         .    Construct  perpendiculars 
from    P  'and    P'    to'tHe  x-axis,  intersecting  the  axis  at    M    and    N  respec- 
tively. 

'  (1)  ^Since  AdMP  =  ^KP'  ,  =  "F  '  ' 

(2)  '  By  definition,  we  have  .d'0,P)  •  d(0,PO  =  1  'or    d(0,P)  =f^f^^-pt)  * 

(3)  Thus. by  substitution,    ^  =  5  =  (diO,P))^ 

(d(0,PM)^  . 

(k)    Since    (d(0,P))^  =  x^  +  y^    and'    ( d( 0, P» ) =  x*^  +  y» ^  , 

2  .  .,2 


(5)    Thus    X  = 


we  have   p-  =  — ^    and   ^  =  x"  +  y" 
*     x-    +  y» 

x< 


X 

x» 


,2  ,2 
x'    +  y» 


and  x' 


2  2 
X    +  y 


EMC 


(6)  In  a  'similar  fashion,    y  =        ^  5  ^  and    y*'  =  -^-^^ — - 

•  +  y»^  x'^  +  y*^ 

(7)  The  pairs  of  equations: 


lQr6 


2^2 
X    +  y 


,2       ,2  "    2  2 

X*    +  y»   ^  X    +  y 


are  calj.ed  the  equations  of  the  inversion  transformation.  "We  shall 
now  investigate 
several  curves. 


now  investigate  the  effect  of  applying  this  transformation  to 


,    Exampl e  I.    What  1-s  the  inverse  of  a  straight  line  with  respect  to  a 
unit  circle?  .  * 

(1)    Let   L  :  ax' +  by  +  c  =  0    vi,th    0  ^  0  .    Then        ,  the  inver'se 
of   L  ,  has  the  equation, 

'"^2  ^2  ^  "72  ^2  -  c  =  0  , 

.  X*    1-  X*    +  y*  -  " 

*  (2)    Thus    c(x»^  +  y'^)  +  ax»  +  by»  =  0  ,    or  +  y»^  + -x»    +  -y»  =  0  . 

c  c 

(3)    Completing  the  squares,  we  have: 

r  2  2 

/,       a\2"/,      bv2a+b  t 

*     ^       and  we  recognize  the  graph  of  a  circle  with  center  at  ^  •  2c^' 


^2  ^  ^2  ^  ^ 

vith    r  =  ^        ,  and  passing  through  the  origin  as  illustrated  ^ 

'^.n  Figure  10-21        '     '  *  '      '  4 


/ .. 


1^8 

t 


* 

0 

»                           >™                                          •            «■                                          ^  .♦ 

f 

X           2c'  2c'  ) 

y^                      j                                          %  . 

0 

• 

• 

X\              2c         '  • 
Figure  10-21  ^^^^^ 

Thus  a  line  not  passing' through  the  origin  transforms  into  a  circle* 

passing  through  the  origin.    The  converse *of  this  theorem  is  afso  true:  a 

circle  passing  thru  the  origin  transforms"  into  a  straight  line  not  passinfe  ' 

througH  the  oi'igin.    The  proof  is  left  as  a  Challenge  Problem. 

There  is  ah  interesting  special  c^e  of  this  problem.    Note  that  in  the 

exaznple  given  we  defihed  th^  line   L   by    ax^  +  by  +  c  =  0  ^  and    c     0  .  What 

.     '      if   a  =  0  ? 

*       <  ,4 
In  this  case^^^ve  have  ^-^^  :  ax  +  by  =  0   or   y  =:  -         or   y  =  mx  where 

m   is  the -slope.    The  invd^sion  transformation  yields 

y'  "  mx* 

Thus   y*  =  mx*    and  we  observe  that  a  line  posing  through  the  origin  trans- 

\            forms  into  itself.    Another  way  of  saying  this  is  that  a  line  passing  tlirough 

the  origin  remains  invariant  under  an  inversion  trajisformation.  ^ 

'V.    ,             .     ' "    - ,     .     '  '           -            .      I  ■ 

■  ■    ■     ■  .<  ■  I 

... . 

• 

■  \  \  . 

*  * 

r 
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Example  2.    What  Is-the  inverse,  with  respect  to  the  unit  ^circle,  of  a 
network  of  Unes    x  =  c  ,  parallel  to  the  y-axis,  and   y  =  k  ,  parallel  to 
the  X-axis?  "     -  ' 

(l)    The  lines    x  =  c    transform  into  '  ^     '  ^ 

^ — 5  =  c   or   p(x«-^  +  y'^)  =  x» 


|2  .  ,2 


(2)    Thus    x»^  +  y»^.^  =  0-,.or    (x»  -  i)^  +  y»^  =  Jt-  . 


This  equation  represents  a  whole  "family  of  circles"  passing  through  the 
1  * 

origin  vith  centers  at    (-^  ,  O)  . 


\ 


Ifc" 


(3)    In  a  similar  fashion,  the  lines    y  =  k   liransform  into  a  family  of 
circles  with  centers  at  and  passing  through  the  origin. 

A  part  of  a'  network  of  lines  and  the  circles  which  are  their  inverses 
are  shown  in  Figure  10-22. 
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Figure  10-22 
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You  have  already  observed  an  unusual  result.    For  the  first  tiaa  in  this 
discussion,  ^  curve  has  been  transfoiiaed  into  a  different  9urve.    Such  an 
..event  was  made  possible  because  we  are  dealitig  vLth  point  traosformations.  In 
Figure  10-20,  a  different  scale  was  used  .for  the  two  drawings. 

As  a  final  example,  Ve  consider  the  folloying; 


Example  3,^  What  is  ^the  inverse  of  a^circle  with  /reject  to  the  unit  .* 
circle?       "  * 


witri^( 

•  ■  » 
(1)    Consider  the  general  equation  of  a  circle 


2  2' 
C:x    +  y    +Dx+Ey+F=0,  and.  apply  the  equations  of  inversion^ 

*      -Thus  we  have  ,  *  ^ 

(x>2+y.2)2      (^,2^^,2)2      ^,2^^,2     ^,2  ^,2 

1                  Dx»              EV*  „     ^        '  K 

,      ,  —  2  ^  ~  2  ^  ~2   2  +  F  =  0 

(2)    Thus  since    x'^  +  y'^^  0  ,  F(x'^  +^y'^)  +  Dx»  *+  Sy'  +1=0 

or    x'^  +  y'^  +  |y»  +  i  =  0 

F  v-^^p^        F  ,  ^ 

'(3)  'substituting    D»  =  I  ,       =  I   ,  F'  =  I  ,  we  get  \ 

'C  :  x»^  +  y'^  +  D'x'  +  E»y»  +  F»  =  0 

.  which  we  recognize  as  a  dif'ferent  circle  (in  general), 

11^  may  be  of  interest  to  discover  Aether    C    and    C    are  related  to 
each  other  in  any  w^y.      .        "  ^ 


Exercises  10-6 

%  •      ^        '      '      •  -  * 

The  first  five  exercises  are  concerned  with  the  effect  of  inverting  the 

'  »     '  i% 

given  curve  with  respect  tO(th|^u|iit  circle.    The  equations  of  the  inversion 

/    ■  'r 

y' 


x=    2      p>y=.p      2 ' 


For  feach  exercise,  draw  the  circle  of  inversion,  the  original  curve,  and  its 
inverse  on  tlie  same  graph.    ;  '  , 

1.    5?  +  2y  -  6  =  0  ' 
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^*    ^  S^^P^  inverted  curve  *is  optional )^ 

5.  (x.  (y  .  11)2  =16  ^  . 

6.  Find  the  inverse  of  each  of  the  following  lines  with  respect  to  the^unit 
circle.    Graph  all  of  them  on  one  set  of  axes  and  all  their  inverses  on 
another  set.    The  lines  are:    x  =  l:5,x  =  l:lf,xt=  +  6,y  =  +  2, 
y  =  t^,andy=t6'. 

J.    In  Exercise  1  you^found  the  inverse  of  the  line    L:3x  +  ^.6=0. 
Call  the  inverse   L»  .    Now  apply  the  same  transformation  ^  L»  .  What' 
can  you  conjecture  from  the  result?-    >  *  ,  / 

8.  Derive  equations  of  inversion  with  respect  to  a  circl^  whose  radius  is 
r    and  center  at  the  origin. 

9.  "Bie  following  four  points  are  collinear:    A  =  (0,-3)  ,  B  =  Tl,-l)  , 

C  5=  (2,1)    and.  D  =  (3,3)  .    Fipd  the  inverse  of  each  of  these  points 

with  respect  to  the  circle  x  +  y  =  If  and  call  the  inverse  points 
A'  ,  B*  ,  C  ,  and    D'  .    Prove  that  "  '  -  -  , 

^a(A,C)         d(ASC>)      ,  ' 

•    *      d(A,D)  _  dlA'jp') 

^  -diB.C)  "    d(B';c»J     '  ^ 

dJltDj        d(B',D')  ^ 

(Thjs  ratio  is  called  a  cross-ratio  in  more  advanced  geometries), 

10^.    Refer  to  the^  text  and  perform  the  construction  of  the  inverse  point  P* 
1 

2 


when    r  <  i  .    Prove  that    OP  •  0P»"  =  r^  ^ 


^  C?hallep^g  Problem 

^Prove  that  a  circle  passing  through  the  ojrigia  inverts  into  a  straight 
line  not  passing  through  the 'origin.        \    I  * 


10-7 .J*  Summary  and  Revi^  Exercises'.  ^  ^  o  ,  . 

We  have  consideredJiwo  types  of  geometric  transtorihations .    The  first 
type  considered  a  transforma1?ion  as  an  operation  which  changed  one  set 
axes  into  another  *by  means  of  translation  or  a  rotation  or  both.    In  a  transla- 
tion,  the  axes  are  shifted  in  such  a  way  that  they  remain  parallel  to  their 
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original  positions  and  oriented'  in  the  same  ^tirection;  the  origin' is  moved.  In 
contrast,  a  rotation  keeps  the  origin  fixed  but  new  axes  .are  obtained  by 
rotating  the  axes  through  a  fixed  tflgle.    Sets  of .  equations  were  derived  to 
effect  these  operations.    We  demonstrated  how  a  relatively  complex  equation 
could  "be  ^educed  to  a  simpler  form  which  then  ^ could  bie  drawn  more  readily. 

As  a  second  type  of  transformation  we^jonsidered  the  mapping  of  the 'plane 
onto  itself  ♦    Rules  were  given  by  which        point  or  sets  of  points  in  the  , 
plane  can  be  moved  from  one  position  to  another.    This  set  of  transformations 
can  effect  translations  and  rotations.    It  can  also  effect  reflections,  in- 
versions,^ and  other^ changes.    RefleQtions  are >related..to  the  ^cpncept  p 
symmetry  In  figures.    Inversions  can  convert  one  type  of  curve  into  another.  . 
The  exercises  illustrated  some  other  types  of  point  transformations. 

One  of  the  principal  reasons  for  studying  transformations  is  to  discover 
which  geometric  properties  remain  invariant  under ^the  stated  operations. 
Geometries  are  classified  on  the  basis  of  these  properties.  Edclidean 
geometry  is  characterized  by  the  fact  that  the  measures  of  distance  and  angle" 
are  invariant  under  the  set  of  all  rotations  and  translations.    This  set  is 
often  referred  to  as  the  set  of  rigid  motions  since  those  ti{§nsform&tipns 
preserve  size  and  shape.    Other  invairiant  properties  were  considered  an  xhe 
exercises*        ,  .  •  .  . 

/      '  _     ,  . 

Review  Exercises  ,  >  " 

'  *  *  *■    .  ,  t  ' 

"*    PART  II 

TJie  "Review  Exercises"  are  concerned  primarily  with  several  transforma- 
^  .  .  *•  •  < 

tions  not  discussed  in  the. text.    They  are  presented  so  that  you  may  disCfover  ' 

some  significant  facts  for  yourself  and  may  widen  your  experience  with  t^^ 
subject. 


2 

Find  the  curve  int.o  which 'the  parabola   x      2y    is  transformed  by  each 
of  the*  following^  mappings; 

(a)  (x,y) — >-(2x,3y).     ,  '  .  ^ 

(b)  '("X^y)  — ji-(x  +  2,'3y)  ,       ,  . 

(c)  (x,y)  — ^  (x  .       y  +  2)  \ 

Draw  the  ori^nal  curve  and  its  image  for  each.    Can  you  find  any  in- 
variant properties  under  any  of  these  transformations? 

■ 

■  1^30  , 


^•^'•^^  W^         (x,y)  --^'(kx,ky)    is  called  th4  transformation  of 
^  -  siniXitude,    Let    k  =  2    and  find  the  effect  of  *this  transformation  upon 
'"^'  •tW graphs  of  the  following: 

(a)   2x  +  3y  -  6  =:  0  ^  '  "  •  ^ 

(To)  y  »  .  , 


■J^S-  <r-.™-...-   :  "   

^  Which  are  invariant  properties'^der  this  transformation?    Can  you 
Justify  the  name  given  to  this  transformation? 


3.    The  transformation  T 


*  lines 


^  2^ 

_.t     ^  .       is  applied  to  the  perpendicular 

y  =  y 


:  2x  -  3y  +  4  =  0    and  ^t^:  3x  +  2y  -  6^  =  0  .  Determine 

whether  the  g-eometric  property  of  perpendicularity  is  preserved  under  T 

The  set  of  affihe  transformations  is  one  of  the  mpst  fruitful  all 

types  studied  by  mathematicians.''  They  "have  the  form 

'  X  =  ax'  +  by '  +  c  '      ra,       '     ,  -        .  . 

.    Many  of  the  mappings  studied  in  thi§  chapter  ' 
y  =s  dx'  +  j5y'  +  f  •         »        *  ^ 

were  special  ca^es  of  this  set.    For  example,  the  set  of  fotations  are 
derived  by  letting  the  constants    a  =  cos  0  ,  b  =:^-sin  ©  ,  c  =  0 
d  =  sin  e  ,  e  =  cos  Q   and   f  =  0.*       ,  *  "'-^ 

"  {  X  =  2x«* Uy'  +*1      ^     >   \        '  \ 

Consider  the  special  case:    t]  '  ^       ar^ find"  its  %ffepf 

upon- the  graphs  of  the  following:      ^  ^ 


^  (a);  X    +  y    =:  4  ^  y    ^  '  ^' 

,  (b>'Ux^-..9y'^  =  36  ^     ,  '  ^ 

■  (c)  kx  -  3y*+>  12       ^  '\  ,      •  ,  — 

,(dy  Ax  .  3y  .  1  =  0  '  :  ;  ^ 

(You  pirobably  cannot  identify  the  images  of    (a)  '  and    (b)    unless  you' 
>  study  the  Supplement  to  Chapter  7. )  .  ' 


r 


O  .A 'A  A 


nag^s 


5.  In  Problem  k,  construct  lines    (c)    and    (d)    and  their  Imagfes  on  the 
-  same  set  of  coordinates What  tentative  conclusion  can  you  draw? 

6.  Prove  that  the  mapping    (x,y)  — ^(-x,.y)^   is  a  distance  preserving 
.  xransformationr  *^ 


ERLC 


^^32 


•4  Jo 


Natural  Trigonometric 


Deg.  " 

Sine 

cl^sine 

0 

• 

0.000 

1.000 

1 

0.017 

*  1.000 

2 

0.035 

,  0.999 

3 

0.052 

0.999 

k 

U.U  f  u 

u .  99^ 

U.UOf, 

u.  99^ 

0.105 

0*995 

.  7 

0.122 

0.993 

o 
0 

0.139 

^  0.990 

Q 

»  1  yoo 

10 

11 

0.191 

0.982 

.12 

0.208 

0.978 

13 

0.225 

^     .  0.974 

Ik  > 

0.242 

15  i 

0.  2^Q 

0. 966 

1^ 

0.276 

0.961 

17 

0.292 

P.956' 

lo 

0.309 

0.951 

IQ 

0  ^Pf^ 

20 

A    n)i  A 

f 

2» 

0.358 

0.934 

22 

0.375 

0.927  " 

23 

0.391 

0.921 

24  ' 

0  kOT 

A  m  )p 
U .  ylH- 

A  OA^ 

u .  yUD 

26 

0.438 

0.899 

27 

0.454 

0.891 

28 

0.469 

0.883 

PQ 

0. 0/5 

0.  ODD 

0.515" 

0.B57 

32 

0.530 

0.848 

33 

^0.5it5 

0.839 ■ 

36 

.    0.588  . 

'  0.809 

37 

0,602-* 

0.799 

oft 

0.616 

0.788 

39 

0.629 

b.777 

0.643 

0.656 

0;755 

0.669 

. .  0.743 

^0.682  ' 

0.731 

0.695 

.  0.719 

0.707 

0;707 

Cosine 

Sine 

• 

Functions  (Degree  Measure) 


0.000 

^  A  A  A  ^ 

AA 
90 

Cn7  00 

fin 
88 

0.035 

28.64 

0.053 

19.08 

87 

0.070  ' 

'  14^30 

86 

0.087  - 

11.43 

85 

0    1  Ac^ 

9  s  5i"4^ 

o4 

0.123 

8.144 

8"^  ^ 

^  0.141  . 

7.115  % 

•  82 

0.158 

6.3li^ 

^  8r 

0.176 

5.671 

80 

0. 194 

^   1  kc^ 

79 

'  0.213 

4.705 

78 

0.231 

1^.531 

IT 

0.249 

4.011 

76 

0.268 

3.732 

75 

J.  ^Of 

0.306 

3.271 

73 

0..325 

3.078 

72 

0.344 

2.904  ^ 

71 

.0.364 

•  2.747  " 

70 

d.,  DUp 

09 

''0.4Q4 

-2.475 

68 

0.424 

.  2.356 

67 

'  0.445 

2.246 

66  « 

0.466 

'2.145 

65 

0.488 

,      0  AC^A 

^^4 

0.510 

K963 

#63'- 

0.532 

1.881 

62. 

^.554  ' 

1.804 

61 

0.577 

i 

1.732 

60 

0. 601 

1  •  UD4- 

KA  1 

59  4 

v£^25 

1.600 

'  58 

0.649 

,  1.540 

57  ^ 

0.675 

1.483 

56 

>  CU70Q. 

-v,  1.428^ 

0.7P7 

k        J..  ^  f  0 

i^k 
54 

0.754 

1.327  " 

53 

.  0.781  • 

'  1.280 

52 

0.810 

1.235  ^ 

51 

0.839 

.  1.192 

,  50 

^.-^.869- 

1.150 

49 

0.900  ^ 

1.111  - 

48 

0.933 

1.072 

47  • 

0.966 

.1.036  ^ 

"  .4'6 

^    1.000  • 

^  1*000 

Cotangent 

Tangent 

Deg. 

436 


^  Table  II 

Natural  Trigonometric  Functions  (Radian  Measure) 


Rad.  Sine  Cosine  Tangent       #  Cotangent' 


.00 

.ok 
.06  • 
.08 

.10  . 

0.000 
0.020 
0.01+0  • 
0.060   *  ' 

,  o;'o8o 

.  0.100 

l.OOQ. 

0.999 
0.998  ' 
0.997 
0.995  ' 

.^0.000 

A  AOA 

o.oi+o 
0.060 
0.080 

,  0.100 

liO  QQ 

2I+.99 
^J.6.65    '  ^ 
.  12.1+7  ' 
'  9.967 

•  12 
.11* 
.3.6 
.18 

0,l20 
,  O.ll+O 

0.159 
0479  • 
0.199 

'      'a  aao 

0.993 
0.990 
0.987.  . 
0.981+ 
0.980 

**     .At  ot 

O.ll+I 

0.161  . 

0.182 

0.203 

ft  90^ 

7.096 
6.197,. 
"5.495 
4.933 

.  22 
.2k 
.26  . 
.28 
.30 

0. 218 
0.238 
0.257 
0.276 
0.296 

0.970 

0.971 
0.966 
,  0.961 
0.955^ 

A  OOJi* 

0.21+5  ' 

0.266 
0.288 
0.309  ' 

4.086 
3.759 
3.478 
3.233 

.32 

.36 
.38 

.ho 

-  0.315 

0.333 
0.352 
0.371 
0.389 

A   All  A 

'SJ.943 

0.936 

0^929 
0/921 

0.351+* 

0.374' 

6.399 
0.1+23 

2.827  ■ 
2.657 
2.504 
2.365 

M 
.h6 
.48 
.50 

0.40o\ , 

0.1+26" 

0.1+1+1+ 

0.1+62 
0X79 

0.913  ' 
0.905  ■ ■ 
0.896 

0.887 

0.878 

aA7i 

/0.1+95 
.  0.521* 
O.5I+6 

2.12I+ 
2.018 
1.921 
1.830 

.52 
.54 

:^ 

.60 

0.1+97 
0.511+ 
0.531 
0.51+8 

0.5^^ 

O.obo 

'0.858 

0.8ir7 
.  0.836 
0.825 

0.573  - 
0.599 
0.627 
0.655  0 
0.681+ 

T  ^  7li7 
1.  f  *+  f 

1.668 

1.595 
1.526  . 
1.462  ■ 

:t 

.66, 
.68  ' 

-.70,  H 

72 

.74 

.,76  . 

..80*. 

0.581 

0.597 
0.613 
0.629 
>  ,9.61+1+  . 

A  At  )i 
U.  014 

0.€02 

0.790 
9.778 

A  71  k 

0.71+5 
0.776 
0.809 

0;81+2/^>' 

•    ^d.877  ^ 
0.913  - 
0.950 
0.989 
,  1.030 

1  km 

*    ^  '    I.3I+3  r 
.  ;  1.289 
,  '1.237 

--^  -^HriS?  ^ 

.  0. 6*5^5 

0.674 
0.689 
0.703" 
0.717 

0.752 
0.738 
0.725 

JO.IW 

'^.697 

V      l.lko  • 

1.095 
1.052 
1.011 

0.971 

.82 
.84 

>86  .  - 
.88 
'.90  . 

0.731 
0.745 
0.758 

0.771 

•  0.783 

*0.682 
f  .  0.667 
0.652  ' 
0.637^ 
>  .X).622 

1*072^ 
1.116 
1.162 
1.210 
1.260 

a.  933 
'  0.896 
0.861  ^ 
0.827^^^ 
0.791+ 

Tabl^  II  J 
Natural  Trigonometric  Functions  (Radian  Measure) 


nao  • 

Dine 

•  92 

0.790 

ok 

o  ftnA 
u.  ouo 

.96 

0.§19 

.98 

0.«30 

1.00 

0.81^1 

0  8rp 

0  86p 

i  06 

0  fi7P 

lSfo8 

0.882 

i.io 

0.891 

IIP 

1  Ik 

1.16 

^  O.9IT 

1.18 

0.925 

1.20 

0.932 

1  PP  ' 

1  Pk 

0  Qk^ 

1.26 

0.952 

1.28 

0.958 

1.30 

.  0.96if 

l.^P 

l.U 

^»  7 1  J 

1.36 

0.978 

1.38 

0.982 

i.ko 

0.985 

1  kP 

1  kk  ' 

1.1^6 

0.99if 

1.1^8 

0.996 

1.50 

0.997 

V  Rp 

Ok  QQO 

X  .  \J\J\J 

1.56 

1.000- 

1.58 

3,.  000 

1.60 

1.060. 

1  fiO 

0  QQQ 

1  6k 

1.66'  J 

1.68 

0.99^^ 

1.70 

0.992 

1.72 

"  0.989 

1.74 

0.986 

1.76 

0.982 

1.78 

0.978 

I480 

0.97i^ 

Cosine 

Tangent 

Cotangent 

0^606 
0.590 

0.557 

o;5iK) 

1.313 
1.369 
l.lf28  ' 
1.1^91 
1.557 

0.761 
0.730 
0.700 
0.671 

q:642 

0:523 
.  0.506 

0.if89 
0.if71 
0.if5i^ 

11628 
1.70lf 
1.784 
1.871 
1.965 

0.614 
0.587 
^  0.560 

0.534       ^  ' 
0.509 

0.if36 
0.ifl8 
0.399 
^  0.381 
0.362 

2.066 
2.176 
2.296 
2.1f27 
2.572 

^'  0.484 
0.460 
•  0  k?6  • 
0^412 

^  0.389      •     .  , 

•  0.3U 
0.325 
0.306 

'  0.287 
0.268 

-^733  

'  2.912 
3.113  * 

3.602 

9.3^T^^.^ 

0.321  r^"^^" 

0.299  • 
0.278 

D.248 
0.229 
'  0.209 
0.190 

o.r7o 

.  §.903 
1^.256 
4.673 
5.177  '  • 
5.798  . 

0.256 
0.235 

0.214 

OM93 
0.172, 

'  0.150 
0.130  ^ 

1^0.091 

0.071' 

^  6,581 
/  '  7.602 
/  8*989 
•  10^98 
)         .  14.10 

0.152 
0.132 
0.111 
0.091 
0.071 

0.051 
0.031 

0.011 

-0.009 
-0.029 

19.67 

32.46 
92.62 
-108*45 
-34.23  ,  , 

0.051      '    •  .  ^ 
0.031    .  /  ;  r  ' 
^  •  0  oil  '* 

-0.009'^^^^^  "    V  . 

-0.029--?''%^  ' 

-6.01^9 
.0.069 
10.089 
-6.109 

-0*129 

-20.31-/ 

-14.43 
-1  i  1  ft 

—XX  .  X(J 

.9.121 
-7.697 

'   .r0.049*  '    '  ^\ 
.0.069     '  \^ 
-n  *hfto  * 

,  .0.110 
,-0.130 

-O.U9 

-0.168 

.0.188^ 

.0.208 

-0.227 

-6.652 
-  -5.853- 
.  .5.222 

•  '  -4.710 
.  .4.286 

.0.150  \        .     '.  , 
-0.171 
-0.191 
-0.212 
'     -0.233  '  . 

The  'Greek  Alphabet 


A 

a 

alpha' 

N  V 

'  B 

<  beta 

r 

gemma 

0  0 

A 

6 

delta 

n  If 

€ 

epsilon^  ' 

.    P  p 

Z 

zeta 

'  2  -a 

H 

eta 

T  r 

e 

e  ' 

'  theta 

I 

'iota  ^ 

4)  <p 

K 
A 

K 

kappa  , 
lamVda 

• 

XX 

< 

M 

mu 

,  -    '       •  INDEX    ^   '  ' 

Por  precisely  defined  analytic  geometry  teiros  th^  reference  is  to  t'he 

formal  definition.  For  other  terms  the  reference  is  to  an  informal  definition 
or  to 'the  most  prominent  discussion. 
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periodic  function,  203       ' * 
p^rpelidicular,  vectors)  123  v  *  . 

plane  symijietiy,  355 


internal,  17,  27 

of' a  segment,  18,  3II 

point*-slope  form|,  1*3 

point  symStiy,  205 

point  ^transformation,  kl2'*' 

polar 

'  amplitude,  20k 

angle,  3I 

argument,  20^* 

axis,  31  ' 

coordinate  system,  30 

coordinates,  3I 

distance,  31^  20k 

equations,  related,  I67 
.  form,  79     '  .  . 

modulus,  20k 
pole,  31,  32 
positive  ray,  58^ 
projecting  cylinder,  372 
projecting  planes,  327 
prolate  spheroid,  357 
properties  of  vector  operations, 
tuadric  surfabe,  35I 
ray,  positive,  58 
reflected  image,  205  ' 
reflection,  axis  of,  205 
related  pplar  equations,  I67 
representation, 

analytic,  21 

parametric,  20,  I70 
resolution  of  vectors,'  I3I  ' 
resultant,  96  •  ^  ♦ 
right-handed  syst^,  3II 
rotation,  397  r  ^ 
Ruler  placement  postulate,  6 
Ru]^r ^postulate,  7 
scalar,  9k     ;       ^  • 

mailtipli cation,  98  * 
Sqhwarz's  inequality,  I3U 
se0aent(s)  - 

diri^cted,  10,  92 ,    '     I  . 
^  midpoint  of,  I8  '  ^ 

normaL,  75     '  ' 

ipoint^  of  division,  I8  ^ 
set(s') 

condition ''for  a,  22,  I6I- 
sine  cupye,  §03-  i 

amplitude  of,  22k 
slope-intercept  form,  * 
spaci  curve,  372  4         ^   *  * 
spherical  coordinates,  379 
spheroid,  357 

oblate,  357  -  '  , 

prolate,  357 
Stevin,  Sj^n,  ,96 
surface,  a^l^  of,  36,8 
surface  of  revolution,  368 
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389 


syxmnetrlc  equatione-/^  319 
•  syminetric  form,  kl 
syimnetj;^/  !205 
Wxi^'Of,  205 
'  ;bLine,  205 
*    Iplane,  355 
ipoint,  205 

^'tests  of.  206,  207,  209,  211,  355 
tension^  Ho 
t^ssei^ct,  32U 
tetrahfeclron,  3k6 

trace,  353        .  c    .  ' 

transformatiou  of  axes,  389 
transformation  of  9'oordinates, 
translation,  391 
transverse  axis,  298 
tvo -point  form,  hi 
unit 

point,  10 
.   .  vector(s),  9^,  Uh,  337 
vector(s)  SH 

absolute  value,  9^ 

additiW  inverse,  'IO5 

angle  Set  ween  tvo,,  121  ^ 
I     associative  property,  105 

commutatixe  property,  lOl*- 

components,  II3  . 
.  difference,  99"" 

distributive  property,  108 

dot  product,  122,  127 

equivalent,  92^ 

inner  product,  1*21,  127 
^  Inverse  Jadditive,  J.05 
.linear  ^oj^ination,  107 


vector(s),  91 

magnitude  of  ,  92,  9^^ 
'    normal,  3^1  j 

origin,  93    .         '    *  * 
origin  principle,  93  ^ 
_  origin-vector'  principle,  96 
ft;:^'    perpendicularity  of,  123 

properties  of  operations,  lok 
^  resolution  of,  131 
resultant,  96  ^ 
scalar  milt ipli cation,  98 
sum,  90,  97 
unit,  9^  11^,  337 
x-component,  II3  . 
y- component,  II3 
z-conqponent,  33^^ 
zero,  9^ 
velocity,  angular,  176 
vertex. of  cone,  366 
witch  of  Agnesi,  186 
X-axis,  26 

x-component,  II3  « 
x-coordinate,  26 
xy-plane,  310  ' 
xz-plane,  3IO 

y-axis,  26         *  ^ 
y- component,  II3 
y-coordinate,  26 
yz-plane,  31O 
2-axis,  310 
z- component,  33^ 
|Z-coordtuate,  31O 
!?ero» sector,  9^.  '  ,  ,  ^ 


'   r  ^  >-       ^  r 
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Supplement  A 
J  DETERMINANTS 

If  we  suppose  that  this  system  of  equations  haa  a  solution: 

ax  +  by^  c 

' .      P3C  +*  qy  =  r  ,  .  • 


it  can  be  found  by  elementary  methods  to  be: 


eg  ■  br 
aq  -  bp  * 


y  = 


_  ar  »  cp 


aq  -  bp 


.  These  numerators  and  denominators  may  be  written  in  a  form  which  helps  to 
develop  a  useful  algebraic  concept  and  notation:  -  *  * 


c 

b 

a 

'  c 

r 

P 

r 

a 

b 

a 

b 

P 

P 

An  expression  of  the  form 


a  j  b 
P  ~  q 


is  called  a  determinant,  and  its 


value,  as  suggested  by  the  example  above,- is  defined: 

=  aq  -  bp 


a  .  b 
P  q 


This  d^eterminant  has  two  rows:    a,b;    and    p,q;    amd  two  colukns:  a,pj 


'Wd    b,q|  .    It  ifr  called  a  .second  drder  determinant ,  anh  has    k  =  2^    terms  ' 

or  ej.ements,^  A>  third  order  detem^nant  has  three  rows  and  three  columns,  and 

2         •  ^ 
9  =  3.  elements.    A  determinant  of  order    n   has    n  ^  rows  and  '  n  columns, 

and  so  on.    We  frequently  use    "A"    to  indicate  either  a  determinant  or  its 

value.    Note  that  the  firsi  order  determinant    lal    has  the  value    a  . 


We  list  a  number  of  theorems,  all  of  which  are  true  for  determinants  of 
any  order,  and  indicate  briefly  proofs  for  the  se,cond  order.    In  most  cases 
the  proof  for  higher  orders  is  a.  straightforward  generalization  of  thfe  proof 
for  the  secdnd  order.  . 
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THEOREM  1,    A   is  unchanged  if  ve  interchange  rows  with  columns. 

s  aq  -  bp  =  A 


a  b 

a  p 

p  q 

b  q 

Note:  All  these'  theorems  Remain  valid  if  we  interchange  the  words  "row", 
"column."  \ 


THEOREM  2.    If  two  rows  of   A    are  interchanged/ the  sign  of   A   is  changed. 

=  bp  -  aq  =  -(aq  -  bp)  =  -A  . 


P  q 

a;  b 


THEOREM  3.    If  every'  elei^ent  of  a  row  of   A   is  multiplied  \^    k  ,  then  so  . 
is   A  .  , 

ka  kb 


P  q 


=  kaq  -  kbp  =  k(aq  -  bp)  =  kA. . 


THEOREM  k^^  If  two  rows  of   A    are  equal  or  proportional,  then   A  =  0  . 


a  -b 
a  b 


ab  -  ba'  =  0  , 


a  b 
ka  kb 


,  a  b 
=  k 


0  . 


.THEOREM  5.    Two  determinants  may  be  added  if  they  agree  in  all  the  elements  of 
n  -^1    rpws.    Their  sum  is  then  a  determinant  with  these  same    n  -  1 
-i^^^^^ahd  the^^iements  of  the  remaining  row  are  the^  sums  of  the  cprres-*«= 
ponding  elements  in  the  original  determinants.  ^ 


a  b 
P  q 


c  d 

p  q 


=  aq  -  Jbp  +  cq  -  dp  =  (a^+  c)q  -  (b  +  d)p 


I?  +  c   b  +  d 


,  A  determinant  is  unchanged  if,  tQ  the  elements  of  any  row  we  add 

a  common  multiple  of  the  corresponding  elements,  of  another  row. 


a  +  kp     b  +  kq 
P  q 


a  ,  b 
P  q 


^.;lcpr  kq 


=  A  +  0  =  A 


kk2 
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*'  ,  *ljbtation.  It  is  convenient,  for  purposes  of  generalization,  to  use 
'"double  subscript  notation." 


> 

*2i    *22    •  •  • 

'an 

<■  deaignatea  the  element  in  row 

and  column 

"ft  II 


.Exercise.  Rewirte  the  proofs  of  Theorems  J.-6  using  double  subscript 
dotation. 


DE}«'1NITI0N.   ^Minor  of    a^j    (Notation   A^j)    is  the  determinant  of 

ttie  square  array*  obtained  by  removing  from        all  elements  of.  row 

i  ,  and  of  column    j  ;  we  sometimes  use  the  same  word  to  indicate 

*  * 

the  value  of  that  determinant 


that   A^j    is  of  order    n  r  1  • 


DEFINITION.    Cofactor  of  a^j 


(Notation  a,j)  c^j  =  (-1)^  *  ^  A^j 


Note  that    o>^^    \^  the^same  as   A^j  '  if  the  sum  of  its  row  and  column 

numbers  is  even,  and    a^^  is  the  negative  of  ^J^j    if  the  sum  of  its 
row  and  column  numbers  is  odd.    As  above,  we  use  "cofaqtor"  tp  indi- 
cate the  expression  as.  veil  a%,,its  valiy*^ .    ,  ,         .  .  j 


Eacample  1. 


The 
-The 


minor  of  a  is,  q  of-  p  is  b. 
cofactor-otfr'-a   is ;  q  ;  of   p  is 


-b  -.^ 


Example  2. 


The 
The 

The; 


b  c 
V  w 


minor  of   p  is 

cofactor  of   p    is  (-1) 

1  + 

,cof actor  of    c    is  (-1) 


a  b  c 
p  q  r 
U      V  w 

,  of    c  *is 

2  +  1    |b    .  c| 
V   ,  V 


P  ,  q 

U  V 


q 


b» 

c 

V 

w 

1  * 

P 

q 

u 

V 

\ 
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Exaniple  3- 


The  minor  of    8  '  is 


2*3  h 

5  6-7 
8  *9  10 


3  h 
6  7 


vhich  has -the  value    21  -  2U  =  -3  . 


The  cofactor  of   8   is  (-l) 

i 

value  '  -3.  - 


3  +  1 


times  the  minor  of   8  ,  and  also  has/the 


The  minor  of    9  i's 


2  k 

5  '  7 


^vhicli  has  the  'value   li*  -  20  =  -6  ♦ 


The  cofactor  of   9  '  is    (•1)'^  times  the  minor  of    9  ,  and  has  the 

value   6  ♦  , 

Exercise.    Find  the  cofactors  of  each  of.  the  nine  elements  of  ,(3) 
abdve,  or  by  applying  Theorem  6  to  wrUe  the  determinant  in  a  form  simpler  to 
evaluate^  thus: 

(l)    Write  the  s^e  second  column,^  then  add  •(-2)    times  these  elements 
to  the  corresponding  element  of  the  third  column;  then  add    {"k)  . 
times  these  same  elements  to  the  corresponding  element  pf  the  first 
column:    ^  -  -  ' 

'  \    '  k{A)  +  3     h    'ki-2)  +  1  ' 

^  +  2     3     3(^e)  +5        '  ' 

\l{'k)  +  1;     1     1(2*2)  +'2  .  '  .     ^  ■ 

which  yields  the  equal  deteimLnant  ►     <  ' 

-13  -71  .  * 

-10     3  -  -1  ' 
0     1      0  . 


If  we  now  evaluate  byi  using  the  element  of  the  thtrd  roV,  ve  get 


k 

-7 

-  1 

-13 

-7 

+  0 

-.13 

3 

-1- 

-10 

-1 

-10 

3 

•  =  0  .  1(13  -70)  +  p  =  -1(.57)  =  57 


DEFINITIOlf^  The  Value  of  any  determinant  is  equal  to  the  sum,  of  'the 
products  of  the"  elements  of  the  first  row  by  their  corresponding  co- 
factors.    Application:    Cramer's  Rule?       - ..  f 


a  b 
c  • 


s=  a|d|  -  b|c|  s=  ad  -  be  . 
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e  a(qy  -  rv)  -  b(pw  -  ru)  +  X5(pv--  qu)  ,  etc/ 


Exagiple» 


3  1 
2     3  5 

k  '  1  2 


3  5 

- 

2  5 

+  1 

2  3' 

1  2 

2 

1 

3(6  -  5)*.  k{k  v20)  +  lb  .  12) 
3(1)     M.16)  +  l(.io)     .  , 
3  +  61^  -  io-=i  57  ' 


Notation. 


n 


MAIN  theorem/  The  value  of  a  deteijninant  is  equal  to  the. sum  of  the  products  ' 
of  the  elements  o^piny  row  by  their  corresponding  cof actors.  ^ 

Thelljroof  of  this  Main  Theorem  must  be  carried  on  by  induction  and  is 
sufficiently  difficult  to  be  put  off  to  another  course,  but  the  student  is 
urged— to  write  any  third  order  determinant,  and  to  evaluate  it  in  a  number 
of  ways,^   Note  that  by  a  Judicious  application  of  the  theorems  above,'  the 
,  process  of  evaluating  a  determinant  can  bej2onsiderably  shortened,  by  ob- 
taining equivalent  determihants  with  some  zero  elements,     •  ^, 


n 


Notation,    From  the  Main  Theorem: 
n  ' 


i =i  j =1 


Example.  We  may  evaluate  ^the  determinant  of  the  example  atove  "by  using 
— — TT" 

■^the  element  of  the  second'  row;  "  V 


h  1 

1--2 


•>  3 


3  1 
h  2 


-  5 


or  of  ^he" third  column: 


2  3 
It  1 


-  5 


3  h 
h  1 


>5 


1.3  h 
h  1 


3  h 
2  3 


=  -2(7)  +.3(2)  -  5(-13)  =  -llv  +  6  +  65  =  57 


=  I(-IO)  -  5(-13)  +  2(1)  =  -10  +  65  +  2  =  57 


fccerciges.     [l  can  supply  as  man,^  as  ve  think,  necessary..] 


Supplement  B. 


FLOW  CHART  FOR  TWO  LINEAR  EQUATIONS  IN    X   AND  Y 


Suppose  we  want  to  study  the  possible  geometric  relations  between  the« 
graphs  of  two 'linevar  equations  r  # 

L^  :  a^x     b^y  +       =  0  | 

Lg  :  ♦agX  +  b^  +       =  0  ^  ; 

Suppose  further  that  we  want  the  study  to  cover  all  pairs*  of  ordered  triples 
^of  real  numbers    (^y'b^yC^)  i^2^'^2^^2^  *         we  agree  to  include  all 

such  pairs/        study  can  easily  be  converted  to  a  coirfputer  program  and  the 

coefficients  themselves .can  even'be  generated  internally  in  the  computer  as  a 

#  '  '  *  >- 

part  of  a  larger  prpgram. 

*  •  -  *.  ^  ^ 

If  we  know  that  the  equations  are  not  degenerate  (i.e.,  either  the   x  'or^ 

y  , coefficient  is  different  from  zero),  each  represents  a  line  in  the 'plane, 

and  these  lines  may  be  identijcal,  parallel  or  intersecting.    What  we  want  to 

construct  is  ^  ordered  set  of  questions  ve  can  ask  abou"6  tlie  colsfficlehts  of 


and 


L^    which  will  distinguish  for  us  how  the  graphs  would  have  looked  if 


/ 


we  had  drawn  them.    Our  ^j^^tions  mus£  ^  i)hrased  in  such  a  way  that  each 
answer  will  be  either  "yes"  or  "no." 

jr  -I 

Of  course  many  different  patterns  of  ^questions  are  poss^'ble.    In  general 
we  want  the  "pattern  to  bi^anch  like  a  tree  -with  each  question  so  that  if  an 

*  answer  is  "yes",  the  succeeding  path  will  be  different  than  it  would  have  b6en 
had  the  answer  been  ^no."    At  the  end  of  each  path  will  be  a  message  stating 
the  correct  geometric  configuration  for  the  pair  of  equations  with  which  we 
started.    Thia  type  of  pattern  is  often  called^.a  flow  chart  and  is  a  useful 
tool  in  computer  programming.    If  you  think*  a  iittle  you  will  see  that  the 

,  well  known  game  of  Twenty  Questions  uses  a  kind  of  oral  flow  chart  to  solve  4. 
the^  problem  "What  am  I  thinking  of?"  .  ' 

•  ^Let  us  consider  what  the  first  question  in  our  series  should  be*.    If  at 
leasi^  one  of  the  given  equations  is  degenerate,  then  we  do  not  really  have 
two  lines  to  study.    We  want  to  design  our  pattern  -to  channel  such  equations 


-(I 
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f 

i 


.  asid^.    Accordingly  the  first. question  might  be 


If  the  ansKer  is  "yes",  then  we  know  that  either    |a  .|  +  |^  |  i  o  or 
Ugl  ■*■  1^2'  ^  °"        other  words  at  least  one  equation  is  not '  really  linear.'* 
We  place  the  message  "Degenerate  equation"  and  end  this  path.    If  the  answer  .- 
to  the  question  was\^'-no",  we  ^re  "assured  of  two  linear  equations.    What  shall 
we  ask  next?    A  possible  second"''question  is 


Is    a^bg  -  b^ag  ^  0  ? 


Notice  that  this  time  we  ^ask  whether  a  certain  expression  is -dif f ei'ent  from 
•  zero.    Of  the  answer  is  "yes",  then  we'  know  the  lines          an^  intersect 
in  a  point.    We  write  a-message  to  this  effect. and  close  the  path.    If  the 
answer  to  the  secon»  question  is  "no",  then  the  two  lines  must  be  either 
parallel  or,  coincident.    We  need  a  third  question  which  will  distinguish  be- 
trleen  these  two  cases.    One  such  question  is 


•   1          K°2  "  Vl' 

-  C^bg  -  CgbJ 

=  0 

?  1 

An  "answer  of 

"yes"  guarantees  that 

\  °1 

=  0  and 

0 

h 

^1 

=  0 

ag  Cg 

^2 

^        Therefore  we 

have  a  ]gair  of  coincident  lines. 

An  answer 

of 

"no" 

in  a 

Let  us  repeat  tljfese  three  questions  together  with  the  message  pattern, 
we  have  indicated.       ^  , 


*4 
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PLOW  CHAR^. 


Is    (|a^|  +  |bj)-  (la^l  +  Ibgl)  =  0? 


— yfes- 


:  ^  

Either  L^^  ^^^2  degenerate 


No. 


Is    a^bg  -  h^a.^  ^  0? 


— yes 


It^  and      are  intersectir^g,  lines 


e^e 


No 


and/Lg  are  parallel  lines.^, 


Is    laj^c^  -'^Cj^l  +  Ici^2  "  °2^ll  ="0?l— yes* 


and      are  coincident  lin^s 
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Supplement  C 


GRAHIS  WITH  tTON-UNIFORM  SCALES. 


In  practice,  it  is  sometimes  necessary  to  graph'  a  fun^jtion    f(x,y)  ^in  a 
system  of  reference  in  which  tlie  axes  are  perpendicular  to  each  Other,  But  a 
different  unit  is  use^^  on  each  axis.    For  example,  if  the  range  of  a  function 
is  Very  large  compared  to  the  domain,  any  unit  small  enoligh  to  allow  the  i^ange 
to  be  graphed  on  a  piece  of  paper  vilill.  compress  the  domain  too  much  to  be 
helpful.    We  can  study  many  properties  of  such  a  graph,  but  we  must  be  careful 
never  to  read  slopes  from  it  without  taking  the  difference  of  pcale  into 
account.  i      ,        )  '      .  . 

Other  interesting  variations  of  graphing    f(x,y)    using  perpendicule? 
axes  are  semi -logarithmic  and  logarithmic  graphs  which  prove  to  be  helpful  in 
applications  of  mathematics  to  biology,  economics,  anql  other  sciences,  * 
especially  where  growth  is  involved.    As  an  example^  let  us  look  at  the  graph 

of  y  =  e^  first  in  regular  rectangular  and  then  in  semi -logarithmic  coordi- 
natesf.  .      '  '  ,    "  ' 


Graph   la)    is  the  familiar  exponential  function  studied  in  Intermediate  Mathe- 


matics.   If    y  =  e       then    x    is  the  natural  logarithm  of   y    or    x  =  log  y 
Clearly  there  is  a  linear  relation,  not  between    x    and    y  ',  but  between  x 
and  log  y  .    If  we  treat    x    as  usual,  and  graph  not    y    but    log  y    on  the 
vertical  axis,  we  do  indeed  havjs  a  straight  \ine.  .(See  graph   b  .7    This  is 
^    .called  a  s.emi -logarithmic  graph  because  one  ol"  the  axes  measures  the  logarithm' 
«  of  a  variable,  rather^than  the  variable  i't^lf. 


; 
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I^ne^orone.step  fur-the-f%Qa  pl^jthe  Ipgarithm  of.,,  x    on  one  axis  and 
the  It^ari^'of        Uo 'the- sameSasefon  the  other  axis,  we  have  a 'logarlth- 
Mc  gVaph.-;  This 'type  is  used  extensively  in  *fi-liding  equations  to. fit  experi- 
ment^L  -aata.whlrt  there  i's  rekson  to  b4ieve  the  relationship  is  of  the' f  onn 
y''=>  X        T^ing  thie  logarithm  oft  each  ?side  we'havg 
\      -     ^    V,.-.  4'  >^  log  y  =  4  le^  x\,'     •  \  ' 

If  we- graph -pur  exponential  data  W  measuring    log'  y^'pn  one  scale  end    log  x 
on  the  other.,,. wf.  should  be  able  to  fit>  straight -line  to  ^the>data.  and 
determine   k-  ^s  the  slope  of  the  line.  .         '  •  - 

»    As  a  matter  of  fact,  if  a  scientist  suspects  his  data  could  be  descri^d^ 
,  by  either    y.=  a^   or'  y  =  .x^  ,  he*c^Seplot  the  data  using  selfri -logarithmic  - 
and  full  logarithmic  coordinates,"^  If  either  graph  appear?  to  be  a  straight  -. 
line,  his  problem  is  -solved.  '-If  .:^he  semi-logarithmicWaph  is  a  straight  line,^ 
then    log  y  =  (log  a)x  ,,  the  slope  is  the  logaritWiT^^W  base    a  ,  and  the 

•'    .       \  '•      *     .     .   '  sy- 

data  is  related  by    y  =  a  ,  .    If  the  Rouble  logarithmic  scale  yields  a  straight  ' 

-      .  )  —v.  1 

line,  then  the  slope,  a  ,  determines  the  escponent  in  the  equation    y  =*x^      .  - 

■which  relates  the  data.  /     '  *  _  '  • 

Problan;    Suppose- you  have- exy^rimehtally  determined^the  following  data 
and  want. to  discover  the- matAiematical  relation  between        aAd''y  \ 


X 

2.50" 

6.20 

21.4 

y 

3.61 

12.9 

30.9' 

t2^9 

•Suppose,, further,  you  guess  that  y'  i's  either  an  exponential  function  in- 
volving   X-  or  that  it  is  a  j)ower' function  of  -x  .  -  ' 


•Solution.    Usliig  common,  logarithms  we ''fill  out  a-1;ab;Le  and  plot  %he 
ordered  pairs  '.(x,log  y)    on  one  gra^h'^nd  ^  (log  x,'lflg  y)    an  a  secopd.  .  -Then 
we  study  the  points  and  if  either  graph  is  'approximately  a  straight  line,  we  " 
measure  its-  slope.    Finally  we  use  this' to  express  the  relation  between  x> 
and   y  . 
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The  first  graph  seems  to  be  linear  and  its  slope         is  ^appro3d.mately 


^  l^k  \    Therefore,  log  y  =  1*^    log  x   or   y  ^  yC 


are  seeking* 
4.   •      ■  ' 


is  the  relation  we 
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Supplement  to  Chapter,  2 
COORDINATES         THE  LIIfE 


S2.1. 


♦ 

From  the  ppstulates  of  geotfietry  we,  deduced  immediately  that  any  point  on 

a  line  may  t)e  chosen  as  the  origin  for  a  coordinate  system  and  that  the  poci- 

« 

"tive'  coordinajes'may  be  assigned  to  the  interior  points  of  either  ray  deter- 
mined by  the  origin.  However,^  in  oftr  development  of  the  SIBG  Geometry  ther^ 
need  be  no  mention  of  unites,  in  terras  of  i^lch  these  measurements  arfe  made; 
the  entire  development  depends  upon^one  intrinsic  scale  of  measurer  For  this 
reason  we  shall  describe  such  coordinate  systems  as  intrinsic  coordinate  ~ 
-  systems .  It  would  be  very  convenient  to  be  free  tc  choose  coordinfel^  systems 
.    with  different  scales  of  measure.    It  is  easy  to  show  that  ve  have  this 

freedom*  -  ^  ^  -  ' 

The  coordinate  system  is  an  unusual  tj-pe  cf  function  whose  dofhain  is  the 
^     set  of  joints  on  the  line  and  whose  (range  is  the  set  of  real  numbers.    Let  .us 
denote  this  f,unction  by    f,    whose  value  at  each  point    X    is  the  nmber 
^  f(X)  =  X*  ^l^t  usucpnsi(Jer  a  linear  function,    g,    on- the  real  numbers, 
defined  by  the  equation    x»  =  g(x}  =  'ax  +  b,    where  ^  a    is  any  non  'zero  real 
number  dnd    b    is  any  real  number.    The  composite  function  which  assigns  to 
each  point    X   the  number   ^(f  (X))    is  also  a  one-to-one  correspondence  betweei 
the  points  of  the  line  and  the  real  numbers/  We  shall  describe  ^uch  corre- 
spondences as  linear  coordinate  systems .  We  shall  continue  to  describe  the 
•  number  which  corresponds 'to  -a  point  as  the  coordLnate-oi^the  point,  since  this 
phrase  has  jneaning  only-wTtlTrefereiace  to  a  particular  coordinate  system.  We 
shall  denote  the  composrSS^  function  of    f    by    g    as^  g(f). 

We  shall  consider, the  description^of  the  geometric  properties  of  the  ^  * 
line  in  terms  of  such  a  linear  coordinate  syatepi.    Is  there  anything  in  a' 
linear  coordinate  system  comparable  ;to  -the  measure  of  distance  "between  two  * 
points,    R    and    S  ,  ;rtiose .xoordinates  in  an  intrinsic  coordinate  system  on 
,^the  line         are  *r.  and    s    res;^ective]y^?   The  new  coordinates    r'    and  s' 
.'  ,  of   R  •  an'd    S   respectively,  are  related  by  the  equations       ^  *  • 


^We  discover  that  ' 
.    |r^  -  s'l  =  |(ar<+  b)  -  (as  +  b)| 
^  =  |ar  -  as| 

=  Ja|'  •  |r  -  s|  , 

Unless    |a|  =  1  ;  |r'  -  's'|^  is  not  equal  to    |r  -  s|  ,  the  measure  of 
distance  in  the  intrinsic  coordinate  system.    However,  we  do  note^that  in  the 
linear  coordinate  system,  related  to  the  intrinsic  coordinate  system  by  the 
'  equation    x'  =  ax  '+  b  ,  the  number    |r'  -  s'  |  "  is  a  constant  multiple  of 
(r  -  s|  ,  the  constant  being  independent  of  the  choice  points. 

» 

We  recall  that  the  length  of  a  segment  ^waS  defined  to  be  the  measure  of 
distance  between  its  endpoints  and  that  congruent  segments  were  defined  as 
segments  having  the  same  length.    Thus  the  statement    RS  =  TO    is  equivalent 
to  the  statement,'   jr-s|  =  '|t-u|  ^  where    r  , 's  ,  t     and    u  are 
intrinsic  coordinates  of    R  ,  S  ,  If  ,  and^  U    i*espectively . 
If     ^      '    .        ^  "    '  |r  -  8|  -  |t  -  ut  , 

then  *  |a|  •  |r  ,  s|  =  |a(  •  |t  -  u|  , 

|ar  -  as|  =  |at  -  au|  , 

^d  |(ar  +  b)  -  (as  +  b)I  =  |(at  +  b)  -  (au  +  b)|  , 

or  |r'-s'|  =  |t'-u'|,  where'-^  r '  ,  s '  ,  t '  ,  and    u ' 

are  coordinates  in.  any  linear  coordinate  system.    Thus  the  condition  defining 
.congruence  for  segments  applies  in  any  linear  coordinate  sysfem.* 

^  *       The  ptu^ent  should  think  through  all  the  details  .of  the  argument  that 
any  (linear  cobrdinate  system  is  a  one-to-one  correspondence  between  the  points 
of  tne  line'^d  the  real^ numbers.    Let    f  #be  an  intrinsic  coordinate  system 
on  a  line   L    and* let  'X   by  .atiy^.point  of   L  .  ^.Then    f(X)  'is  a  unique  real 
number  and  so  is  'g(f(X))  =  af(X)  +  b  ,    So  far  we  have  not  usecf  the  assumption 
that    a  ^  0  .    Now  let  '-^r    be  a  real  number.    Since    a  /  0  ,  there  is  a  unique 
number       •  such  that    ax^  +  b  =  r      Since  t(he  original -cooi^dinate  system  is 
a  one-to--one  correspondence  between  the  poihts  of   L    and  the  real  numbersy.^ .  - 
there  is  a  uniquTe  point    X^    such  that  -  f(XQ)  =  x^  .    Hence  there  is  a  unique 

.point  Xq    on   L    such  that    g(f(XQ))  =  g(xQ)  =  sXq  +  b  =  r  .'  "i 


*i»56 


^  Example,  .Let    P  ,  ?1  ,  R  ,  and    S    be  four  points  on  a  line  with- intrinsic 
^doordinates    2  ,  5  ,  8  ,  and    li  ^respectively*    Since    |2  -  5|  =  |8  -  ll| 
PQ  =  RS  .    Let  a  linear  coordinate'  system  be  defined  by  the  equation 
x'  =  2x  -  1  .    Then  the  Qew  coordinates  of    P  ,  Q  ,  R  ,  and    S    are  3,9,.'' 
1£  ,  '  respectively.    Since  '^|3  -  9|  -  |l5  -  2l|  ,  the  congruence  of 

PQ   and   RS    is  similarly  described  in  terms  of  the  new  coordinates. 

•The  other  geometric  property  described  in  terras  of  intrinsic  coordinate 
systems  on  a  line  is  betweenness  on  the  line.    We  recall  that  the  point    S    is  ' 
between   R    and    T'  if  and  pnly  if    r<s<t  r>'s>t,  where    r  ,  s  , 

and    t    are  the  coordinates  of    ?  ,  S  ,  and    T    respectively.    We  observe  that 

if  '        r  <  s  <  t  • 

•  then  ar  <  as  <  at    if    a  >  0  ,  or    ar  >  as  >  at    if    a  <.0 

and  "ar  +  b<as+b<at+bifa>0, 

or  '  ar  +  b  >  as  +  b  >.at  +  b    if    a  <  0  •  .  ^ 

The  members  o|f  thes^  inequalities  are  precisely  the  coordinates    r»  ,  s»  , 

and  *t'  ,  which  would       "assigned  to  the  points    R  ,  S  ,  and    T    by  a  linear 

coordinate  system  defined  by  a  linear  equation    x'  =  ax  +  b  .    Thus  the  last 
two  lines  of  the  above,  development  may  be  replaced  by 

^    r'^<s^<t»    if    a  >  0  .^^or    r»  >  s'  >  t'    if  a<0. 

A  similar  argument  obtains  if    r  >  s     t  v  .Jn  all  cases  the  condition 
describing  betweenness  on  a  line' holds  if    r  ,  s  ,  and    t    are  replaced  by 
>the  corresponding  coordinates  in  any  linear  coordinate  system. 

^'  The  geometric  properties  of  congruence  for  segments  and  betweenness  on 
a  line  are  described  in  exactly  the  same  way  .in  terras  of  linear  coordinate 
systems  as  in  the  intrinsic  coordj.nate  systems.    We  summarize  these 'remits 
from  the  preceding  two  paragraphs  as  follows. 

Any  intrinsic  coordinate  system  will  not  be  changed  imder  composition 
with  the  trivial  linear  function  defined  by  the -equation    x,'  =  x  ,  and 
conseque'ntly  is  inpluded  among  the  linear  coordinate  systems  on  the  line^. 
Th.ese  are  the  coordinate  systems  which  are  of  use  and  interest  to  us. 
Henceforth,  we  shall  usually  consider  only  linear,  coordinate  systems;  where 
there  is  no  chance  of  ambiguity  we  shall  "caH  thes^  systems  coordinate 
sjr^tems . ;  »     *  ^  "  '  ^  ' 


i 
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THEORIM  S2«l»    If  a  coordinate  system  on  a  line  assigns  the  "coordinates    r  , 
8  ,  and   t    to  the  points       ,  S  ,  and    T  ,  then    S   Is  between  R 
wid   T   if  and  only  if  .r  <  s  <  t'  or   r  >  s  >  t  . 


THEOREM  S2>2>    Let  "f^^and,  ./Q   be  any  two  distinct  points  on  a  line.    In  a 
coordinate  system   C  '  on  the  line,  the  coordinates  of    P    and'  Q  are 

^  *      p  an0    q  -respectively.    Let    r   and    s    be  any  two  distinct'  real 
numbers.    Then  there  exists  a  coordinate  system   C»'  on  the  line  in 
which  the  coordinates  of    P    and    Q    are    r    and    s  respectively. 

Proof.    We  wl^h  to  discover  whether  there  exists  a  linear  function  which 
•    \ 

.relates         to    C    by  composition.    If  there  is  such  a  function,  there  exists 
an  equation    x»  =  ax  +  b    defining  the  function.    The  following  equations 
-would  have  to  be  satisfied, 

^  ^         r  =  ap  +  b  '  •  . 

(1)  , 

and  '  s  =  aq  +  b  . 

Pombining  equations,  we  obtain*  ^.       .  . 

•  '     *        r  ^  s  =  a(p  -  q) 

f                                             r  -  s 
or  '    a  =    . 

p  -  q 

*  '      '  '         •  . 

Substituting  in  Equation  (l);  we  obtain-     ,  , 

if 

r  =  — '       •  p  +  b 

P  -  q 


or 

/ 


b  1  r  -  £Ljl^ 

p.  -  q  ' 

pr  -       -  pr  +  ps 
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ps  -  qr 

'    ,  '  ~    P  -  q    '  •  ^  ^ 

The  solution  set  for    a^'and^  b    of  this  pair  of  equations  is  ^ 
((^2  ^  ,       I  q^))  •  coordinate  system   C*    formed  by  the  comj^ition 

of   C    by  the  linear  function  defined  by  ' 

■  .      'p  -  q        P  -  q 


does  satfsfy  the  conclusion^  of  ^he  .theorem.    Since   p  ^  q  ,  this  equation, 
and  consequently  the  coordinate  system   C  ,  is  always  defined.    In    C  the 
.coordinates  of    P    and.   Q    ^e  given  respectively  by  '  ' 

p.  "  %  +       '  V  ^  P^j^  _ 

^     Vp  -  P  •  q       P  '  q 


and 


•  .  ^  (r  -  sV  ^  ps  -  qi>^ps  -  qs  _ 
\P-q/^'P-q  P-q 


s 


In  fact,  the  coordinate  system  C»  is  unique,  though  ve  have  not  proved  it 
here*  *  .  , 


Corollary  S2>2..1>    If    P    and    Q    are  any  tvo  distJinct  points  on  a  line 
vith  coordinates    p    and    q    respectively  in  a  coordinate  system   C  ^  then  - 
the  coordinate  system   C^  which  is  related  to    C    by  the  linear  e^quation,  - 

q  -  p       q  -  p  '  »  - 

assigns  the  coordinates    0    and    1    to  the  points    P    and  •  Q  respectively 
It  is  sometimes  convenient  in  later  computations  to  write  this  result  in  the 

for^a  x»  =  ^  "  P\    -  . 

q  -  P  .  ^ 

In  order  to  make  intuitively  more  clear  the  role  played  by  the  constantss 
a    and   b    in  the  introduction  of  a  new  coordinate  system^we  consider  what 
new  coordinates  are  assigned  to  the  origin  and  to  the  Unit-point  under       '  \ 
composition  by  "-che  linear  functio^n  defined  by^the  equation        =  ax  +  b  .  * 


A  B  0  U 

H  1  K  ^  r-h- 

^b    .  .  1  -  b 

"a-  a  . 


0 


CM   ^ 


A      ....     B  0  ,  U 


H  '  1  •  ^  5J  ^ 


J 


a  +  b 
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Figure  S2-1 


t6y 


The  point  which  was  the  origin  now  has  coordinate    b  , ,  and  d(0,U)",. 
\rfiich  was  .1    is  fiow    |a|  \    Thus  the  role  of    b    is  to  shift  |he  origin, 
•and  one  role -of    a   may  be  to  increase  or  decrease  the  scale  of  distance. 
,  If  '  ja|  >  1  ,  ve  say  the  new  system  is  scale-decreasing;  if.  'J^4'^<.1  ,  the 
new  system  is  scale -increasing;  if    |a|  =  1  ,  the  new  system  is  scale- 
preserving.    We  .observe  that  if    a  >  0    and  the  original  coordinates    p  and 
q    of.  two  distinct  points  are  unequal  in  the  order    p  <  q  ,  then  the  new 
coordinates  and    q'.    are  unequal  in  the  order    p'  <  q'  ,  while  if 

a  <  0    and    p  .<  q  ,  tUen    p'    and   "q'    are  unequaL^ln  the  order 

<  p'  .  For  these  reasons  we  say  that  the  new  system  is  order-preserving 
^  if    a  >  0    and'  order-reversing  if    a  <  0  .  ' 


Exercises  S2-la 

Let    V  ,  Q  ,-Tand^  R  be  points  on  a  line  with  coordinates    -5  ,  3  ,  and  7 

9 

respectively.  .In  Problems  1-6    find  the  coordinates  of  these  point^s  in 
tiie  system  given  by  composition-of 'the  original  system  by  the  linear  function 
defined  by  the  given  equation.    Is  the  new  system  scale-increasi;ig,  scale- 
decreasing,  or  scale-preserving?    Is  it  order-preservi^ag  or  ofger- reversing? 

i;    x'  =  -X  +  J  J  - 

.2.        =  ^x  -  2 

'3^    X'  =  Jx 

x«  =  -3x 

2       7  ^  '  ' 

5.  X'        |x  +  1 

6 ,  x'  =  X  +  7        ^  '       '  « 

7'.  ^or  the  systems  described* -in  Problems   1  -  6  ,  find  the  coordinates  of  ^ 
the  points  which  were  the  origins  and  unit-points  in  the.  original-. system. 

8  .    Find  the  original  coordinates  of  the  points  which  become  the  ^rigin  and 

unit-point  of  the  systems  described  in  Problems  1  -  6  . 
,9.    The  ^uation    x'  =:  ax  +  ^b  ^defining  the  linear  function  which  relates 
coordinate  systems  was  subject  to  the  condition    a     0  .  Why4te 


0- 
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We  have  not  considered  the  case  in  which  we  employ  a  non-linear  equktion 
to  define  a  new  coordinate  system  on  a  line,  but  it  is  interesting  to  do  so. 
In  ProT3lenis  l0.13  the  rules, defining  several  functions  of  other  ^pes  are 
given.    Examine  the;  coordinate  system  obtained  by  the  composition  of  an' 
intrinsic  coordinate  system  and  the  function  defined  bf  the  given  equation. 
Itees  the  coordinate  system  still  describe  betweenness  on  the  line?  'Does  it 
describe  the  congruent  segments  of  the  line  adequately? 


10  . 

x» 

=  ax^  +  b 

u. 

X' 

X 

12. 

f 

=  ^  vhere 

=  X  where 

13. 

X  ^  0 
X  =  0 


r 


An  in^jortant  ihathematical  structure  which  you  may  have  encountered  only 
briefly  is  the  group.    A  group  is  a  set  of  elements  with  a  binary 
opearation.^t^ich  has  the  following  properties: 

Let   S    deriote  the  set/   a  ,  b  ,  and    c  ,  any  elements  of  ^  S  ,  and  o 
the  binaiy  operation.  '  *  - 

(1)  ,  (Closure)  a^^  b    is  a  unique  element  6f    S  »^  ' 

(2)  ^  (Associaiivi^)         0  Jj)  o  c  =  a  c  (b  ;  c)    .  ^  ^^'^ 

(3)  (Identity)        .         contains  an  element    e    such  that 

aoe  =  eca~a 

(h)    (Inverse)  For  each    a    there  exists'  a^l^tteh  that 

ac  a'  =  a*  -  a  =  e  .  ^ 
ft 

,  An  element.  «  described  In  (3)  is  called  an  identity' and  an  element  a', 
described  in  (h)  is  called  an  inverse  of    a  .  • 

Some  familiar  ekamplel  of  groups  are  the  integers,  the  rational'numbers, 
or  the.  feai  numbers  -with  addition  as  the  operation.    Other  examples  are  the- 
non-zero  ratiooal  numbers  or  n'on'-zero  real  numbers  with  multiplication^^ . 
the  operation.  ,  ^  \  ^ 

Let  us  consider  the  set  whose  elements  are  the  functions  whose  domains 
are  the  set  of  real  numbers  and  ;*ich  are  defined  by  the  equations 
f(x)  =  ax  +  b.  where  a   is  any.non-ze^-o  real  number  and^  b'  is  aJ  real  number 
This  set  x,f  functions  forms  'a  group  under  the-blmary  operation  of  composition., 


'    "   We  shall  prove  that  the  jLdentity  and  inverse  properties  are  satisfied, 
but  we  leave  the* discussion  of  the  closure  and  associative  properties  as 
exercises •  '       ^  .  ' 

If^  the  set.  contains  an  identity,  it  must  be  a  function  defined  by  a  - 
linear  equation    g(x)  =  sx  +  t"  .    If  this  function  ^s  an  identity,  it  must 

v 

satisfy  the  following  equation: 

-  ^    ,    »  f 

'  .       f(6(x))  =  g(f(x);'  =  f(x).; 
This  becomes  a(sx  +  t)  +  b  =  s(ax  +b)+t  =  ax+b 

or  asx  >  at  +  b  ai  sax  +  sb+t  =  ax  +  b-  « 

This  will  be,  true  if 

(1)  '  '  asx  =  sax-  =  ax  ,  and 

(2)  at  -K-b  =  sb  +  t  =  b  •  ^ 


T] 


>         Si^BC^L^     0  ,  Equation  (l)  will  be  true  only  if    s  =  1  •    Equation  (2)  th^s 
becomes 

at+b  =  b  +  t=  b.^ 

tIis  equality  implies  that    t     0  •    Thus,  the  desired  function 
'  gCx)  =  sx  +  t  =  X  .    Th|re  is  oQly  one  function  of  this  form*    It  is  in  the  ^ 
set,  and  it  can  be  seen  that  it  is  an  identity,  .  ^ 

Now  we  want  to  find  inverses.    If  an  element,    f  (x)  =  ax  +  b     of  the 
set  has  an  inverse,  it  must  be  a  function  defined  by  a  linear  equation 
g(x)  =  sx  +  t  •    If  "Uiis  function  is  the  inverse  of    f(x)  ,  it  mus:t  satisfy 

f ^g(x))  =  g(f(x))   =  }C  • 

This  becomes  '  a(sx  +  t)  +  b '=  s(ax  +  b)  +  tyC  x  ,  / 

*  or  asx  +  at  +  b '=  sax  +  sb  +  t  =  x  • 

This  will  be  true  if  \^  - 

(3)  asx  =  sax  =  x  ^  and 

is)  *         at  +  b  =  sb  +  t  '=  0  •  » 

Since    a  /  0  ,  Equation  (3)  vill  be  true  if    s  =  ^  .    Equation  {\)  becomes  • 

at  +  b  =  (~)  •  b  +  t  =  0  , 

*  b  ' 

'v^ch  is  true  if    t  =  —  ,  trtiich  is  'Sefined  since    a  /'0-r — 

^       a  '  f 
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Thus  the  desired  function  gixf  =  sx  +  t  =  .(i)x  -  |  .  There  is  only  one 
function  of  ^his  forii^  It  is  in  the  set-,  and  it  can  readil^r  be ^ shown  to  he  ^ 
an  inverse  of^  .f(x)       In  faet/  identities  and  inverses  are  always  unique, 


but  we  leave  tliese  questions  as  exercises. 


1. 


2. 


^  ^  Exercises  S2>lb  ^ 

Show  that  the  set  and  binary  operJtion  described  above  have  the  closure 
property . 

Show  tliat  the  set  and  binary  operation  described  above  have  th^ 
associative  property.  ^ 


"  3. 

6. 
•  7. 


Show  that  the  set  ar^d  binary  operation  described  above  do  ni^  have  the 
commutative  property.  ^'  . 

Show  that  in  any  group,  the  identity  is  unique. 

Show  that  in  an^  group  the  *  inverse^  of  any  ^iven  element  is  unique. 
Show  that  in  any  group  the  inverse  of  the  identity  is  the  identity. 


Let 

f(x)  =  ax  1-  b    and    g(^)  = 

px  + 

3  .    We  denote  the  inverse  of 

f(x) 

by    f""'"(x)  .  Find 

t 

(a) 

f(f(x)) 

(g) 

g-^x)          '  ■ 

'(b) 

f(g(x)) 

(h) 

f-'(g-^x)) 

(c) 

(i) 

g-'(f-^x))  . 

(d) 

g(.(x)) 

U) 

the  inverse  of  f(g(x)) 

(e) 

f(f(f(x))) 

(k) 

S(f^x))  ■ 

(f)  ■ 

g^g(g(x))j  e 

U) 

f(s"^x)) 

Find 

th.e  function  (or  functions) 

h(x 

)    such  that 

h(h(x))  =  f(x)  =  ax  +  b  . 
Discuss  the  possibility  and  number  of  solutions  for    h(x)  . 
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Mappings^  and  Linear  Transfomationa,  ,  .  .  .  ^ 

A  function  whose  domain  is  a  set;  A   and  wi\ose  range  is  a  set   B  (which 
may  be  'the  same  as   A  )  is  frequently  called  a  niiapping.   An  element  df  the 
range  which  corresponds  to  a  given  element,  of  the  domain  ls;Bald  tp'be  the 
image  of  that  element.    An  element  of  the  domain  which  corresponds  to,  or  is 
mapped  onto,  a  given  element  of  the  range  is-  called  'a  pre -image  of  that 
eietoent.         *  " 

In  descr^/bing  a  mapping  the  second  set  mentioned  may  not  always  be  the 

range  of  the  function,  but  it  .always  contains  the  range •    If  it  is  the  range, 

« 

the  mapping  is  said  to  be  onto  the  second  set.    If  the  range  of  the  function 
is  a  proper  subset  of  the  second  set,  the  mappi-ng  is  feaid  to  b'e  into  the 
second  set.    A  mapping  is  ^also  called  a  transformation,  especially  when  it  is 
a  mapping  from  a  ^et  of  geometric  entities  into  a  set  of  geometi^c  entities.  ^ 
The  set  of  images  corresponding  to  the  elements  of  a  given  set  in  the  domain 
is  called  the  image  set;  the  set  of  pre-images  corresponding  to  the  elements 
of  a  giVen'set  in  the  range  is  called  the  pre-image  set. 

The  mappings  which  we  consider  in  thi^ section  are  one-to-one. transfgr- 
mations  of  a  line  onto  itself.    We  consider  this  line  to  have  a  fixed 
coordinate  system.    We  need  such  a  coordinate  syst^  to  describe  the 
transformation.    We  shall  (jpnsider  four  types  of  t^^sfonnations;  tretnslations 
►  reflections,  expansions,  and  contractions.  0:'' 

Intuitively,  we  may  think  of  a  translation  as  a  shifting  of  the  line 
along  itself.    A  reflection  is  a  hadf -rotation  of  the  line  about  the  origin. 
Expansions  and  contractions  are  uniform  stretching  from  and  shrinking  toward 
the  origin.  '  We  piay  describe  these  more  explicitly. 

BEFINITIONS .    Let        be.a  line  with  a  coordinate  system;  let 
P   be  a  point  on  the  line  with  coordinate    p  ;  let  the-  point 

with  coordinate    p'    be  the  image  of    P   under  a  transfor-  ^ 
'    mation  of  the  line        onto  Itself. 

A  transformation   T(P)  =  P*'  is  a  translation  if  and  only  if 
there  exists  a  real  number   b    such  that  for  every  point    P  i  / 
p«  =  p  ^  b  .         ^  '  ;  "  ' 

A  transformation   R(p)  =  P'    is  a  reflection  if  and  only  if 
for-eveiy  point    P  ,  p^  =  -p  V   '  ♦  v 


k6k 


A  transfomiatl,on   E(p)  •=  p'    is  an  expansion  if  and  only  if 
there  exists  a  real^nuidjer    a  >*  1    such  that  for  everyv  point 
P  ,  p'  =  ap  .         '  .  '  , 

A  transformation    C(p)  =  p»    is  a '^contraction' if  and  only  if 
there  exists  a  positive  real  number    a  <'l  ^  such  that  for 
.every  point...  P  >  p»  =  ap  . 


is 


It  should  be  intuitively  apparent  that  in  any  of  the  above,  transfor- 
mations  an  image  is  between  two  other  images,  if  and  only  if  its.  pre-fma^e 
is  between  the  pre-im^ges  of  the  other  two  images.  ,  Therefo^ie,    the  image  sel; 
of  a  segment  is  also  a  segment.    It  should  also  be  ai)parent  that  in  a  trans- 
lation  or  a  reflection,  image  segments  are  congruent  if  and  only  ii*  the  pre- 
image  segments  are  congruelt.  '  It  m^  or  may  not,  be  cleai-  that  th^s  is  also 
the  case  in  an  expansion  or  contraction.    We  consider  two  congr^nt  segments 

and    RS  .    Their  congruence /depends  upon/6ie  equality  of  '  |^  -  q|  and 
|r  -  s|  .    The  congruence  of  the  image  segments  deperids  upon  the  equality  of 
|p'  -  q'V  and    Jr»  -  s»|   .    These  may, be  expressed  as    ]ap  -  aq|  =  a|p  -  q| 
and    |ar  -  as|  =  a|r  -  s|'  .    These  latter  numbers  are  certainly  equal  if  the 
original  segments  were  congruent.    Thli^,  the  image  segments  of  congruent 
segments  are  also  congruent.  *  * 

We  continue  our  development  by  considering  compositions  of  these 
transformations.  ^  A  reflection  maps  a/p<5int    X    onto  a  point  whose  coordinate 
is    -X  ;  a  translation  will  now  map  the  new  point  onto  a  point  Vhose 
coordinate  i§'  -x  +  b  ,.    An  expansion  maps  a  point    X   onto  ^  point  with 
coordinate   ax     a  translatior  now  maps  this  rfew  point  onto  a  point  whose 
coordinate  is    ax  +  b  .  *  , 

Such  a  sequeniie  of  transformation©  may  be  indicated  in  a  .diagram: 


N    0    U    P  Q 

X 

0|'  Il2\  3\. 

■      '      1      1     \  ' 
i      i      1      V  V. 

'      -a  \  -oX  a  \2a^  3a \ 

■\     \     \  \>\ 

■  ^ 

ax  N 
A 

\ 

\ 

'    -a+b     b    ^a+b  2a+b  3a+b 

ax  +  b 

 ::  ^  ' 
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It  shoxad  be  understood  that    L  ,  L»  ,  and    L"    are  th^  same  line,  drawn  in 
separate  positions  to  show  the  tran^formatiofi^  ciearly .    L'    is  the  result?^ of 
an  expansion  transformation  of   L  ,  with  the  equation    x'  =  ax  ;  (a  >  l)  | 
L"    is  the  result  of  a  translation  transformation  of^'  L'  ,  with  the  equation 
x"  =  x'  +  b  :  finalV>^-I»^"    can  be' considered  as  the  result  of  a  corapdsition 
of  two  transformations  of    L  ,  with  the  equation   x"  =  ax  t  b  .  \ 

We'xjonsider  the  successive^pplication  or  composition  of  two  of  these 
transformations  and  display  the  results  by  means  of  the  table  below.  We 
employ  the  notation  used  in  the  definitions  given  above.    The  labels  at  the 
top  indicate  which  transformation  is  performed  first;  the  labels  on  the  left 
indicate  which  tr^sformation  is  performed  seoend.    The  entjy  is  the 
coordinate  d5r  the  ima^e  of  a  point    X  ,  subject  to  the  restrictions  of  the 
given  transformations.    The  subscripts  of  the  constants  indicate  which 
transformation  intrroduced  them.  .     i  . 


1 

'T 

E  (a^  >  l) 

C  (0.<  a^  <  l) 

T 

X  +  b^  +  b^ 

-X  +  b^ 

a^x  +  bg 

a^x  +  bg-  ■ 

R 

X 

-a^x 

-a^x  . 

E  (a^  >  lO 

a^x  +  a^b^' .  ' 

'a^agX 

C  (0  <  a^.<  l) 

a^x  +  a^b^ 

a^agX/ 

a^agx 

We  summarize  by  observing, that  these  transformations  and  the  transfor- 
mations that  may  be- obtained  from  them  by  composition  may  be  included  in  the 
set  of  transformations  defiped  as  follows: 


DKFIIECTON.    Let    i    be  a  line  with  a  coordinate  system;  let    P  — 
be  a  po^nt  on  the  line'^th  coordinate   p  ;  let  the  point  P' 
with  cocfr^^ate  >-p'    b^  the  image  of    P   under  a  transformation  , 
of  the  line    p  onto  itself.  f 

A  transformation   T(P)  =  P'    is  a  linear  transformation  if  and 
only-  if  there  exist  a  non^zerb  real  nxlmber    a    and  a  real  v 
,  number    b    such  that  for  every  point  ^  ,  p'  =  ap  +  b  . 


We  call- these  mappings  linefar  transformations  because' the  defining 
equations  are  linear. 

If  this  krgument  has  not  begun  to  ^ound  familiar ^ou  should  go  back  to 
Section  2-1.^    •  .  •  '  .     .  ' 

The  set  of  linear  .transformations  of  a  line  onto"  itself  under  the 
binaiy  operation  of  composition  is  another,  instance  of  a  group. 


Exercises  S2-2a  ^ 

In-th'e  following  exercises,  you  may  find,  that  the  form  of  the  proofs  you  are 
asked  .to  give  are  remarkably  similar;  If  not  identical,  to  those  in 
Section  2-1,^  They  ai;|  different  onOy  in  inte^retation  and  tenninology. 

1.  Prove  that  if  between   P   and    R  ,  then  in  a  Unear"^  transfor>^ 
.    aatlon  of   PR   onto  itself,  the  image  of'  Q   is  between  the  images  of 

P '  and    R  .  /  '  ■'  ' 

2.  Prove  that  i^   PQ   and    RS    are  codg^uent  segments  contained  in  a  Hne, 
then  in'a^near  transformation  of  the  line  onto  itself   P^  = 

where  .P'  ,  Q'  ,  R'  ,  and   S'  -are  the  images  of   B,  Q  /  R  ,  and  S 
respectively.     '  ■  "  . 

3.  Provejthat^the  set  of  Unear  transformations 'of  a  Une  onto  itself  is 
closed  under  composition.  •  '     '   .      '  •  ~ 

\.  '  Prove-th^  the  operation  of  composition  is  associative  for  U near 
.traiisformaVions  of  a  Une  onto  itself. 

5.  Prove  that  the  set  of  Unear  transformations  of  a  Une  onto  itself 
contains  an  identity  with  respect  to  composition.  *  - 

6.  Prove  that  4ach  element  of  the  set  of  Unear  transfOTmatiJns  of  a  Une 
onto  itself  has  an  inverse  vith  respect  to  composition. 

7.  Prove 'that  the  composition  cf  Unear".  transformations  of  a  Une  onto 

The  composition  is  commutative  if  certain 

restrictions  are  placed  on  -  he  Unear  transformations.    What  are  these 
restrictions? 


Prov^  that  any  linear  transj 'ormation  may  be 'expre3sed  as  the  con5>osite 
of  nbt  more  than  three  transformations  each  of  whiclUs  a  translation. 


a  reflection,  a  contractidn,  or  an  expansion. 


Although  there  is  no  unique  way  of '"factoring"  a  linear  transformation 
'in  the  way  suggested  above  iitjhay  be  that  for  e  given  .transfoi!mati  on 
every  such  egression  must  inclu&fe^-a-translation,  a  reflection,  an 
expansion,  or  /a  contraction.    In  this; case  wfe  shall  say  that  the  linear' 
transformation  includes  a  translation,  reflection,  03f  expansion-. 


We  have  discovered  tfiat  the  linear  transformations  of  a  line  onto  itself 
under  the  binary  operation  of , composition  form  a  group  which  saems  similar  to 
the  group  of  linear  ftinctions.  which  describe '  changes  of  coordinate  system  on 
a  line  under  the  binary  operation  of  composition. 

This  kind  of  similarity  is  of  some  importance  in  .mathematics  .^d  is 
cfalled  an  isomorphism  (from  the  Greel^,    ktoj  ,  meaning  sa^,  and    mop4>?  , 
•meaning  form).    An  isomorphism  is  a  one-to-one  correspondence  between  two  ^ 
mathematical  strudtures  which  relates  not  cJnly  the  ^elements  of  the  structures 
but  also  the  operations  between  the  elements,    A  familiar  example  is  .found  in 
the  relationship  between  the  multiplication  of  positive  real  numbers  and  the 
addition  of  their  logarithms,    Anothe^exaraple  is"  found  in  the  relationship 
between  the  addition  of  vectors  and  the  addition  of  complex  numbers.  The 
importance  of  isomorphisms  stems  frcjm  the  fact  that  statements  made  about  ^ 
one  structure  may  suggest  corresponding  statements  about  the  other. 

In  this  case  the  isomorphism  is  between  the  group  of  linear  transfor- 
mations of  the  line  onto  itself  under  composition  and  the  group  of  changes  of^ 
coordinate  system  on  the  line  under  composition.    The  correspondence  is 
established  by  identical  linear  functions  which  occur  in  the  definition  of 
each  group ,^  Since  our  descriptions  pf  ea|:h  group  are  in  terms  of  linear 
functions  defined  by  equations  of  the  form   x»  =  ax  +  b  ,  we  may  make 
comparisons  of  our  descriptions  when  the  conditions  on    a    and    b    are  the 
same,         ■     *  .       "  '  .5.  * 

7a  change  of  coordinate  system  which  shifts  the  origin  corresponds  to-u 
linear  transformation  which  includes  a  translation.    A  change  of  coordinate 
system* which  is  measure-preserving  corresponds  to  a  linear  transformation' 
'which  includes  only  a  translation  or^a  reflection,    A  change  of  coordinate 
system  which  is, measure-increasing  corresponds  to  a  linear  transformation  • 
which  includes  a  contraction,  and  a  change  of  ofiiordinate  system  which  is 
measure-decreasing  corresponds  to  a  linear  t^ansforjoation  which  includes  an 
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•expansion.   A  change  of  coordinate  system  which  is  order-preser^ng  corresponds 
to  a  linear. transformation  vhich  does  not  include  a  reflection,  and  a  change 
of  coordinate  system  which  is  order-reversing  corresponds  to  a  linear  trlnsfor- 
nation  >^ioh  includes  a  reflection. 

*     1  •  -       '  « 

^Eastly,  we  consider  whether  a  point  may  be  assigned  the -same  coordinate 
after  a  change  of  coordinate  system.    The  comparable  situation  for  a 
transformation  is  that  a  point  is  mapped  onto,  itself.  •  In  either  case,  where 


ax  +  .b-,  "the 'Situation  occurs  if    x»  =  x 


If.  . 

then 

becomes 

or 


'  x»  =  ax  +  b 
X    =  ax  +  b 
(a  -  l)x  =  -b 


If   a  =  l    and    b=0,we  have  the  identical  coordinate  system  (or  the 
identity  transformation)  in  ^ich  all  coordinates  jor  poirj^ts)  are  unchanged^ 
if    a  =  1    and    b  /  0  ,  there  is  no  coordinate  (or  point)  whi^  is  unchanged. 
If   a  /  1  /  the  coordinate, (^or  pQnt  with  coordinate),  is  unchajiged. 

It  is  customaiy  to  say  that  such  numbers  or  points  are  fixed  or  invariant.' 


'  'Exercises  S2-2b 

• — — ^  ( 

1.    Prove  J^hat  a  cha^e  of  coordinate  system  is  order-preserving  if  and 

r'  .  s» 


is  positive',  where    r»    and    s»,  are' the- new 


only  if 

r  -  s 

coordinates  of  points  who?e  original  coordinates  were  r  and  s 
respectively;  prove  that' W  cha^e  of  coordinate  system *is  ofder- 
reyersing'^if  anf  only  if   H  -        ig  negative. 


Consider  a  linear  transformation  of  a  line  onto  itself  wfiiah  maps  the. 
points    R    and    S  ,  vhose  coordinates  are    r    and    s    reipectively,  onto 
the  points  whose  coordinates  are    r»    and    s»    respectively.  Prove 
||Xhat  th^transformaiion  includes: 


(a)    a  contraction  if  and  only  if    0  < 


r'  -  s' 


'<  1^ 


/ 


(b)    a  contractiot^  and  a  reflection  if  ancVVDnly  if    -1  < 


r  -  8 

4 


(c)'  An  expansion  if  and  only  if   7^^  '^ 


(d)    an  expansion  and  a  reflection  if  ,and  only  if     ^  ^  ^    <  -1 

Coiisider  a  JLinear  transformation  of  a  line  onto  itself  which  maps  the 
points    P   arid   Q  ;  whose  coordinates  -  are    p    and^  q    respectively,  onto 
the  points  whose  co-ordinates  are    p*    and    q'  '  respectively.  -Prove  that 
the  transformation  includes: 

(a)  a  translation  if  and  only  if    P^^]]  ^    =  1 

II  * ,  ^      *  ' 

(b)  a  reflection  if  ^d  only  if        ^  ^    =  -1  . 

show  that  the  intrinsic  coordinate  systems  on  a  line  are  identical  to  the 
linear  coordinate  systems  whose  defining  functions  have  the  form  . 
=  X  +  b    and  -x'  =  -X  +  b  ,  where    b    is  anir^real  number. 

^GeftsiOpr  a  line  with  a  coordinate  sy>stem,  let    P    be  a  point  of  the  line 
anc  let    l{P)  =        be  the  imag^  of    P   under  a  transformation  of  the 
lijie  onto  itself ;  let    p    and    p'    be  the  coordinates  of    P    and  P' 
^  respectively.^  r  .  ^  ^ 

Coirsider  the  transformation  defined  by 

'*I(P)  =  P'  -  where    p'  =  i   for    p  /  0  ,  and    p'  =  p    for    p  =:  0  ? 

P  tj 

Choose  an  appropriate  scale  and  make  a  graph  for  the  coordinate  system; 
write  the  coordinates  of  several,  images  below.    Write  the  coordinates 
of  their  corresponding  pre-fmsiges  above  them.    A  transformation  of  this 
type  is  called  an  inversion  of  the  line.*' 

Consider  the  coniposition   f(g(H))    of  j^ransformations  of  a  line  4o  % 
'  itsel^"^^  where   W        ,  Y  ,  *Z    are  points  of^  the  line  with  coordiiia,tes  . 
^w  ,  X  ,  y  ,  and    z    r^sf)ectively,  and  • 

F(Y)  =  z\  where         ^  !  ^  =  ^  7  =  0.; 

G(X)  =  Y  '  where   y  =  x     1  ,  and    '  ^ 
H(W)  =  X   where' *x  =  2^  ^ 
(e^    Describe  the  ^et  of  pre-images,  or  domain,  and  the  set  of  images, 
or  fange,  of  the  com]^>8ite  transformation  in  terms  of  the      »  I  ^  ^ 
coordinate  system  on  the  line.    Is  this  tranSformatiqn  into  orfonto 
the  line?    Is  this  a  one-to-one  mapping?' 


•  (b)    Choose  an  appropriate  sc^e  for  the  coordinate  system  and  make  a 

graph  of  the  set  of  images  of  this  compqsi.te  transformation.  Write 
the  coordinates  of^  several  images  below  them.    Write  the  coordinate 
of  their  cozzresponding  pre-images  above  them, 
^c)    Two  $ets  are  said  to  have  thje  same  cardinal  ^number  or  the  same  ^ 
cardinality  if  their  elements  may  be  put  in  one-to-one^'torre- 
spondence.   .What  can  you  say  about  the  cardinali1^-of  the  interior 
Qf  a  segment  of^a  line?        •    *     '   ^  ' 

Consider  the  composition    D  E(F))   .of  the  functions  whose  domains  are 
the  set  of  real  numbers,  where  ' 


D(y) 


f  for"  y  ^•£> 
y  ,  for   y  =  0 


"   ^      ^y'x^M^)  =  X  +  1   for  air^  X 

X  =  F(w)  =  2^    for  all    w  .    ,  \ 

(a)  Describe  the  domain  and  range  of  the  composite  function,  Xs'^this 
.  mapping  into  or  onta-the  set  of  real  numbers?    Is  this  mapping 

one-to-one?  -  '  )  \  ^ 

(b)  The  cardinality  of  a.  set  is  said  to  b^  infinite  if  and  only  if  the 
elements  of  the  set  may  be  put  Into  one*-to-one  correspond,ence  w±th^ 
the  elements  of  a  proper  subset  of  the  given  set.    Wfiat  can  you  say 
about  the  cardinality  ofXhe-set  of  real  numbers? 

If   P  ,  Q  , '  E  ,  and    S    are  poinVs,  with    E  /  S  ^  whose  respective 
coordinates  in  two  different  coor^nate  systems,  are    p  ,  q  ,  r  ,  s  ' 
'and^  -P*  ;       ;  r»  ,  s'  ,  prove  that 


*  •    r'  -  s'      r  -  s 

• '  •    -  »     *  * 

Each  member  of  tfie" equation  is  called  a  difference  quotient,  and  in^this 
case  expresses  the  ratio  of  a  pair  of^di2>ected  distances.  ,  The  content 
of  thi's  theorem  might  be^ expressed  in  this  way:  y 

Difference  quoMents  of  ^Ifected. distances  are  Invariant 
\irider  a  change  of  coordinate  system.*   •  ^ 

Or  this  way: 

C  w    The  ratio  of  directed  distances  d^epends  .u]S)n  the  pojlnts 
.involved,  b^it  not  upon  4he  cpordl^alje, system.^  ^ 


9.    If  A'  ,  B  ,  and    C    have  respective  coordinates    3,5,  10    in  one 

coordinate  system,  and  ^2  ,  3  ,  and    x   in  another  coord^ate  system, 
find    X  .    (in  how^  many  vays  can  you  do  this  problem?) 

10.  If  A  ,  B  ,  and  X  are  distinpt  points  with  respective  coordinates 
a  ,  b',  X  ,  and  a'  ,  b'  ,  x»  in  tvo  different  coordinate  systems, 
express    x'    in  te'rms  of    a  ,  b  ,  a'  ,  b'  ,  an^  x  . 

11,  Show  that  if  tvo  points  are  fixed  under  a  linear  transformation,  it  must 
be  the  identity  transformation. 


Supplement  to  Chapter  3 
LEHEAR  IMPENDENCE  AND  INDEPENDENCE  *  ' 

'  J  % 

We  have  defined  a  zero  vector,^  ,  and,  for  any  nuzofjer  *k   and  vector   X  ^ 
the  scalar  product   kX  •    We  may,  in  the  same  vay,  define  a  zeix)  ilnear  poly-  ^ 
nomial  in  one  variable,    0  +       ;  and,  for  any  number  k   and  linear  poly- 
nomial in  one  variable,    a  +  bx  ,  the  "scalar  product"   }^{a  +/bx)  =  ka  +  kbx  • 
We  could,  in  the  same  way,  define  a  zero  n-iuple  of  numbers,  and,,  for  any 
number  k    emd  any  n-tuple  of  numbers,  the  "scalar  product",  " 
k(&,b,  .•.,n)  =  (ka>kb, ...,kn)  .    -  .  '       ^  - 

We  consider  now.  a  set    S  f  {A,B,  •••,!(!}  ,  whose  members  ^may  all  be  vectors, 
or  linear  polynomials  in  one  variable,  or  ordered  n-tuples  of  numbers,  etcT. , 

^  We  may  see  that,  with  suitable  definitions  algng  the  lines  suggested  above-, 
members  of  S  might  all  be  linear  expressions  in  two  variables,  or  polynomials 

'in  X  of  degree  not :gi^ter  than   3  ^  or  any  polynomials  in  x  ,  and  &o  on.  . 

A  set  of  such  expressions    S  =  {A',B,...,K}    is  said  to  be  linearly 
dependent  (L.D'.^T  If  there  exists  a  set  of  numbers    N  =  {a,b,...,ltf}  ,  not  all 
zero,  such  that    aA  +  bB+»»»+3£K  =  0« 

' ^ :    ^    ^    .  /  ;  ^  .  • 

I  Exfflgple*  Ttie  set  {2p  +  34  >  6p  +  9q}  ^is  L.D.  belLuse  there  is  I  set  if 
I  numbers    {-3*^1}    not  all  zero,*  such  that    -3(2p  +  3q)  + 'l(^  +  9q)  «  0  •  ^ 


If  ,a  §et  of  expressions,  is  not  linearly  dependent,  it  is  gftid  to  be 
linearly  Independent  (L.lO  •  ^  /  --V^ 


■■\' 


h73 


Example*  '  The  set    {Sp  +  3q  ^  6p  +  lOq}    is  L.I.  because,  if  there  were 
a  set  of  numbers    (a,b)  'such  that   a(2p  +  3jgi)*'t  b(6p  +  lOq)  =  0  ,  then  we 
would  have  * 

,       ^       "  (2a  +  6b)p  +  (3a  +  l^b)q  =,  0 

for  all   p   and    q  ,  or    .  ^  / 

3a  +  10b  =  Q  . 

!I5ie  only  solutions  for  -^lese  eqi^tions  are  ,  a  =  0  ,  b  =  0  ;  therefore,  the 
original  set  is  not  L.D^,  it  is  L^I.  .   -    ^  ' 

In  view  of  the  example  above,  Jt  is  possible  to  define  linear  independence 
first,  as  some  authors' do* 

*  ■  ^-^ 

A  set  of^such  expressions  as    S  =  (A,B,  ...,K)    is  said  to  be  linearly 
independent  (L.I.)  if,  for  the  set  of  numbers    N  =  (a,b,...,k}  ,  the  statement 
aA  +  bB  +  . . .  ^+  kK*  =  0  ,  implies    a=b=...=k  =  0. 

Teiminology.    13ie  property  of  being  L.D.  or  L.I-  is  a  collective  one,  auid 
attaches  to'^the  setj  rather  than  to  the  separate  individuals;  however,  we 
follow  general  usage  in  writing,  sometimes,  "The  vectors    A  ,  B  ,  C    are  L.I." 

for  the  longer  "The  set  of  vectors    (A,B,C}    is  L.I,"  ^  '  -  H 

*■        '  ✓ 

^  }  . 

We  state  seme  useful  theorems  whose  proofs  are  left  to  the  reader. 

ft'  ^ 

THEORE^-'l.    A  set  is  L.D.  if'any  subset  of  it  is  L.D. 

'J  — 

!niEOREM  2>    If  a  set  with  at  least  two  members  ds  L.D.,  then  one  m^ber  can^*b6 
expressed 'as  a  linear  canbination  ofl  the  others.    -  "  > 


Corollary.    If  the  set    {A,B,  ..*,K} 
is  ^D.,  then  ,L    can  be  expressed  as  a  linear  canbipation  of   A  ,  B 


« 

is  L.I.,  and  the  set    {A,B, . . .,K,L} 

J  •  •  •  , 


THEOREM  3*    If  the  set  of  rows  (or  .columiis)  of  a  determinant  is  L.D.,  then  the 
value  of  the  deteit&inant  is  zero.  - 


•  ?£22L*  L.D.,  then  one  "row,  say,  the  first,  may  by 

Theorem  2  be  e3q>ressed  as  a  linear  combination  of  the  others . 

Otoe  illustration  below,  with  a  determinant  of  Order   3   is  easily  ex- 
tended'  to  aiiy  order  • 


^1 

^12, 

^03 

^22*^^32  ^23f^^^*33 

^21 ' 

^22 

^23 

'^21  . 

'^22                ^23  ■ 

^-31 

^32 

^33 

"31  * 

8  ^32        '         ^3^  - 

But^  by  Theorem  5  of  Supplement -A,  this  jfest  determinant  may  be  vritten  as  a 
sum.  of  determinants,  and  equals  * 

4 


^21 

^22 

^3 

^^31 

^21 

.-  ^23 

+- 

^21- 

&22  ■  -^23 

• 

"31 

^32 

"33 

"31 

,  "32  ^33 

The  application  of  Theorem  h  of  Supplement  A  shows  that  both  of  these  are  equal 
to 'zero,  and  therefore,  so  is  the  original  determinant. 

Application  to  vectors* . 

  .  '  «  '  ~. 

THEOREM       Aaay  set  of  vectors  which  includes  the  sero  vector  is  L*D« 


>^CHEX)REM  3*   Two  non-zero  vectors  are  L.D.  if  and  only  if  they  are  collinear.- 

(a)    If    P   and   Q   are  colli  near,  thd5,  from  Chapter  3^  there  exists  a 
number   k  ^  such  that   P  =  kQ  •     Therefore    IP  -  kft'^  0  >  therefore 
(I  -  yJP.  .and   Q  are,,L.D. 


1(b)  j  If   P-  aiA   Q   arelj.Dl  then  there  exist  numbers    a   and   V  not 
bbtb  -  ^  f  such  thai:   aP  +  bQ  =  0*  v    Suppose    ql  ^  0  ,  then 

P  =/-  -Q,  that  is  .P  =  kQ -  which  means  that  P^  and    Q  are' 
•  a  '  *  ! 

tk  -  • 

collinear.  '         ^  . 


\ 


Corollary.    [p,q]  ,  [r,s]-  are  collinear  if  and  only  if 


p  q 

r  s 


\ 


0  . 
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THEOBIM  6>a  In  the  pj^ne,  any  set  of  three  non-zero  vectors  is  L.I>? 

(a)   If  any  two  are  collinearj  they  eCre  L.D.~  and- then  so  is  the  set 'of 
three.                                              ^            .  .  , 

("b)   If  no  two  are  collinear,  then,  for  ariy   c  ,  we  will  show. that  we 
can  always  find  values  for   a  '  and  b   such  that 

.  ,    \  .  aP  -tr  bQ  +  cR  =  0  ;     -  "  , 

that  is  we  can  find   a  ,  b  ,  for  any   p,q,r,s,t,u,c  , 
^         such,  that  »  » 

a[p,.4]  +  b[r,s]  +  c[t,u]  =  [0,0]  . 

This  requires  unique  solutions  ?or   a  ,  and   b  ,  in  the  equations 

pa  +  rh  =  -ct 
'  'qa  +  sh*  =  -cu  . 
But,  'from  the  hypothesis  that   P    and  ^ 


are  not  collinear,  we  have 
'  • 

f  0  ,  and  this  is  exactly  the  condition  that,  there  be  unique 


solutions^  for    a   and   b    in  the  eqi^tions  above  • 


Corollary,    In  the  plane,  ^jr  vector'can  be  expressed  a§  a  linear  comti-r 
nation  of  any  pair  of  non-colllnear  vectors.    That  is,  if   P    and   Q-  are  not 
-collinear,  then,  for  any   X  we  can  find  numbers    a   and   b    so^that  ' 
aP  +  bQ  =  X  •    (Compare  with  Theorem  3-5) , 

Teiminology.    If  any  vector  of  the  plane  can  be  expressed  as  a  linear. 

combination  of  the  members  of  some  set   S  =  {P,Q,R, ...),  then    S    is  said  to 

I  span  the^plane.    A  set  of  vectorsl "^ich  is  L.D.  and  which  -sjfcins  t^e  plane  is 

f  called'  a  basig  set,  or  simply,  a*  Das  is  for  the  plane. 

"  \  '  I  "  '  • 

Note: "  (l)    Any  pair  of  non- collinear  vectoJ?  foims  a  basis  for  the  plane. 

(2)    These  concepts  generali^ze  in  a  natural  and  interesting  way  to 
higher  dimensions;  \  .  ^ 

The-  set ''of  vectors^    {[l,0]  •  [0,l]}    is  what  is  called  the 
"natural  basis"  for  the  plane,  since,  [a,,b]  =  afl^'o]  +  b[0  1]  •  ^ 
The  natural  basis  'for  tllree  dimensions* is  the  3et  . 
{[1,0,0*]^  [0,1,6]  ,  [0,0,11}  ;j  etc.    ,  ,4 

(3i(    The  number  of  vectors  in  th^  basis  is  phe  same  as  thg^  dimension  of 
.the  space.    Thus,  we  may  define  a  space  of  four  dimensibi^s  as  one 
in  which  there  is  at  "least  6ne  set  of  tour  L.I.  vectors,  bufc^in 
which  every  set  of  five  vectors  .is  L.d;    Similar  ^definitions 
be'stated  for  five  and  higher  dimensions. 


iERiC 


f 


Applf cations  to  Geometry 

1.    The  lines    ax  +  "by  =        and   px  +  qy  =  r    intersect  in  a  point  if  and 
only  if  the  correspotaillng  equations  have  a  unique  solution  for   x  and 


y  ,  that  is,  if  and  qnl^"  if 


^  0.  This  is  true  if*  and  only  if  the 


left  members  of  these  equations  are  L.]^.  If  the  left  members  are  L.D. 
then  the  lines  vlll  "be  parallel  of  coincident,  as  can  easily  he  shovn. 

2.    The  concept  introduced  above- generalizes  easily.    The  planes: 

agXH.b^y  +  CgZ  =.d2^ 
a3X  +  b3y  +  C3Z  =  d3 


meet  in  a  single  point^  if  and  only  if  the  left  members,  of  these  equations 
are  L.I.    If  they  are  L.D.  then  the  planes  may,  be  related  in  various  ways,** 
All  three  may  be  parallel,  two  or  three  of  them-^may  coincide,  tvo  may  be. 
parallel  and  intersect  the  thii^,*  they  may  intersect  in  ^fchree  parallel 
lines,  etc.    We  leave  the  Interested  student  to  discover,  either  by  his  . 
0^  research  ot  by  reference  ^^TJyther^books,  the  connee-^jioh' between  the 
dispositions  of  the  planes,  and  the  relations  among  the  coefficients  in 
their  equations.         ^          *  '         ^  j    T  *  \ 
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^  .  .      :^^m)j)leinent  D 

Supplements  to  Chapters  2,  %  and  8  ^ 

* 

POINTS,  LINES,  AM)  PLANES 

The  material  in  this  supplement  previously  appeared  as  Chapter  U  in  the 
preliminary  edition.    Patts  of  that  ^chapter  were  retained  in  the  text  you  are 
now  using.    These  sections  include  significant"^  material  jrtiich  may  be  of  In- 
Merest  to  you.  '  » 


D-1.    Choice  of , Methods 

In  this  chapter  we  shall  consider,  some  questions  about  the  undefined 

ei^ients  of  geometry*  -  points  y  lines,  and  planes.    When  do  they  inters  ft  ct.2 —  

'How  are^they  separated?*  What  *bout  betweenness?^  For  apswering  these  and^ot^her 
^:i%iestions,  we^ve  developed  the  basic  tools  in  the  earlier  chapters;  it* will ^ 
be  part  of  our  task  to  select  frcan  among  these  tools  those  appropriate  to  the  . 
soiution'of  a  particular  problem. 

Sometimes  we  shall  start  with  the  general  case  and  then  take  special 
cases.    You  may  receuLL  praving  Desargues',  Theorem  in  3-space,  and  ^hen  showing 
that^^it  holds  "ill  "2-space.    At  other  times,!  we  start  with,  ^  more  limited,  pase  ^ 
a  apt  then  generalfze.    Thus  we  consic(ered  distance  first  on  a  line,  then  in'S- 
I  pace,  find  so  on.  I  ,  ,     '       .  |  . 

Weliave  available  different  forms  of  representation.    In  a  problan  about 
particular  line,  our  representation  of  it  may  depend  on  what  is/^pwn  about 
Lt,  wbet  we  want  to  proye  about  it,  or  other  considerations.    ForJ^ example,  it 

2    8y[id  the  y-intercept 


i 


you  are  toldr  thalf  the  x-lntercept  for  a  certain  line  is 


2^  =  1 
-3 


If  you  are^concemed  with 


•-3  ,        might  choofije  a^  its  equation 

th^  amount  of  Station  of  a  line  about  la  nxed  point,  you  might  want  to^  use 
tnat  point  as  pole  pf  a  polar  coordinate  system  and  write  ^  for  the  line   0  '=  k 
A  relation  such  as  /  r  =  0  ,  ^ressibljb  most  siipiply  in  polai:  coordinates. 


0^  ^  ^ 


A 


would  be  much  more  complicated  to  look  at  and  to  graph  in  rectangular  co- 
ordinates.   (You  might  want  to  try  this.)    In  Chapter  k  vector  methods  are 
used  to  prove  theorem^  of  geometry  that  you  proved  earlier  in  other  ways. 

Our  point  here  is  that  in  this  text  from  this 'point  on  you  can  expect  to 
'see  a  variety  of 'representations  alid  methods.    In  Sections  'd-2  'and    D-3  ,  for 
examplef,  rectangular,  coordinates  and  the  equation    ax  +  by  +' c  =0    for  a  line"^ 
are  chosen  because  it  is  desired  to  emphasize  the  relatij^n  of  the  geometric 
-problem  to  an  al^eb:paic  problem  of  sc3|^ving  systems  of  equations .    In  tne  same 
fashion;,  you  have  freedom  to  select  the  form  of  representation  and  the  method 
that,. seems  appropriate  in  ^  particular-^ problem.    Sometimes  a  few 
minutes  spent  first  in  deciding  how  to  locate  a  coordinate  system  will  save 
much  time  in  solving  a  problem.    Often  there  is'' no  single  simplest  or  best 
method . 


,  CoUinearity.'  '  .  "  • 

i  V     ,     The  geometric  probl^  of»  whether  three  points  are  collinear  corresponds 
L3  to  the  algebraic  problem  of  whether  three  pairs^of  values  of  two' variables  are 


-solutions  ofethe  same  linear  Equation  in  two  variabiles 

Consider  distinct  points        =  (x^,y^)  ,  (x.^.y^)  ,       =  ix^,y^)\ 

Using  the  two-point  form  o^  the  equation  of  a  line  derived  in .Section  2-5, *the 
equation  of  the  linfe  can  b'e  written 


h  -  ^3 


I 

/ 


^3  "  X;,  -  X 


This  we  rewrite  as 


i 


Kx  -  x^) 


y,)(|x  -  x^) 


If  we  imltipl^  out  and  collect  terms  involving    x    and    y  ,  we  have 


(1)    becomes  .  ' 

4 

r. 

-  .y 

x^  .1 
^3  ^ 

=  0 


J  ' 


Using   X  ,  y  .and    1^  as  the  elem^r^ts  of  the  first  row  of  a 


V  . 

thl^  orcl( 


orcler  de- 


terminant,  we  can  then  write  the  equation  in  the  fqiro^ 

X.  y 


(2). 


^2  .^2 


^3     ^3  ' 


5  0 


4 


Since^,  (2)  ^  is  an  equation  of  the  line  P^B^  ;  thd  point  P^]  is  on  this  line 
if  and  only  if  ,  .  .    '  I        /  ^ 

^  ■  VI 

1    =  0  ,» 
1 


(3) 


yg 

^3" 

^^3 

Thus  (3)  .  is  a  cojgpact  foiro  .iii  which  td^- write  the  condition  that  thr<*e' ppf nts 
are*  colli  near .               >.  /  .> 

,3         *       .  ,  *'  »  • .  * 

If  three ^^iven  ^points  kxe  T\ot  collinear/  they  detennj(,ne  a^ttiangle.  We 

,  choose  a  rectangulaj-  coordinSate.'feystan  so  that  the  triangle  .is  entirely  in  W 
•  first  quadrant  and  name  tke  points         >  ^2  '  ^3  ^       a  ^counterclockwise  ordp 
>   around  the  triangle,  as  shown  in  Figure  D-l„  "  -     '  ^ 

y 

.  1  '  ^2  '  ^3 

^not  cdllinear,  they  detennine  a  trist^gle. 
to  find  its  area  we  draw  perpendiculars 
Vl  '  ^2^2  '  ^3^3  ^-aAs.  We 

can  find  the  area,  K   of'  APj^P^P^    by  . 

.    subtracting  the  area  bf  trapezoid 
Fj^Pj^P^Fjj  from  the  sum  of  the  ^reas 

of  trapezoids    F,P,P^.F^    and  • 

F  P  P  '  F     •      *"  ,  • 


K  =  Area    F:^-j_^2^2  ^2^2^^3  "  ■  ^1^1^3^3  *  .  • 

K  =    -  ^2)(yi    ^t*:^2  :;^3^^y2  y3^  i^^r-  ^3>'(yi  *  ^3)'"'  - 

K  =f|{xj_(y2  -  y3)'+  X2(y3  -  yj_)  +  :|3(y^  -  y^))  ,  «  . 


(5)  or   K  =  i 


The  student  shouM  verify  that  Equatipns  (1;)    and    (5)    are  e4uiValei5i.  The 

value  of  the  determinant  in    (5)    will  be  positive  if  the  vertices  ai^'  named 

as  in  Figure  D-1  so  thai  traverse  of  the  perimeter  in  the  order   P  P  P  ^  Is 

■      '  123.. 

counterclockwise.    If  it  is  clockwise,  the  value  of  the  determinant  will  be 

negative.        '       '■  <  • 

J  '  .  ^ 

,    ^    We  notice  that  the  determinant  in    (5)    is  the  same  as  the  one  u^ed  to 
write    (3)  ,  the  condition  that  three -points  are  collinear>    This' is  not  sur- 
prising, as  it  is  intuitively  obvious  that  three  points  ^re  collinear  if  and 
only- if  the. area  of  l^e  "triangle"  they  determine  is  zero.  .      '    '  ^ 
Fonnula  (3)^  can-\e  obtained  in  a  different  way  by  using  vectors'..  In 
;  Section .3.8  ve  sav  th/t  the  area  of  the  triangle    OXY  \  vhere    X  =  (x^^x^)  and 
,  Y  =  (y^^yp  ,  is— ^  /  ^  •     •     ^  . 


2l^jK2>  Vll 


Wause  this  resuit  to  find        a^ea  of  an  arbitrary  triangle. 


.We  name  the  vertices  'P.  =  (x-.y  )' 

'^uits  siiall  have  the  same  notation  as 
the  i)receding  development.    We  add  the  ^ 
vector    -f^  ^to  each  of  the  rectors 

P 

±  '    2  ' 

0  ,  P 


]_  i  ^2  '  ^3    ^°  obtain  the  vectors 


P  ' 

3- 


2 

^ere 


P    =  P  » 
1^  .  > 


^1^ 
^1^ 


Triangle  OPg^P^*  is  congruent  to  trlaji^gle  ^^^^^ 
^  angle    ^^^-^        •  ' 


Thus  the  area  of  tri- 


1482 
4:;1 


V 


^2  - 

^1  ■  _^2  " 

^1 

"3  - 

^3  " 

^1 

>l  ' 

^2 

^^3 

^3  ^ 

t£xercises^D'2 

For  each  of  the  following  find  out, whether  the  points  Tr^ose  coordinates 
'are  given  are  collinear;  if  not,  find  the  area  of  the  triangle  that  is  , 
determined.      %  '  ' 

(a)  (;,0)  ,  ,  (13,2)  (c)   •(a,h)  ;  (-a,-h)  ,'(c,d) 

(b)  (3,2)  ,  (-§,-7)  ,  (15,5)    -  ^  (d)  ^(h,'o)  /.(0,.h)"  ,  (a  ,  a  -  b) 

Consider  the  triangle  with  vertices        =  (0,0)  ,       =  (a,0)  ,  P^  =  (h,c) 

and  1*ie  value  (not  tHe  absolute  value)  of  the  determinant  in    (^  . 
evaluate  this  determinant  for    P^  ,  P^  ,  P^  -    ^Jvaluate  it  for        =  (0,*0), 

q,^  =  (b,c)  ,       =  (a,0)  ;  for        =\a,0)  ,       -  (b,cK,       =  (0,0)  ;  and 

also  for        =  (b,c)  ,       =  (a,0)'  ,       =  (0,0)  .    Does  the  way  you  go 

around  the  tri'angle  make"  a  difference?    Does  th§  vertex  at  which  yopi 
start  make  a  difference?    Tvy  to  state  some  general  conclusions. 

Prove  t;hat  the  area  5f  the  triangle  vi^  vertices    P^  =  (x^,y^)  ^ 

^2  =  (^2'^2^  '  ^3  ''^^3'^3^  •  ^  • 


^3  .  ^3 


^3  ^3 
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.^ot*e:  ;  The  equation  at)ove  piay/be  vritten 


^  ^  2 


i  =■■! 


Trtiere  we  interpret  'x* 


4 


and 


This  generalizes  immediajtely,  giving  the  following  formula  for  the  area 
'    of  a, polygon  with    n  .  vertices    P.  =  (x.yy. ) 


n 

'  -  ^1  • 

1 

2  ^ 

E 

■i  =.1 

^i+i  ^i+i 

where  we  Interpret ,  x^^^    as          and   y^^^    as  y^ 

W    Find  the  area  pf,*-6he  quadrilateraL  whose  verti/es  are    P^  =  (U,l)«/ 

=  (-l',3)  ,  PW=  (-3,-28),  t^^^  =  (2,-1)  ,  i^rst  by  ^adding  the  areas  of 
z^J^^PgP^    ajid  JSp^Pi^P^     and  -j^hen  hy  usim^ the  formula  in  Problem  3  above. 

^'5.    h-ove  that  poiats    A  =  (-2,1)',      =  (^-2)  ,\and    C  =  (^,-5)  are 
^  colltdear. 

(a)  'Use  condition-  (3)-. 

(b)  Show  that    B  -     =  k(p  - 

(c)  'Show  that    d(A,B)  +  dCB^  =^d(A,C) 


D-3 .    Conpurirence  > 

The  geometric  pproblopi  of  whether  three  lines  are  concurrent  corresponds 
to  the  algebraic  probl^  of  whether  one  pair  of  values  of  two  VarialjLes  sat- 
i^fies  three  different^ linear  equations  in  two  varia*bTes . 

We.  consider*  tluT^e  lines  *      >  ^2  ^  ^3  ^  with* equations 


[1) 


'2  •  -2" 


:  a^x  +  "b^y  +  c^y=  0  ^ 


Lg  ra^x  +  b^y  +  c'^  =  0 


These  lines  may* "be  related  in  any  one  of  the  following  ways;  we  shall  consider* 
the, analytic  conditions  for  each.  •         ^  ^  > 

 The  lines  may  he  coAdirr ent *    This\is^  the  case  of  mdst  interest'to 

u^ince  it  represents  the  visual  situation  in  <which  there  is  a  imique  solution 

of  the  three  equations.    The  equation;^ xepre/ent  three  distinct  lines  with  one 

and  only  one  IXDint  in  camnon^  For 

this,  any  two  of  the  lines  must  inter- 

•sect  in  a  point,  and  that  point  must  * 

lie  on  the  third  line.    From  our  study 

of  Intermediate  Mathematics  we  knot^ 

 '  

that  this 'first  requirement  means  that 

we  mi:ust  have  ' 


(2) 


^2  \ 

^3  "^3 

/  0  , 

^3  "^3 

/  0 


The  second  condition  requires  that  the  intersection  of,  say,    L.    and    L  ,  y 

Of  -  -  y  '  «      1  .       •  2  * 

must  lie  on  ^L^  f    If        =  ^^'^1^  '  represei^s  the  intersections  of  Vl^ 
,  we  may  write  its  coordinates        ,  * 


\ 

ag  -Cg' 

« 

^1  \ 

^2  \ 

The  condition  that  is  on  is 


-<=2  \ 

^1 

^2  .■°2 

2  2 

^  \ 

^2'\ 

-+  C3  =  0  , 


which  can  be  written  more' com5acH;ly  as 


(3) 


14 


=  0 
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Thus  the  condition  that  three  Aistinct\ines  be  concurrent  is  that,  the  deter- 
minant* of  their  coefficients  As  zero. 

(b)    Two  lines  may  coincide  and  be 
intersected  by  the  third  liiie.    In  this  '  » 

nant  is  zero 
and  there  Is  a  unique  solJitySn  of  Jhe  ^ 
three  equations,  but  this  case  may  be  -  ' 
distinguished  fl^om    (a)/  by  noting  thai  - 
ode  oi  the  determixiant^  of    (2)    is  zero. 


( c )  TvTO  lines^  may  be  pafrallel  and 
be" intersected  by  thL  third  Line.  The 
stiLident  must  be  cartful  to  distinguish  Ii^ 
this  case  from  case    (b)  ,  because*  here  - 
there  is  not  a  unique  solutionis    This'  ^] 

-t*ase  resembles    (lb)    in  that  one  of  the 
deteiininants  or/ (2)    is  zerpi^ut  the  * 
deteimlnaht  of  phe  coeffidlents  is  not  zero- 

(d)  The  yhree  lines  may  coincide. 
There  is  not  ^unlgue  solution  in^  this 
case  ,sitice/a£ir  solution  of  one  equation  j 


is"als6"€C  solution  .of  eaqh  of  the  bthers.  \^^2^^3 
The  thitxi  omer  determinant  is  zero    as-  *  '  . 

are  alj.  thfele  determinecnts  of    (2)  .    There  are  two  other  distinguishable 
cases  vhicWhav^  ti^ese  same  algebraic  conditions*.    The  student  my  be  interested 
in  describing  these  cases  and  discovering  how  to^ distinguish  them  from, case  (d)'. 
^  (e) 


sich  line  may  intersect  each 
of  the^othferp  in  a  singlfe  point.  Condi- 
tion   (2.)  I  holds,,  but  the  third  order 
determinant  i^  not  zerp.    This  is  the 
case  one^is  most  likely  to  observe  from 
threl5  miJdanly  chosen  line's. 

We  npght  'approach  the  question  of  conciirrence  in  a  somewhat  different 
let.         and         be  lines  with  equations  given  in    (1)  .    Then  if 

^  are  any  nuipbers  not  both  e(|U^l  to  zero,  the  equation 

^  .  \m(a^x  +  b^y  +  c^)  t  nUgX,  +  b^  +  'c^)  =  0     -       ^  V 

.is  th^^  equation  of  a  line,  5ince  it  is  a  first-degree  equation  in  ^   and  y 


0f 


If  ^L^   andM/g*  intersect  in   P^'=  (x^^y^^)  ,  thep  ^ik)    represents,  ,^or^ suit- ^ 
able  6hoices  of   m    and    n  ,  any  line  through    P.  •    If         and    L  ^are 
parallel,  then    (U)  .  represents  5  for  suitable  chqices  of   m'   and  'n  ^  any  line 


parallel  to  and 


If'         and  coincide,  then    (k)  represents 


that  same  line.  Proof  of  thfeee  last  statements  will  be  left  to  th^e  interested 
student.  ^        ,  *       .  ?  *  ,        .      '  , 

Equation  (U)  represents  vha^^  i^  ^ften'  called  a  family  of  linete)  that  -is, 
for  suitable  values  of   m  -and    n    it  represents*  all  the  lirtes  containing  the 
nterseotiOn  of  and         .    Thus  a  condition  that  three* distinct  lines 

with  equation^  in  the  form    ax  +  by  +  c  =  0)'  '  be  concui^ent  is  that  the  left 
lember  of*  the  equation  of  one  of  them  is  a  linear  combination  of  the  left  mem- 
)ers  Qf  the  equations^^f  the  other  two.      "  •    ^     /  *    ,    •  - 


^  Example  1>  Find  a  value, 6f  k  >  for  which  lines  with  the  following 
equations  will  be  eoincurrent .    (Assume  •  k*^  -l) 


Solution.-  We  observe  that^the  lines  are  not  parallel  they  satisfy  con- 
dition ^  (2)  ); -we*  then  use  condition    (3)  • 


X  -  y 
.  3x  +  2 

kx        +  1 

/ 


'0  • 

0 

0 


We  find^thai    k>  ^  •* 


^  Exagple  ^ . 


("a>    Find  an  equajiiion  that  represents  a  lin^  throu^'  the  intersection' 

of  .lines  with  equations  'x  +  3y  -  3  =  0  and^  2x  3y  -  6  =  0  •  ' 
Cb)'    Find^^  eqixation  of  the  m^ber  of  this  family  cif  lines    ^  ^ 

(1)  that  has, slope 'equal  to       .  /  >  ^ 

(2)  "Wiat  contains  tjie  poj^it    (0^,3)  - 


N 


486 


Solution. 

  ^« 

(a)  Using  Equation  ik)  we  write   m(x  +  3y  -  3).+  n<2x  ^3y  -  6)  ko 
or   (m  +  2xi)x  +  (3m  ■:  3n)y  +  ( -3m  -  6n)  =  0  . 

(b)  (1)    Frm  the  last  ec^uation  in    (a)    we  have  an  fe^jprossion- for 

the  slope^  which  we  set  equal  to  ^*  and  simplify. 

•*    '  iit^t  2n  3 

".3m  -  3n  "  2  ^  * '  , 

^  -  2m  -  ifn  =  9m  -  9n  ^ 

-  11m  -t-  5n  =  0  ^         ^   -  ^ 

,    We  let    m  =  5  ,  n  =  11  ,  and  substitute  th*ese  values'*  in. 'the 
equation  in    (a)  *.     '  ' 

*    •  r  27x  -  l8y 8l  =  0        [  ^ 

,  ^   Or,  more  sijnply/   3x  -  ^  -  9'  =  0  1 

^  ,        '  '  (2)    If  the  line  is  to  conta*in  the  point    (0,3)  ,  these  po- 

ordinates  must  satisfy  the  first  equation        (a)  ,  therefore 

m(0  ^r  9  -  3)'+  n(0     9  -  6)  =  0  .      '  . 

Simplifying,  we  have  *  , 

.   .        -   *    *  "  '6n  -  15n  =  0  . 

We  let   m  =  5  ,  n  =  2  ,  and  obtain 

•x  +  y-  3=^0  '*  'v 

as-an  equation  of  the  desired  line. 


Exercises  I>3 

Are  the  lines  tfith  the  given  equations  concurrent?  If  so,  what  is  their 
common  point?  »  ^     '       '      ^      *  '       '  \  ^  ' 

(a)  2x  -  3y  +  6'  =  0  \  ^3x  +  Uy  -  12  =  0  X--  if  =  0 
'(b)  x  +  y-  3  =  0,3x-y>i-0,2x-l  =  0  - 
(c)    X  -  y  =>  U  ^,  y  =:  X  +  7  ;  3x^  -  3Jr  +  5  =  0        '  . 

For  each  of  the  following,  detentKLnq  a  real  number;  k  such  that  the 
equations  represent  conctirrent  lines.  v 

(a)  x-3y-5  =  0^3x  +  y  +  5  =  0,kx-'3y-2='0 

(b)  X  +  ky  -  3  =        kx  -  7y  -  ^6  =  0  ,  2x  -  y- -  3k  =  0 
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3..    Given  lines  L, 


,         with  e<^fations 


;  wut-«vx^xi«    3x  -  2y  +  5  =  '0    and   x  +  iiy  -  L 

write  ail  equatiorl  *that  represents  any  line  through  the  point  of  Intersec- 
-tion  of /L^   'and    L^'^.    Then  find  the  member  of  thj,s  family  of  lineEL^|6hat 

(&)  *has  tehot  slope   ^  . 

(b)  is  perpendicular  to         .        '  '  T 

(c)  contains  the  origin. 

(d)  contains* the  point  (5,2)*  ^ 
te)    has  a  y-intercept  of    1  .  • 

Find  en  equation  o':r^  the  line  parallel  to  t]ie  line  whose  equation  is 
3x  -.y  +  7-=,0';  and^  containing  "he  point  of  intersection  of  the  lines 
whose  equations  are    5x  -  y  ^  3-  -  0    and    x  ^  y  -  ^  =  0  . 

Given  , the  triangle  detennined  "bo^  points  k=,{a,6)  ,3.=  (0,^t)  ,.C  =  (c,0) 

(a)  Show  that  the  medians  are  concurrent,  and  find  theii*  point  of  in- 
ters ecti  on , Jj. ;  (This  point  is  called  the  centroid.  It 'was  discussed 
and  a  vector  proof  of  concurrency ,giv^n  in  Example  2     Section* 3-5". ) 

(b)  ShQW  that  the  altitudes  are  concurrent,  and  find  thpir  point  of  in- 
tersection.    (This,  point  is  called  the  orthocentA*. )  , 

(c)  Show  that  the  perpendicular  bisectprs  of  the  sides  are  concurrent, 
and  find  their  point  of  intersection.'    (This  point  is  called  the 
clrcui^center;  it  is  the  center*^f  the  circumscribed  circle  of  the 
triangle.)  .  ,  .       ^  * 

(d)  Show* that  the  jcentroid^  the  orthocenter,  and  the  circumcenter  of 
^     this  triangle  are  collin6ar.         ^      ^       '  - 

(e^  3^  you^think  that  what  you  have  proved  for  triangle    ABC    is  true 
for  any  triangle?    Give  reasons  for  your  answer.' 

Prove  that,  in  a  trapezoid,  the  diagonals  'and  the  line  drawn  through  the 
midpoints^  of  the  parallel  sides  meelT  in"  a  point .  •  J 


'J>^k  •  ,  Intersection's  and  Paralleli^sm 


wdl^ets  have  at  least^one  member  i^^^cqmnon  they  are  said  to  intersect 
We  considerln^h3ts  ^BCS^    ^iats,' :Iines  ani  pla^s,  and  their  possible  in- 
"tersections.    If  set    S    islT^guba^tof^       T  ,  then  their  intersecljion  is 
all  of  S  ,  and  we  somdtimes  say  that    ^^'-'S^  on,  or  in,  T  ,  or   S    is  em- 


4* 
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.     ■        .    '  "  •     \  , 

-bedded  in    T  *    Thus  a  point  w  lie  on  a  line,  or  a  line,  may  be  "^bedded  in 
a  plaiie.^  Our  analytic  representations  of  these  sets  makes  it  possible  to 
develop  simple  criteria^ for  many  of  these  relationships •  V 

Point  ar^  Point:  *  P^  ^  P^  ,    This  case  is  easy  to  analyze  but  a  good  plape 

to  start.    Two_^ints  inter^ct^if  and  only  if  they  coincide.  ^ Their  ana3^i6 
representati9ns-are  simply  their  coordinates,  vhich  iqjist  be  identical  or 
equivalent.in\accbrdanc^'wlth  the  definition  of  equivalence  "given  when  the 
coo3rdinate '  systems  vere  introduced.  '         *    '  / 

In  rectangular  coordinates    P  =  <3,5)    differs  from   P  =  (5,3)  .  In 
polar  coordinates    f  =  (6,n)'    is  the  same  as    P  =  (-6,0)    an^    P  =  (6,3jt)  . 

J  *^^2i2i  ^  LLn^i    P^  ,  L  ._  A  poini:  is  on  a  li*ne  if  and  only  if  ^  set  of. 

coordinates  of  the  point  satisfies  an  equation  of  the  line.    a:he  point 

(x.,,y- )    lies  on  the  line    L  :  ax  <f  by  +  c  =.f(x,y)  =  0  ,  if  and  only  if 
^    1  -  ^       •  /  ^ 

f(x^,y^)  =  0.    The  ppint .  P^  =  ^\^^l^    ^^^^        L  :  x  =  a  -k  ;,t  ,  y  =V+.mt  , 

i^  and  only  if  there  is  some  value  of    t  ,  say    t^  ,  such 'that    x^  =  a  +  zt^  , 

and    y.  =  b  +  mt-  ♦    If    P.    and    L   had  been'  given  relative  to  a  polar  co- 

ordin'ate  sy^ton,  .the  discussion  would  require  simple  modifications,  which  are^ 
left  to  the  student.  Thte  extension  of  the  dis<^sion  to  3-space  can^^J^o  be  . 
made,  vith  minor ^evisionj. which  are  als6  left  to  the  student. 

I        '  * 

Examples,  '    •  . 

'     (a)    P^=  (1,3)    is  on^  L  :  33C  -  ay  +  3  =  o'  ,*because   3(1)  -  2(3)  +  3  =  0* 

'  (b)    P  =  (1,U)    is  not  on    L~  :^  x  =  3  +  t  ,  y  =i  2  -  3t  ^  because  the* 

equations  1  =  3+  ^^^  =  2-  3t    impose  contradictory  conditions 

on    t  .  -  ,  . 

(c)    P  =  (r2;60°)    is  on    L  :  r  =  ,  because  -12  =  ^  .  ' 

\  cos   C7     .  ^  O  , 

,  '  COS  60 

'    -    Simjlarly,    Q  =  46^2 ,  J)'  and    R=.(l2,-6o°)    are  also  on  L 
(a)    P  =  (2,5,-1)    is  on  .L  :  x  =  3  +  t „  y  =  2  -  3t  ,.z  =  1 .+  '2t  ,  since 
the  .equation    2  =  3  +  t    gives  a  value  for^  t^,  nainely   t  =  -1,, 
vhich  ij/  consistm^^^witti  the  equations:    5     2  ^  3t    and  ^ 
-1  ='1  +  2t  .       ^     ^  ^ 


Point 


„  ^ 

and  Plane  ;        ^  M  .  The 


e  discussion  is  left  to  the  studeht,  vho  is 


referred  to  the  paragraph  above.  ,  '  , 

Line  and  Line;         '  ^2  *    ^-space*    Two  lines  in  the  s^e  p|L^e  may  have 

(1)    Just  on^  or    (?)    all/  or  -  {3)    no  points  in  oombtf.    If  the  lines' are 
:  aj_x  +  b^y  4.  c^v=  f^(x^y)  =  a/anQ   L^.;  a^x  ^        ^         f2(x,y)  =.p^ , 

I  t&e  analytic  counterparts  of  these    3    cases  are  presen-^ed  below.  Proofs, 
vhich  axe  not'  difficult,  are  left  to- the  student.  ^ 

(1)    \  X  ^2  point  ^ if  and  only  if   ■*  *  , 

,   •  b. 


*2  "2 

(2)         ,  L^'   coincide  if  and  only  if  - 


^0 


Si 


=  0 


Not-e  that^if  any  two  of  these  determinants  are  equal  to  zel-o,  so  is  the 
third*  Nqte^lso,  that  Vt^ this  condition  is  satisfied,  there  is  a  non- 
zero number^  k  ,  such  th%t,  f^(x,y)  =  kf2(x,y)  *^ 


(3)    L^  ,  Lg   are  parallel -if  arid  only  if 


and  either  . 


or 


I 


/  0 


(a)  Note  that,  if  either  of  these  is  different  from  zero,  so  is  the 
otljfer.  ^  . 

(b)  ,  Note  that,  for^any  numbers    p    and    q  ,  the  equation 

pf^(x,y)  +  qf^C^^^^y)  =  0    is,  in  general,  an  equation  of  a  line,  L^  .' 

If    L^  ,  L^    intersect,  then    L^    will  go  through  iihat  point  of  \  ' 
^  .   intersection;  if    \  y        coincide,  then    L^    will  coincide- with \ 
"^them;  and  if    L^  'and    L^    are  parallel,  then    L^    will  be  parallel  / 
to  both  of  them,       ^  '  ; 
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If  equations  for  ^        and  ,       had  been  presented  in  parametr^c^r  vector 

form,  then  tlie  analytic  representations  of  the  three  cases  above  would  have  a 
someSrtiat  different  appearance.    The  develojsuent  of  these  representations  is 
called  for.' in  6ne  of  the  exercises  at  the  end  of  this  section,  \ 

3- space*    Two  lines  in  3-space  may  have'  (l)    just  one  ^int  in  common, 
(2)    all  points  ±n  common,  or  no  points  in  common.    In  2-space,  this  last 
condition  requires  that  the  lines  be  parallel,  but  in  3-space,  lines  that  have 
no  point  in  common  may      •  (3)    paralle-1,  if  they  lie  in  one  plane,  or  (h) 
skew,  if  they  do  not.  .  '  •      *  *>  - 

The  disjtussion  or  the  first  tjiree  cases  is.  analogous*1;o  the  correspond-  ' 
ing  discussion  of  the  y^ie^' in  2-s$aca,  but  .the  equations  are  more  complicated. 

^Suppose  gops  through        =  (s^,b^,c^)    with  dii'ection  numbers 

(jj^,m^;n^)  ,  land  through        =  (^2'^2'^2^    ^^th.  direction  numbers 

,ni'  n  )  .    Therefore: -we  have  equaticQS        :  x  ='a^  +,i^s  ,  y  =,b^  +  m^s  ,  , 

2  ^\  +  n^s  ;  -BJid        :  ;c'=  a^  '  ^  =-^2  "^'.V      ^"  V"**^''2*  ' 

^  (1)    If        ,  Lg    intersect  afa  unique  point    P*  =  (x',y*,2'^  ,^here  must  be 

values  of  the  parameters,  say"   s**\and    t'     such  that 

.  ^      y*  =  b^  +  m^s»  =  ^2  +  m^t' 

2'  =  n^s'  =  C2-+  n^t*  . 

These  are\three  linear  equations  .in    s*    and   t»  ,  whicli  we  may  write.: 


r»     a,  +  i,s.*  ='  a    +  i  t» 
1       1  2  2 


1       ,  ? 


^2  ■  ^1 


/ 


'  m^s»  -.m^t*  =  bg.  -  b^ 
n^s'  -  n^t*  =  Cg  -  c^ 


13ie3;e  is  a  unique  common  solution  if  aAd  only  if  there  is  a  irniqu^  solu- 
tion  to  any  two  of  these  equations  which  will.CLLso  satisfy  the  tjiird.  The 
solution,  if  any,  for  the  first  two  equations*,  'say,  is:     < .  ^ 

1 


I 


>  t.' 


m. 


I 


•(Nqte  that  these  solutions  req^uire 


^  f  0  •)    The  corresponding  re- 


quirements ^that  there  "be  unique  solutions  for  any  tjro^of  the  alcove  three  ^  ^ 
equations  are   ^    ,  '  * 


0  ,  and. 

?2 

^  0  . 


If  the  s'  ,  t'  values  found  above  are  sul?stituted  iq  the  third  e^uati^n^ve 
^  have :  *  *  •    *  -      •  *  .  '    •     '        .  * 


*2  "  \  '^2 

"2 

'.^1 

.-^2 

« 

1* 

Jjherefore, 


^2  *"*        ^  ^^2. 


ag  -  a^ 

^2-\ 


i,  -I 
1  2 


^8  may,  after  seme  algebraic  Juggling/ be  written  in  the' form 
(fig,-  aj_){m^D2  -  mgn^)  -  (bg  -  1?^.) { iJ^ng. -  iJ^n^)^  +-<C2  -  <i^{t^  -  =  0  ;^ 

and  this  ^n  turn  may  be  written  in  det^nninant  form: 


\  -  a^     bg'^-  b^     cg  -  c 


=  0  . 


Note  that  the  elements  of  the  rows  are  direction  numbers  for   ^^P^  , 
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(2)*,  (3)    If         and^  I^,  are  parallel  or  coincident,  th^ir  direction  number^ 

^  .  are  equivalent,  and  all  the  second  order  minors  of  the  last  twb^roys  must  / 
^   equal  ^ero/ and  therefore   A  must*  equ^l  zero.    If         find  •  coincide, 

they  coincide  also  with   P^Pg  ,  -vrtiose  direction  numbers,  must  be  equit^^- 

lent  to  those  of         and   L^* ,    and  in  that  case  all  the  second  order 

ml^nors  of   A  must  equal  zero.    If'        and   L^T^are^^ptoillel,  then  th#y  » 

both  intersect    ^-^2   ^^^^  direction  nu^ibers  may  not  be  .equivalent  to 

those  of   L,  .'and    IL  ,  €ind  in  that  ca$e  the'  segond  order  minors  of  A 

•which  include  members  from  the  first  row  may  not  all  equal  zero. 

(S)    Finally,  if  '        and         are^skew  ,  A^O  .  •  '^V 

^Example.    Consider  the  lines  -      '      ^  -  '  - 

J    I^' :  X  f  2  +  3t  ,  y  =  3  -  t  ,  z  =     +  5t ', 

:  X  =  2,+  2t  ^  y  =  -1  +  t  ,  z  =  0  +  3t  /        '  / 
:  x  =  3  +  6t  ^  y  =^2  ^et     z  =.1  +  lot  , 
L.  :  X  =  -1  +  9t  y.y  =  U  -  3t  ,  a  =  -1  +  15t  .  .  '  * 


,(a)    For  and        ,''A  = 


skew. 


-1» 
1 


-2U  ^  0 


and  are 


1  ■\  • 


v(bj  ;For    L^"^  and  "      J  A 


.-1 
-1 
-2 


-3 
5 

10 


L^^  ,  and  are 


not 


skew  but  may  intersect  in  jusjb  one  poiht  or  b^  parallel  or  coincident 
However,  ,      - .  .  ' ' 


3  .-1 

f  ' 

3  5 

-1  5 

6  •..-2 

6  10 

-2  ,'io; 

0  ,  .  V,        and  cannot' 
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intei:sect  in^  just' one  point,  but  must  be  parallel  or  coincident. 
Coincidence  requires  all  s*econd  order,  minors  of   A   to  equal  zero, 
and,  since 

1  ^1 

-5=-^^^  0  >^the  lines  ,are^  not  .^incident 


^  -1 


and  must  be  parallel • 
(c).   For  and    L.    •  A  = 


-3    ^1  -5P 
3    '-1  5 
9     -3  15 


=  0  ,  and"-eilso  all  the  second 


order  minors  of   A   equal  ^ero.    Therefore    L^"  and  .L^  coincide 

*1  3,1 
2  1,3 
6     -2  10 


(a)    For  and        ,  A  = 


=  0  ,  and  ^ 


are  not 


skew,  but  may  intersection  just  one  point,  or  be  parallel  or'- coin- 
cident.   These  last  two  possibilities  are  eliminated  by  the  fact 
that    *     '  '  ^  ' 


2  1 
6  '-2 


-10     0  ,  and 


Therefore  rand  '  intersect  in  just  one  point,  \ripiich  can  be 
found  by  the  methods  in  the  section  above  to"  be  'P(  6,1,6)  . 


^  The  sketch  below  suggests  the  relative  positions  of  the  four  lines. 


Exercise*    Show  efi^ftyticallythat 

j[a)  and^  Lj^  are  skew.  ^  j 
(b)         and         are  parallel. 

«■     •  \' 


it  • 
t 
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Line  and  Pl^e;    L  ,  M  *    A  line  may   (1)    be  parisillel  to  a  ^lane,  (2) 
te  embedded  in  a  plane,  or  ^  (3^    intellect  a  plane  in  just  one  point.    In  this 
last^case  He  saaetimes  say  that  the  line  pierces  the  .plane .    We  develop  the  - 
analytic  counterparts  of  tl\ese  three  -cases.  -    •  >  ' 

(1)   Suppose   L  'goes  through   Pq=  (aQ,'bQ,CQ)    with  direction  nuint>er^* 

(iQ,niQ,nQ)  ;  -^hen  equations  for   L    ar^    L  :  x  =  a^  +  i^t  ,    ^  ^  +  m^t 

z  =  Cq  +  n^t  •    Suppose  ve  have  the  plane  *.  - 

M:px  +  qy+rz  +  s-  f(x,y,z)  =  0  .  '-^  ' 

Then   L   will  be  parallel  to   M  ^if  an^  only  if  no'point  of    L   lies  in 
M,  that/ is,  if  there  is  no  value  of    t    such  that  .  y,^ 

p(aQ  +  ^^t)  +  q(bQ  +  m^t)  +  r(c^  ^  n^t)  +  s  =  0  .    THis^ls  an  equation  1^  $  ^ 

whic^  .may'be  wiltten      ^  ^      .  •  '     '  '  , 

(Pa^  +  qb^  +  rcQ  '+  s)  +  (pi^  ^0^*  "  P 

The  coefficient  of    t    resembles  the  algebraic  form  of  the  inner  product 
of  two  vectors^.  (See  Se6tion  3-5)    It  is  convenient  to  borrow  the  algebraic 
symbolism  o.f  vectors  and  represent  this  cpefffcient  as  the  "inner  product"  of 

the  "vectors"-  [p,q,r]   .aijtd    [^q'^^O'^O^'  symbolism;    tl^e  above 

equation  becomgs',  '  -  •  ^ 

\ 

For  this  linear  'equation  in    t    to  have  no  solution,  it  is  necessary  and 
sufficient  that  both:    ^^^q^^q^^^'  ^  [P^4^r]  •  [i^jm^jn^]  =  0  ,  which 

ctre  the  conditions  for    L   to  be  parallel  to   M  .    These  may  be  recognized  as 
equirlng' that    P^  ,  whic^i  is  a  point  of  .L  ,  nqt  lie  in-  M  ;  and  that    L  'be^^ 

porpendlculiar  to  d  normal  lipe  of   M  ,  ^  established  earlier*  ^ 

Example >  Show  that  L  x  =  3  +'  2t  ,  y  -  -^-t;  z  ^  1  +  3t  ,  is  parallel 
to  M:3x  +  3y-z^-5  =  f(x,y,z)'=  0  .  /   ,  ,      \     ,  . 


Solution  *    !Die  ^criteria  developed  in  Jhe  text  are  satisfied,  since:  . 

(1)  f(3,i*,l)  =  9'+  I2.-  1  -  5  =  15  i  o  ,  And   J  ^ 

(2)  [2,-r,3]  •  [3^3,-lf  =  2^3)  -  1{3)  +  3(-l)  ^  6  -  3  -  3--  0  . 

We  might  also  substitute,  -in  the  equation  of  M  ,  the  expressions  for  x  , 
y  ,  z  as  'functions  of  t  ,  and  get  3(3  +  2t)  +  3(^  -  t) (l  +  3t)--  5  =  0,' 
whicji  leads  to' the  contradiction    15  =  0  •    Therefore    L   doesn't  intersect 


'The  X-axis,  or  any  line  parallel  to  it;  haa  equations:    x  =  a^  4-  i^t  ^ 
yr^\.f  ^  *  °0  '  direction  nimjbers    {j^^^OfV)  .    -If  a  plane  has  an  equa- 

tiotf  such  as    M  :  qy  +  rz  +  s  =  0  ,    its  normal  lines  Jiave  directipn  numbers 
(0,q»  .  . M    is  parayel  to  the  x-axis  or  contains  it^  since  * 
[£q^0,O]  •  [0,q,r]  =  0  .  '         ^  '  • 

X  In  the  same  way,  if  a^plane  has  anjgquation  in  general  form  in  which  the 
y  teim  is  massing,  thei^the  plane  is  p'arallel  to,  ot  contains "^the  y-axis^,-and 
so  on.   '  ' 

(2)    If  a  line 'is  embedded  in  a  plane ,  then  coordinates  of  evefy  point  of  the'^ 
^line  must  satisfy  an  equati(5n  of  the  pl^ne.    If    L  '  and   M    are  given  as 
before:       :  x  =  a^  +  i^t  ,  y  =  b^  +  m^t  ,  ^  =      t  n^t  ,  and  - 

M  :  px  +  qy  +  rz  +  s  «  f^x^y^z)  =  0  ,  tlTen  this  requirement  is  met  i/,  » 
for  ^11    z  ,  p(a^  +  i^t)  +  q(bQ  +  m^t)  +  r^c^  +  n^t)  +  s  =  0^  .    This  may^ 

be; written  as:    (paQ'+  qb^  +  rc^  ^h}  +  (pi^  +  qpi^  +^mQ)t  =6,   or  as: 

If  this  expression  is 'to  equa^  z^o  for  all  values  of    t    then"^  we  must 
have:   <^i^QP^Q^>^^)  =  0    and    [p,q,T]  •  t-^Q^niQ^n^]  =  0  . 

These  condition^  fojp  embedding  may  be  recognized  as  requiring  ,that 
^0  ~  '  "^ich  is  a  pojjit  of    I^,  )  also  be  a  pointi  of  "  M  ;  and  'also  tji^it 

L  ,  with  direction  number    ( '  be  perpendicular  to  a  noimal  to    M  . 

We  have, previously  used  the  fact  that  such  a  nomal  has  direction  nx^mbers 
(p^q^r)  .         •     .     '  '  •  ' 

Example >    Show  that^l^:  x  =^:,  3  +  2t  ,  y  =  1  +*t  ,  z     3  r      ,  lies  .wholly, 
•in    M:2x-3y+2-6  =  :t{x,y,z).  =  0*.       «       '  .    .  ■ 

■  ■       ■       •     '  r'    '  - 

Solution*    Both  conditions  in\the  section  above  are, satisfied,  since 

(a)  tfie  point    (3,1>3)    is  on   M  ^  since    fX3;r,3)  =  0^,'and 

(b)  a  normal  to   M   has  direction  numbers ^^^^-3 A)  >  and^^^  is  perpen- 
dicular to,  such  a-nomal,  since    i^>'^>M.h  [2>l,-^l]^  =4-3-1  =  0.' 


\  '  ^   m   y  .U97 
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(3)    If  ve  suppose    L   aM   M   given  as  In  the  tvo  cases  above,  then,  if   L  4 
•  intersects    M   in  just  one  point,  there  must  be^a  unique  value, of   t  , 
,  say   t'  ,  such  that   PM=  (x',y',z»)   'on   L  '  is  also  on'  M.    That  is^  if 
.X'  =  a^l^f  if     y«'  =  V^  +mQt'  ,  z"=  Cq  +'not'  J  then  '  / 

•p(aQ-+  l^'-)^^  q(hQ  +  i9^t')'+*r(cQ  +nQt')>  s  =  0  .    OMs  is  a  linear 
♦  •  '  '  ,  ■  *  !•       '  » 

equation  in    t'    wi^ich  may  be  written:  •  - 

'  •       1  ,' 

.   ('PaQ  +  qbQ  +  rcQ  +"'s)  +  (r^q  +  (511^  H-  TXi^)t}  =  0  ,  or  ^  ' 

^      .         f(aQ,bQ,CQ)  +  [p,q,r]  •  =  0  • ' 

A  unique  solution  will  exist  if  and  only  if.  the  coefficient  of   t'  is 
different  from  zero,  that  Is,  [p,q,:^]  •  ^^Qf^f^Q^  *A  0  •    If  condi- 
tion is  satisfied,  we  may  find  the  unique  value  of   t'  :  . 


r 


■     •  /  y 

Wi-fti  thi^  vaiue  of  t*  we  find  the'^coordlnates^  of  P*  ,  the  unique^ ppint 
of  intersection  of    L    and   M  . 

J  Example.  Find  ?the  point  in  which  L:x  =  3+  -et,y=^-'3t  ,  i  =  1  +  t 
in^iersects    M  :  2x  -  3y  +  'tz  -  5  =  f(x,y,z)  =  0  .. 

Solution.  Either  "by  diyect  substitution  of  expressions  ror  -x.  ,  y  ,  k  ,  ' 
"in  equations  of  L  into  the  equation  of  M  ,  or  "by  appll^tion  of  tl^e  foytmla 
above,  we  obtaljit.       '  .- 


--/. 


•tl  = 


■    f(3!2,l)     '     _     2(3)  -  3(2);+  Ml)  -  5' 


,  We  may  summarize  the  development  in  this  section  so  faf  by  observing  that 
i  much  of  the  analysis  depends  on  the  po,§siblity  and  Aature  of  the  eolutio^  of 
f(aQ,bQ,CQ),+  [p;q,r]  •  [-^Q^m^n^lt  =  0  .    We'exhibit  the  results  of  o«r 
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the  table  below. 


^Case  ^ 

[p,q,r]  .  [iQ,mQ,nQ] 

numbers'  of  solu- 
tions for    t  • 

(li       is -parallel  to  M 

none  / 

(2)  L'  is  embedded  in  M  . 
• 

\ 

=  0 

'  -  \ 

-=  0  ~ 

/    i  • 

"  Infinitely/ many 

(3)        pierces  ^ 

any  value 

■one  /  . 

A  significant  problem,  related  to  the  problem  of  finding  the  distance 
between  two  skev  lines,  is  to  find  parallel  planed  ;^ch  .contain  two/ skew 
lines.   Suppose  the  lines  are    I^  :  x  =  a^  '*""VlV'  V  =         ^\  ,  /  ^ 
2  =  c^  +  ^l\  >  ^        :  X  =  a^  +  £^t^  ,  y  ==  b^.  +  m^t^  ,  -z  =  c^  +  Lt^  . 
If  the^pl^es  and         are  to  be  paralle3>,  their  rionnals  must /have 

'^equivalehl;  direction  nun^bers,  and  weNnay  write  their  equaticns,  /  '  ^ 
11^  •       +  <3y  +  rz  +  s^  =  f^(x,y,z)  =  0  ;  and  '     '  / 

Mg  :  px  +  qy  +  rz  ,+  s^  =  f2(x,y,2)  =  0     ,  The  problem  isTo  "find  /^p'^'',^q  , 


^  ,  s^   in  tems.of  the  constant^  which  give  us.   L.^  and  ,L    ,  ujider  the 

/  4  ' 

conditions  imposed  by  the  prol^em.    Since    L    and         are  embedded  respec- 

'        •     \  ,         -         ^     /  ^ 

tively  in        ^  and        ,  ye  ^ve  fVdm  the  previous  section  ,  f 

f^(aj^,b^,c^)  =  ^^{^^,1)^,0^)^  =  0  ,  and  also         ,        '  ^ 

[p^q^r]  •  [£^,nL^,h^]  =  [p,q,r]  •  [Z^^m^yn^]  =  0  .    These  four  equations  are  not 

sufficient  to  find  the  five*  values    p  ,  q  ,  r  ,  s    'and    s^ ,  but  we'' re  cognize^ 

■yiat  direction  numbers  need  not  be  found  uniquely;  any  equivalent  set  wlUL  ^o 
as  well,  to  write  equations  for   M£Ntnd  ,       .    We  assume  that  not  all  of 

(P^a^r)    Paual  zero,  and\/ iji  partrculaf  that,  say,  ''r  ^  0  ,  in  T^ch  case  we 

have  an  equivalent  set    (pf,l)     and  the  algebraic  problent  of  solving 
,  f our  equatiorS  in  four*  variables.  #  , 

The  algebraic  conditions  ,for  solvability  have  their  gecmetz?ic  ^counter- 
pevrts,  corresponding  to  the  j'elative  positions  6f  ^L^   and        .    We  consider 

here  only  the  situation  in  whi%         and        ^are  skew.    The  g^eral  alge- 

braic  treatmei\t  of  thj,s  case  involves  extensive  algebraic  manipulation,  vhlch 
we  shall  not  go  through.    We  will  carry  through  the  details  in  an  example.  / 


Ex^A^le*  Find  parallel  planes  ,and  vhich  contain  the  lines 
:  X  =  1  -  t^  ,  y  =  2  +  3t^  ,  z  ^  1 -t  2t^  ;  and        :  x  =  -2  +  St^.  ,  ' 


2t, 


2  ' 


is  not  parallel  to  ,  because  their  direction  numbers  -are  not 
equivalent. 

and^Lg   do  not  meet,  because  the  assumption  of  a  common  point 
ses  contradictory  conditions  on    €^    and    t^  •    If  ve  try  to 
.ve-the.  system  ' 


[3-  t^  = 

-2  +  3t2  . 

3  +  atg 

1  ■ 

1  -  , 

the  lasf  two  equations  i*fequire        =  5  ^  ^2^=  "  J  9        these  do  not 
satisfy  the  firs't<^ equation. 
(3)    lEaerefbre,  *        and         are  skew.    Ohen,  as  in  the  section  above, 
we  consider  planes         :  px  +  qy  ^  rz,  +  s^  =  f^(x,y,z)  =  C  ,  and 

:  px  +  qy  +  i»X  +  Sg  =  f2(x,y,z)  =  0  .  ^^e  condi-^ion^  that 
and  be  perpenc^iculjo:  to  a  common  normal   N    to  planes  ^  ^^fi^^ 


"2 


,^e 


,  become: 


1- 


(-l)p  +  3(,q)  +  2(r)  *  0 
(3)P  +  2(a)  -■  2(r)  =  0  .■ 


may  rewrite Hhe^e^as^ , . 


-  »5  ^ 


'( 


3(^)  +  2(.%--  2=0,-- 


;r' 


aiid  these  yield,  by  el^entary~methbds ,  the  solutions^    r  ^  11  ' 

^=       •    We  may  „ther6f  ore  use  either  the  direction'  numbers    ^  ^ 
r    .  IX       ^        •  ,      '  .  .   ^  _         ~  ^ 

(•^,^,1)    or  the  equiv^ent    {10,-i,ll)  ...  Witl)  these,  values,  of 


#1 
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V  f  <l  ,  T  ,  -ve  find    s^^  and         •easily  from  the  conditions  that 

and.l^v  contain  points -^P^'r:  (<3,2,l)  and  =  (-2,3,1.*)  of 
and   Lp    resp^tlv'ely,  i.fe.             '  , 

'  P(3)  +.q(2)  ^^r(iy:+^^  =.p«,  ^   /.        =  -33  , 

^  +;q(3)  +  Hi)  +  Sg  =  p  ,    A    Sg-  =  21  . 

Finally  we  have  the  equatidris  of  th^  planes 

:  lOx  -  l^y  +  llz  -       =  0  ;  M    :  lOx  -  ky  +  Hz  +  21  =.0  • 


Two  Planes:         ,  ^    .    Suppose  these  planes  have  respective  equations* 

^  •  ^2^  •**  V      ^2  "  ,^2^^'^'^^^  =  0  . 

. /•  '.*Ehe  planes  may  ^tl)  " coincide, -"-(a)    bejparaUel,  or    (3)  ;lntersect- 

/  V  -       ^  '  '  ' 

(ip  The  plaiies  coincide  if; and  only  if  eve^  point  of  one  of  them  is  a  point 

of  the  other,  and  this  will  be  the  case  if  and  only  if ^  there  is  some  non- 
zero number    k    such  that    f^(x,y,zy  =  kf^U,y,2)  ,  as  may  be  easily  seen 

(2)  Th^  planes  will  be  'parallel  i'f  and  only  if  they  have 'a  common  normal,  but 
no  common  point.    These  conditions  will  both  be  met  if  there  is  a  number 
k  /  0  ,  such  that,  p^  =  kp^  ,       =  kq^  ,       =  kr^    but    s^  /  ks^  .  Th^' 

proof  that  this  is  so  is  left  to  the  student. 

(3)  If  two  distinct  planes  intersect  in' a  point        =  ^^o'^O'^O^  '  °^ 
earlier  postulates  of  geometry  requires  that  they  intersect  in  a  line^ 
containing    P^  .  .We  show,  from  the  analytic  representation  and  condition 

*that  this  is  so,  and  find  the  line,  given  the  planes.  *  . 

The  general  treatment  would  involve  tedious  cpmputationj  and  would  prob- 
ably not' be  as  enlightening  as  a  specific  example} 

'Example  >    Suppose  two  planes^    M^!2x-3y+z-,i^=:  f^(x,y,z)  =  0  ,  and 
M2:x+2y-Uz-l  =  f  (x,y,z)  =  0  ,  have  the  poiht    P   =  (3, 1^1)    in  oommo: 
Show  th^  they  have  in  common  a  line  containing    Pq  .  ' 


Solution ♦    If    p   and    q   are^numbers  not  both  zero,  the  ♦equation 
pfi(x,y,z)  +  qf^(x,y;z)  ~  0   is,  in  general,  an  equation  of  a  plane  containing' 

J  V  ' 

Ttils  equation  may  be  vritten  as :  '        '  .  . 

(2p  +  q)x  +  (-3P  +  2q)y  +  (p  -  hq)z  +  (-Up  -  q)  =  0  .^Z 

Jf," in  particular,    P  =^1  ,  q  =  -2  ,  this  equation  becanes    -7y  +  9z  -  2  =  0,  . 
or   Tj     9z  +  2  =  0  •    Bie  locus,  in  3-space  of  this  equation  is,  as  shown  ill 
the  previous  section,  a  plane,  parallel  to  the  x-axis»    Note  that  this  pls«ie 
contains    Pq  =  (3,iA)  ,' since    7(1)  -  _9(l)  +  2^=  0  .  *  I^ve  subtract  correS- 

ponding  members  of  thes^  tvo  equations  we  %et,,  as  anothejr  equation  of  thj.s 
plane,    T(y  -  1)  -  9(  z  -  D  =  0  .   '  '  '       ,  ' 

In  the  ^ame  vWr  "by  taking    p  =  2  ,  q*  =  3  /  we  get  the  equation 

Tx.  ^lOz  -*11        ,  which  represents  a  plane  parallel  to  the  y-axis,  and  also 

containing -TP,  =  (3,1,1)-,  since   7(3)  -  10(l)  -  11  =  D  .    If  we  subtract 
u  *  . 

corresponding  members  of  these  two  equations  we  get*  Zj(x--  3)      10(z  -  l)  =0  , 

*  *  *  •     *  / 

These  equations  of  the  two  planes  peirallel  to  the  x-  and  y-a:^es,  respectively ,^ 

may  be  written :      i        "  '  .  "xr  ^ 

y  -  1     z  -  1     •    .  ,  ' 

;     9    ^--"T^  '  ;  •     ^  ^ 


Note  that  these  three  fractional  expressions  are  all  equal  and  can  be  set 
equal^o^some  com 
and    z  =  1  +  7t 


equal^o^some  common  value    t  ,  from  which  we  get'   x  =.  3  +^10t^y  =  1  +  9t  > 


V  '  '  *  U 

13iese  sure  clearly  a  set  of  parametric  e^quations  for  a  li»e '  containing 

the  point    (3,1,1)  .    to  show  that    l'  lies  wholly  rin   M,  'we  must  show,  that 

-    ^  \ 

for  all  values  of    t  ,  .       r  \  ' 

v^:  *   '  '      2(3  +  lot)  -  3(1  +  9t)  +  Ki'v  7t)  -  =ro ,  -  —  \  r 

that  is,  6  +  20t  -  3  -  27t  +  1  -r  7t.-  U  =  0  ,  *    .  , 

whicfi  becomes,  for  all   t,0  =  0.,  ,^ 
t  *  •        *  * 

In  the  same  way,  ta  show  that        lies  wholly,  in  ^M^^^e  must  show, that* 


;i  +  7t)  -  1  =U) ,  . 


for  all  values  of  ^  , 

"^1(3  +  lot)  +  .2^1  +  9t)  .  M: 
that  is,  .  3^+  lot  +  2  +  l8t  -  If  -  28t-  1=  0  , 

and,  for  all    t  ,  this  becomes,'  0  =,0  .  *  ^  ' 


.  Ex'erclses  D-U 


.Consider  the  four  lines  given  by  the  equations"  belov  for  Exercises  -1  to  6. 


X  =      +  3t, 


z  =  U  -  2t 


1  / 


'  X  =  3  -  6t, 


r=  -5  +-2t   "  L 

r 

z  =  1  +  l*t^ 


y  =  -6.  +  hi^ 
2  =  9-  6t,. 


6  - 

z  =  13  -  8t^ 


X 

y 


9' 


!•    Defemine  for  each  pa^r  heloi  if  the  Hnes    (a)    intersect  in  just  one 

point,  or    (b)    are.paral^el,  or    (c)    are  coincident,  or    (d)    are  skew." 
If  a  i^r  intersect  in  just  one  point,  find  that  point.'  <  -  *  I 

(a)    L,  '  ■  ■ 


(d) 


_(e)  ,,L^ 
•  •      (f)   'L3  , 


,.2«  -Wrlteah  Equation  (^or  the  line  vhich  contains   f  ^  (l;2,3)  'and  is 
parallel  to'    ,  .  <. 


(a) 
■(b) 


3.    Write  equations  Of, J>a2^11el  planes    M,    and   I*L   wiiich  contain  respect iveOy 
fa)    L,  /"and- 


.^.w         -  (b)  li^    and  / 

.  Wrltp  an..^qjiation..afs^a  i^lane-whiTch '        '  ^        '  ' 

(a)  contains    L^-  and  is  parallel  to  . 

(b)  contains* lii  j;^ and  is^pafall'el  to  L,  . 

-         '  '  -t' 

5*    Write  an  equation  for  tjie  plane  which  contains  the  origin  and. 


(a) 
(b) 


(c).L, 


'        *      ^^^^  *°  ^  Qve^    3^    if         and         arl  disjoint  (have  no  poi^it 

.  ^         Is  •  '  -  •    \  r^^'^h 

in  cormnon;,  and  there,  is  appoint    P.    on   L.    which  is  above  a  poitit  /p  on 

There       a  ' 


Lg^^hat  is,  such  .that    x^  ^       ~  ^A 
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corres^nding  definition  for  a  line  to  go  under  another  line.    We  show  that 
L^'  goes  over'        "because  iT        =        and        =        ve  have 

-2  +  3t^  =  -5  •*'*3tj-;  and"  3  -  i^^' =  6  -  gt^  ,  therefore'       =  1  =  2 

For  these  values  of   t^    and    t^    ve  havet   2-^  =  2    and        =  -3  >  zj  ^ 

and  therefore  ^L^    goes  over  • 

^  6.    Deteimin'e  the  over*or-imder  relationship  for  these  pairs  of 'lines:* 

(a)  a^id    L^-^-        ^    .  .  (c)  and  L^^^ 

(b)  lig    and.       ^  •  (d)  and 

7»    If         goes  over    L^,  and  goes  oyer    l'^  ,  is  it  silvaysj  sometimes  > 

ar  never  true  that  *  L.    goes  over        ?  . 

8.  True  or  falsei    One  of  two  disjoint  lines, is  over  the  other.  Explain. 

=•    v      •    -         '  - 

Considei^  the  f6ur  planes  '       :  3x  -  2y  +  z  -  5  =  0  ,  for  Exercises  9  tp  12. 
:  2x  +  y  -  3z  +  ^  =.6  ;       :  X  +  3y  -  2z  -  1  =  0  and 

^  '  '  ;  *        '  **  - 

Mr     -2x  +  y  +  2z  +  3  =  0  .  •  ,      '  ^  ,  ^ 

9.  Find- in  .parametric  fom,  equations  of  the  line  of  in'tersection  of 
(a)    M^v  J  lA^.  -  '  (d)    Mg  ,  , 

"\  (t)         ,-M    .      '    •  ,      (e)    Mg',       .     '  ^  ^ 

(c)  M^^  .  ^      ^  (f)         ,  M^^  . 

10.    Find  the  common  intersection  point,  if  any,  of 

,  ,        ,  (c)         ,        ,  . 

{:b)  ^M^  ;  •  '  "  ■    '  '  (d)         ,        ,  . 

Note  that  ve  may  use  the^esults  of  Exercise  9  to  facilitate  the  computa- 
tion in  Exercise  10.  r 

11.,   Write  an  equation  of  the  plane  vhich  contains  the  origin,  and  is  parallel 

-    .  ^ --'^  f  '  ' 

to:  /        ^ ^ 

(aK^^;   "  ,  (c)  ' 
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12.  •  (Refer  to  the^nes  a%the  top  of  this  group  of  exercises.) 
Find  the  point,  if  any,  in  which         ^  ^  , 

(a)         meets         .  (c)         meets        •    '  » 

-(b)  meets         .  -  (d)  meets  ^  ^ 

13 •    Suppose  eq\fetions  of  two  lines  in  2-space  are  given  in  parametric  ^rm* 
-Develop  criteAa,  in  terns  of  the  constants  in  thes'fe  equations, for  the 
^  various' geometric  relationships  that  Hiay  exist  between  th.e  lines,  as  in 
Section  ^-6d  ,  where  the  equations  were  given  in  general  form. 


D-5  •    Perpendicularity  and  Angles  between  Lines  and  PlSines 

We  have  used  quite  freely  ill  this  chapter  the  definitions  and  tests  for 
perpendicularity  that  had  been  develpped  in  Chapter^  .    For  the  purposes  of 
this  chapter  we  consider  angles  between  lines  and  planes  in  general,  and  per- 
pendieularity  as  the  special  relationship  that  exists  when  these  angles  are 
right  angles*!    We  recall  that  an  angle  has  been  defined  as  the  union  of  two 
^non-collinear  rays  with  a  common  end-point.  ^  *        c  '  * 

Two  lines :    ^  ^       •        do  .nbt  define  angles  between  parallel  or^ 

coincident  lines.    Although  there  raa^  \)e  some  value  in  the  consideration  of 
"straight  angles*',  or  "zero  angles",  we  Teel  that,  ^here  is  not  sufficient 
applicatiori  of  tliese  concepts  in  thi^  text  to  warrant'  the  time  and  effort  thdt 
their  treatment  would  entail.^  We  have  already  developed  in^arlier  sections 
analytic  criteria  to  distinguish  cases  of  pajrallelism  or  coincidence*  - 

If         and  are  neither  parallel  nor  coincident  we  de'fine  the  angles 

between  them  to  be ^  the  angles  formed  by  lines  and    L'^   which  contain 

some  common  point,  say,  the  origin,  and  are  respectively  coincident  with  or 
parallel  to  and         .    llote  that  this  definition  cpvers  any  intersecting 

or  skew  lines.    Sw:h  lines  determine  four  ajigies,  which  ?fan  be  amalytically 
distinguished  only  if  there  is  some  my  of  establishing,  implicitly  or  ex- 
plicitly,  a  seyit^  on  and         .     ,  ^  ^ 

^   2- space; ,  Consider  the  intersecting  lines         fx  =  a^  -r  X^t  , 

•    y     ^2.  "^^1^  '  ^2  *  ^     ^2  ^     ^2'"^  ^2^  '  ^where    \  ^  \  >  \  ^ 

M-g  ,  are  direction  cosines.    Then  the  lines  X*^   and  which  go  if^irough 
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the  origin  arid  are  respectivelji  parallel  to  or  coincident  with  and 
^  have  the  equations; 

-       . ,  r  X  =  ?yjt  ,  y  =  [i^t  ;  :  x  =  A^t  ,      =  \i^t  . 

Note  that    \  f  [J^'  establish  a. sense  ^ong         and    L*^  ;  the  "positive"  > 

part  containing  P9in^^f or  which    t  >0  ;  and  so  on.    If,  on    L*^    and  , 

we  take  .t  =  X  ,  w4l?et  the  pointfirj*^=(>v^,U^)  ,Snd  '^2^^'^2^^2^    °"  positive' 

rays    OP^  ,  OP^  .    We  define, %h.e  angle  between  arid         jas  given  above, 

'to  be  the  angle  fomed  by   OP     and    OP^  ;  which  ve  designate  as   6  •  Note 

that  if* we  had  taken  fter  the  equivalent  direction  cosines''-^  f  '^^j-*'*  ^ 

these  ^would  have  been  established  on    L,        a' sense  opposite  to  the  original, 

and  in  that  case  th^  angle,  between    L     and         would  have  been  the  supple- 

ment  of  9  .    It  is  not  difficult  to  see  that,  for  any  choices  of  equivalent  ^ 
r.direction  cosines  ,  for  '     "  and  the  angle  betweep        ^and        .would  be 

con^uent  Either  to   0    or  its  supplement.    These  ^^^l5ie  .angles  we  mean  when' 
speak  of  the  ^gles  fomed  'by  two  lines . 


From   ^P^Pg    and  thd  law  of  cosines  we  get 


d^(P,,FJ=  d^(0,Pj  +  d-(0,P-,)  -  2d(0,Pjd(0,P-,)  cos  6  .    Note  that 


d(0,P^)  -d(0,P2)  =  1  ,  and    d^(P^,P2)  -  (X^  -  Tv^)    +  (m^  -'fjig) 

=  \'^^1^2^^^2'^^l'.^^l»^2J^2' 

Therefore  *2  -  2\\.  -  2^J^fJ^  -  2  -  2  cos  8 

1^  ^   ^  ^  . 

( l)    and     .  Cos  0  =  +  .  ^ 

Thi's  is  an  unair.bi^ous  determination  for  one  of  the  angles  between 
and        ,  namely  that  between^he  positive*  rays  on    L*  ^and    Lp    deteni^ied  by 

the  given  direction  cosines  and    t  >  0  .    Another  of  the  angles  between 

I  '       *  ' 

and    Lg    is  clearly  the  -supplement  of    0  ^  -  *  -  ^  ^ 

/ 

c  1 
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Note  'tfiat        1  ^2        and  only  If  the  angles  between  them  are  right 
angles^  that  is,  if  and  only  if   X^X^  +         ^j)- .    oms  is  a  familiar  criter- 
ion for  perpendicularity.  ,  ° 


We  may  indicate  the  corresponding  results  using  dir^cti6n  number^,  ralgT^ 
than  direction  cosines .    Note  -^t  when  we  set  ^      *  *       '  '  x 


m 


-Ti    +  m  +  m 

*  *     .  »  * 

there  i's  an  ambiguity  introduced  with  the  choice  of  sign  for  t^e  radical.  A 

particj^lar  pair  of 'direction  numbers  entails  an  implicit  sensing  of  the  li^ie", 

as  with  the  case  of  direction  cosines;  the  positive' sign  for  both  radicals 

preserves  the  original  sensing.    In  te^  ^f  direction 'Ruabers',  Equation  (l)  ^ 

becomes        o  '  . 


(2)  Cos  e  =  


V2 


^and  the  corresponding  condition  for  ^erpendicularity^ecomes    ^  . 

•    '  +  m^^mg  =  0  . 

.  r         *  «  a 

The  development  here  resembles,  as  it  should,  the  corresponding  develop- 

ment  with  vectors,  given  in  Section  3-7  .    We  may,  in  these, fomulas,  use  the 
symbolism  of  vectors,  to  simplify  their  representations.    We  recognize  that 
the  vector    OP^  =  t\;M3_l    and  ^  OT^  =  •  .Therefore  we  may  wirite 

Equation  (l)    in  vector  fomt 


Cos  e  J  [Tvg,^^]  =^  OT^  .  OTg 


In  the  same  way,  'eLLthough  we  have  not  used  vectors  whose  components  are  direc- 
tion ntlnfliers,  we  may  extend  our  symbolism  and  treat  the  expression  .[i,mj 
atlgebralcalXy^as  if  it  were  a  vector,  in  which  "case  we  may  wtite  Equation  (2) 
in  "vector" '^om:  ^  ^  #  •  " 

and  the  oorresponding  condition,  for  'perpendicularity  as  <^  ''^ 
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Example  1.    Find  the  angle  between  •Lj_-:x=»2+3t  ,  y  "  ^  '  t  ,  aM 

Iu:x  =  3*t,y  =  2+  2t.  *  . 

*^  >        .  •  .        .      ,  -  ■ 


Soljition.  g  ^       (3)(1)      (-1)(2).  '  ' 

^  -  2         1  — 

VIo  >5        >  '   '  • 

Example  2.    Show  that        :  x  =  3  -  5t  ,  y  =  2'  +  3t    i6  perpendicular  to 
.  Lj^  :  X  ='1  +  3t  ,  y       +  5t  •  ' 

Solution,  .(-^)e3)  +  (3)(5)  =  0  ,        .;.       I  t 

E3cample  3*    Find  the  angles  between   L£  and        ,  where   L^^    contains  ' 
tie  points   X3>^)  >  (-1,-1)  :  and"         contains  the  points    (-^,6)  ,  (3>0)  . 

Solution*    Since  no  sense  is  imposecL  on  and  we  will  find  their 

angles  of  inters ecjibn.  ,  ,     .  ,  • 

We  my  take  ap  direction  numbers  for  ,  (^>5)  and  for        ,  (-7,6),.^ 

(Why?)    Therefore:                    ,         *  — "  r  ^  y 


dO 


We  may,  most  slkply,  find  the  other  angle  of  intersection  as  the  supplement  of 
^  ,  but  it  is  instructive  to  use  equivaleqt^jyjP^iction  numbers  for    L-  which 

have        effect  of  reversing  the  sense  induced  by  the  first  choice.    We  \xse 
now    (-^,-5)  ,  and    ("7,6)    as  pairs  of  direction  numbers- and  get 

.   A-hf  +..(-5)^   /(-7)^  +  6^ 

•  V     '  .  ■ 

which  is,  "as  we  expected,  supplementary  to    6  .  •  • 


Ebcample  k*    Find  the  line        ,  to  contain  the  poi«it    (1,2)    and  be  per- 
pendicular to        :  X  =  2  +  |3t  ,  y  ^'h  -^t  .  * 

Solution^    Suppose   L^;  meets         at    P  =  (a,b)'  .    Then  we  take  dir^c- 

tion  numbers  for   L     as    >a  -  1 ,  b  •  2)       From  the  perpendicularity  relation 

j  *  t  '  '    •  * 

ship  we  llave-'3(a  -  l)  -  l'(l?  -  2)*  =  0  .    From  the  fact  that    P  =  (a,b)    is  on 

,  we  have    a  =  2  +  3t  ,  b' =  U  -  t       Substituting  triese  expressions, for    a  - 

and    b    into  the  first  of  these  three  equations  yields    3(1  +  3t)  -  1(2- t)=  0 

^4     from  which   t  =  -*1  .    Therefore    P  =  ( 1.7,4.1)  and    L   has  the  equations  : 
f    X  =  1.7-^  .7s  ,  y  =  h.l  +  2.1s  ...  .  ^ 

,  5.  * 

Two  lines;    3- space*    The  development  here  is  a  straightforward  generali- 

•    zation  fran  that  given  for  2-^pace»    As  ^before)  the  significant  formula  comes 
from  the  consideration  of   ^"^^^2  '             ^1  ^2  ^^^^^^-^contain 


or  are  parallel  to    OP.  >  OP^  .    The  results  are  indickted  below,  but  the 


or 

proofs,  which  are  not  at  all  difficult,  are  left  to  the  student. 


Cos  0  =  1^1^  ^1^2 

(3)    or        ■         Cof^=-    •        V2--l°f-V2  .■ 

As  before,  the  test  for  perpendicularity  becomes  ^ 

\^2  ■**  *^1*^2  ■**  ^1^2  =  0^0^  ****  °h.^2  ***  ^1^2     ^  • 

These  may  be  represented  simply,  in  vector  foim,  as         '       .     '  '■ 
^I'^'V  '  ^^2''^2'^2^  =  0  ,'or    [i^,m^,n^]  •  [l^.i^iXi^]  =  0 


\ 


\  follows: 


Exampl&  !•    Find  the  eingle  between  two  lines  having  direction  cosines  as 


\  ^  -f^.\-i  ,      -i  ,  and.      .1  ,  ^  .-|  ,      .i  . 
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Example  2.    Show  that  the  lines        :x  =  2  +  3t  ,y  =  3-t-,  2=2  + 
Iv;>:x=5+t,y  =  6+7t,  z  =  7+-t,are  perpendicular  to  each  other.  ^ 

>     ■  J  * 

Solution.    [3,-1,1*]  .  [1,7,1]  =  (3)(i)  +  M)(7i  +  (U)(l)  =  0  . 

Example  3>    Find  the  line         whidi  contains    P  =  (7,^,5)    and  jfe  per- 
pendicxilaf  to         of  the  previous  exercise.  ^  , 

Solution.    If         meaits  .L^    at   'p  =:  (^,b,c)    then  we  may  take,  a^  direc- 
tion numbers  for        ,  (a  -  7  ,  b  -     ,  c  -"5)  •    The  condition  for  perpendi- 

*  cuflarity  requires    3(a  -  7)  -  'l(b  -  ^)  +  ^^(c  -  5)  =  0      Since    P  =  (a,b,c)    is.  ^ 
onA^,  we  have    a  =  2  +  3t,b  =  3-  t,  'and    c-  =  2  +  Ut  .    If  we  substitute 

these  expressions  for  the  coordinates  into  thq  previous?  egjuat^on  we,g^t: 

>     .  .     ;>  . 

3(-5  +  3t)  -  1(-1  -  t)  +  l^t)  =  0  ,  from  which  tU-i^.x. 

Therefore   P  =  (5,2,6)    and""  *he  equations:    x  =  7  +  2t'  ,  y  '^^  'k*  2t  , 

2  =  5  -  t  -     • .  .       .  \ 

Line  and. Plane:    Jf]^  >  ^  •   It  is  conveni-ent  to  consider  the  line 
:  k  =  a^  +  -«^t  9  >  ^  ~  ^1     ^1?  '  ^  plane 

:  px  +  qy  +  rz  +  ss^"  0  I.    Wp  have  already  developed  criteria  for         t9   .  ^ 

be  parallel,  or  peipenditsular  to   M    •    Suppose  it*  is  neither,  and  intersects 

\  *  • 

M-|^  at  point   P^  •    Then  any  other  point    of   L^^  ,  say        "det^nnii|es,  with 

,  a  tj^que  line    N  ,  peipendlculeo*  to        ,  and  meeting  it  at,  say,  P^  . 
We  deflpe  the  angle  Ibetween         and         to  be  the  angle   ^(^^Fz  *  ^^^^S^^^^ 
as    0  •   Note  that  this  definition  i^equires    0^  <  Q  <  90° 


Since   N  has  direction*  numbers 
*(p^q^r)    and   1^  has  direction  numbers 

( i^,in^,n^)  ,  ^  can  find  the  angles  be- 
tween   Lj^   and   N  ,  frm^ilquation  (3) 

'~of  •6he"~previotis  section*  ~Ve  need  the 

•  acute  aijgle,  designated   <t>  ,  and  there- 
fore  use  the  absolute  value  of  the  2^ght 
m^ber  as    cqs  <t>      But^  from'  fight 

*  ^0^1^2  '  s^^c^  '  0   and   (|>    are  coiAple- 

mentary,  We  -have  sin  =*cos  <t>  aiid,  . 
the  equation  we  want: 


sin  e  = 


[i^p  +  m^q  +  n^r| 


Example  ♦  Find  the  angle  between  L^:xi=2  +  t,y=3-2t., 
z  =  1  +  t  ;  and        :  3x  +       -  12z  +  5  =  0  . 


Solution • 


sin  e  = 


Il(3)  -  2{k)  +  1(-12)| 


1-171 


«     /l^  +  (-2)2  +  1^    73^  +       +  (-12)2  ^ 


13 


.53 


0'?3  32^ 


^^_/    V      Two  pianes;    M^i^^Mg  •    Consider  the  planes,  M^:  p^x  +  q^y  +  r^5  +.s^  =  0 
:  PgX  +  q^y  +  TgZ  +  Sg  =  0  ,  and  a  point  (^o^^O'^O^  • 

either  plane.    Pq    and    ^^J^    determine  a  unique  normal  line        ,  and  Bnd 
Mg    a  unique  normal  line   Ng  .    We  define  the  angles  between  planes    \^  and 
to  be  the  angl^e's  between  lines  and        .    If  and  coincide, 

then  the  planes  are  perpendicular  to  a  common  line  and  must  be  parallel  or  coin 

} 

cident*    The  analytic  conditions  are  easy  to  find.    Since   N^^    and  ^  If^  contain 

a  common  point   P^  ,  and  have  direction  numbers    (p^,q^,r^)    and    (Pg^q^^r^)  ' 

they  will  coincide  if  and  only  if  these  direction  numbers  are  equivalent, 
dLs,if  there  is  a  number   k  /  0  ,  such  that    P^^  =  kp^  ,  q^  =  kq^  , 

•  511 

5i0 


that  1 


^1  "'^^2. '        these  ar6  the  conditions  that         be  parallel  to  or  coincident 
''with  Mg',  as  has  been  noted  earlier.    Of  course         and  Mg   wi^  coincide 
^if  alid^only  if,  further,    s^'=  ks^  ,  ^otherwise         ahd         ate  parallel. 

- '  jj|        j^Q^  coincide,  the  angles  between  them  can  be  found  ^ 

Vfrom  Equation  (3)  of  the  previous  section,  aAd  these  are  precisely  the  angles 

betweei^  l^^"75na: — — ^ —  j 

.      -    — ;    •  ™P^i!p  f  a.qp  +/r  r 
M5)  ^Cose=:^"^  ^ 


If  one  of  these  angles  is  designated  as    9    ,  another  must  be  the*  supple- 
ment  of    9  ,  and-thfe  remaining  two  angles  congruent  to  these.    Then  the  right 
member  of  Equation  (5)  gives  the  cosine  either  of   9    or  of  its  supplement. 
W6  are  usually  interested  in  the  acute  angle,  in  which  case  we  use  the 'abso- 
lute value  of  the  right  member  of    (5)  • 

Example .    Hiid  the  angles  between  the  planes  M^:x-2y+z-U=i0, 
and   Mg.  :  2x  +  '2y  -  z  +  ^3     0  . 

Sblution* 

'   ^  cose-;  -2(2)  ^l(-l) 

/l^  4.  (-2)^  +  1^  +  2^  +  {-if 

1/9 

e«i56^ 

/•  Kie  angles  are  156^    and  2h^  .  , 

Example .    Find  an  equation  of  the  plane,  perpendicular  to  line 
L:x  =  2+'t"^,y  =  3-2t  ,  2  =  1  +  3t,  and  containing  the  point   A=;  (3,1,2)  • 

Solution.    If  P=  (55j^,2)    is  any  point  of  the  plane,  then  direction  num- 
bers for   PA   are  (x  -  3  ',^y  -1,2-2).    ©le  condition'  of  perpendiciiiar- 
^ty  requires  that        ,  .    '  ^.  , 

..^  ,  ,        '      .w.  .JLU'*v^3X^.'2(y  -  1)#3(2  -  2)"=  0  , 

and  this  is  the  solution,  which  may  be  written  mor.e  con^)actly  as 

X  -  2y  +  32  -  J  =  0. . 


Exercises  D-5 

'  Consider  %SBp  three  lines  ^^.Exercises- 1  to 

^1  :  X  =  3.  -  t  ,  y  =-2  +  3t 

"  ^  .  \  I  .  'it,  :  X  =  2  +  t  ,  y  =  1  -  2t- 
>  /  . 

I  j         L,  :  3c  =  1  +  3t  ,  y  =  3-+  2t 

. ;     V  -  '  ■ 

!•   ja)    Find  the  an^fle  between   Llj^  'and  . 


-(14— Ilnd_the_SDgle  tetween^  L^^jf^d^^L^j^ 
(c)    Una  j^he  angle  between  And 


I- 


2m    Find  tjie  line  through  the  point    (3^5)    and  perpendictilar  to 
.   •    (a)    \^  ^(b)  .     (c)  L3 

3«    Find  the'^isectors  of  the  angles  foimed  by   L^^   and        ,  using  the  locus 

^  definition  of  an  angle  bi^^ctor,  (points  equidistant  from  the  given  lines); 
then  show,  by  the  methods  of  this  section^  that  the  angles  have  been  cut 
into  congaruent  pairs. 

h:  jlf   Lj^  ;        meet  at        ;       >        meet  a^        ;  ettid    1*3^1^   at  , 

(a)  find  the  c^rdinates  of  P^  ,  P^  ,-P^.  .  c 

(b)  Use  these  results  to  find  the  lines  which  contain  the  three  altitudes 


'i. 


]  °^  ^l^2^3  •  . 


/ 


p^.    At  what  angles  does  the  line  detennined  by    (l>3)  ,  {^,"2)  ,  meet  the  ^ 
line  detezmined  by    (-1,2)'  ,  (2,-3)  ?  * 


Consider  these  lines  for  Exercises  6  to  lU. 


d  ^  Ii,:x32-3t,y  =  3  +  t,.zai*  +  2t 

1^  :x  =  3+  t,y=«U.t,z=2+3t 
Lj^  :_x  =»  1  +  2t  ,  y  =  2  +  t  ,       >  -  3t 

6.    Find  the  angles 


(a)  ^between   I^'  and 

(b)  between   L,  and 

(c)  'between  IC^^and  L, 
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\     -  ■   •  _•  ' 

?•   Find  the  equations  of  a  line  through   P  tj  (1^2^ 3)    find  perpendicular  to 


&•    Find  ecLuations  of  a  line  ' 

^(a)  "'N^   perpendicular. to  both  and  •  ^       —  -     - --..^  ^--^.^.-^x 

(^)    Ng'  per^tidicular  to  boths  Lj^   and  •      '  '  ^ 

r'C^)          perpendicular 'to  both  L^^   and  •  \  / 

Find  an  equatl,oh  of  a  plane  vhich  contains  the  point  P  =  (3^5,7)  and  is 
perpendicular  to  ^     ^'        '         /        .         -       .     ^  -  • 


(a)        .         \  (b)        -      ^  '  "  (cT   L3  \ 

10 •   Find  ajQ  equation  of  a  plane  vhich  ' 

(a)  contains    Ix^   and  is  parallel  to 

(b)  contains    1^   and  is  parallel  to        •     •  *  ' 

(c)  contains         and  is' parallel  to  • 

(d)  «  contains         and  is  peurallel  to  • 

(e)  contains          and  is  parallel  to        •      j    .  ,  * 

(f)  ' contains          fixd  is  pai«illel  to        •  .  *  ' 

Consider  these_.plaxies- ,  <' 

.    .M^  I,  2x     3y  -  2  +  5  =  0 

^       Mg  :  3x     y  +  22  -  1^  =  0 

:  X  +  2y  +  32     7  =  0    ; 

U.   Find  the  angles  between  ,  ^        '  . 

(^)  :       ,        ^  ^     •    (b)         ,  M^'  '  (c)    Mg  ,  ' 

12.    Find  the  plane  vhi^ 


(a")'  contains^^  a|^*'is  perpendicular  to 

(b-)  'contains    L^^  and  is  perpendicular  to.  Mg 

Oc)    contains  and  is  perpendicular  to  M2 

(d)  contains  and  is  perp^dicular  to 

(e)  contains  and  is  perpendicular  to  Mg 
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.    (f)  cont€d.ns  and  is  perpendicular  to  •  ; 

(g)  con-^ins  and  is  perpendicular  to  ••^t 

(h)  contains  and  is  perpendicular  to  . 

(i)  s  contains  and  is  perpendicular  to  •  . 

13  •    Find  the  plane  which  contains  the  origin,  cuid  is  perpendicular  to  the 
line  determined  "by 

(a)        ,  .  ,  -(c)  >  , 

Ih^    Find  the  anglea  ■between  each  of  the  Hijes  ,  Lg  ,  L^, ,  given  atove^ 
and  each  of  "the  planes,        ,  , 

(a)    W  (d)    LgM^  (g)  Ljil^ 

.        (b)    L^K^  (e)  '(h)  LjMg 

"   (c)    L^H^  ^       (f).  (i)  • 

15.  Find  the  angle  that  each  axis  makes  with  each  plane. 

'  .   (a)    Ml      '  '  (b)    Mg      '    '  (c) 

16.  Consider  two  'intersec^tlng  lines  in  2-space^,  whQse  equations  are 

:  '€t^x  +  b^y  +  c^  =  fj(.^,y)  =  0  ,  and         '      '  .  ' 

:  a^x  +  b^y  +  c^  =  f^lx^y)  =  0  •  l)evelbp  a  foimula  for  the  cosine  of 
one  of  the  aiigles  between  them,  in  terma  of   a^  ,  b^  ,  c^  ,  a^  ,  b^  ,  c^ 


I 


? 
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Supplement  to  Chapter  7  , 

Part  1*  ^   

CONIC  SECTIONS 


^Q^^s  and  Sections  -  of  Cones  \ 
In  youx  study  of  geontetry  you  learned  that  a  circular  cone  may  Ve  defined 


  ^     L  ^  ■  ^  ■   

^    ^    as  the  union  of  all'^'egm^V-  VP    where  >    is^  any  point- contained  in  a  circu- 
lar region    C    and '  V   iTs  any  point  of  space  not  contained  in  the  plane  of  C 
The  resulting  geometric  configuration  is  a  solid.    If    0    is  the  center,  of  C 

and  if  OV  is  perpendicular  to  the  plane  of  C  ,  the  resulting  solid  is  a 
right  circular  cone*  '  J* 

^  An  alternative  idea  of^  a  cone  is  as  an  unbounded  surface  rather  than  as 

a  bounded  solid  • 


DEFINITIONS.    Let    D   be  a  curve  contained  in  a  plane    E   and  let  -  V  be 

^y  point-  not  in   E  .    Then  the  union  of  all  lines    VP    where    P    is  a 
point  of    D  ,  ie-^  cone*'         .         "  ,  ^  " 

^  The;  curva  D    is  a  plane  curve  athd  the  directrix  of  the  cone;  the  point 

V   is  the  vertex  of  the  cone;  the  lines   1^  are  the  elements,  of  the  con^. 

Note  the^t  according  to  this  definition  of  a  cone  the  surface  falfs. 
naturally  into  two  parts.  *  ^ 

DEFINIOJON*    If   V    is  the  vertex  of  a  cone,  D    is  the  directrix  of 
f  the  cone,  and   P>^  is  any  point  of  J)  ,  then  the  union  of  the  rays  ^ 
is  a  nappe  of  the  cotte;  the  uftion  of  the  rays  opposite  to    VP  ,  is  alsp 


a  nappe  of  the  cone* 
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-  V  ■  It  becomer^pparent  that  while  a  given  "cone  has  a  unique  vertex,  it  has 
infinitely  many  jpossible  directrices . '  .  > 

*    Cones  may^e  named  after  curves  vhlch  are  their  directTio«d^^a--a 
^  cqne  whifh  has     Circle . as*  a  directrix  is  calledTa  circular  cone*    The  ifne  " 
-containing  the  of  the  cone  and  the  center  of  the  circle  is  called^ the 

.  axis  of  the^fC-    If        axis  of  the  cone  is  *perpendicula.r  to  the  Piane  of 
the  circle/^exfthe  cone  is  called  a  right  circular  cone>    The  right  circular 
cones  are  the  cones  vhich  we  shall  consider,   ye  state  tvo  theoresms  with  the^ 
'  proofs  suggested  as  exercises . 

THEOREM  BTjl*    A  circular  cone  is  a  right  circular  cone  if  and  only  if  the' 

points  of  a  directrix  are  equidistant  from  the  vertex.  \ 

r 

THEORTM  S7"2>    The  points  of  the  axis  of  a  right  circular  cone  are  equidistant 

fron  the  elements  of  the  cone.   

^»  ~-  —  « 

The  intersection  of  a  surface  and  a  plane  is  called  a  section  of  the 
surface.    If.  the  surface  is  directed  oi^generated  by  a  plane  curve  (as-  are 
cones,  prisms,  cylinders,  aad^yramids ) ,  then  the  sections  of  the  surface 
foiroed  by  planes  "parallel  to  the  plane  of  the  generating  curve  are  called 
cross -sections  of  the  surface.    If  the  surface  has  an  aixis,  then  the  sections 
of  the  surface  formed  by  planes  peiTpendicular  to  the  axis  are  called  right- 
•    sections.    Since  the  axis  of  a  right  circular  cone  is  perpendicular  to  the 
plane  of  the  directrix,  the  cross-sections  an^  right-sections  are  identical. 
The  sections  of  a  right  circular  cone  are  called  conic  sections*    They  may 
also  be  obtained  from  other  cones  and  surfaces .    This  will  be  made  clear  in  * 
Chapter  9 .    ^lowever,  we  shall  confine  our  approach  here  to  sections  of  right^ 
circular  cones. ^  '  ^  >  . 

What  we  plan  to  do  is  to  use  geometric  methods  to  discover  certain 
characteristics       the  conic  sections     ifhese  characteristics  enable  us  to  , 
.   use  analytic  methods  to  study  the  conic  sections  as  curves^in  the  intersecting 
plane.         '  . 


Exercises  SJ-l 


1.  Prove  TheoP^  S7-1. 
2,i^  Prove  Theorem  S7-2» 
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S7-2.    Tangent  Spheres^  and  Cutting  Planes 
«i  '  ■  ■  ' 

Let  us  consider  the  sections  of  a  right  circular  cone.    Jor  the  time 

feeing  we'shall  not  consider  those' -sections  vhich  contain  the'vertex'^  the 

coi^e.    Such  sections  are  classified  as  degenerate  conic  sections  and  will  be 

studied  separately.    I^t.  V  be  the  vertex  of  the  cone,    a   the  axis  of  the 

cone,  and^  E   the  intersecting  or  cutting  plane.    There  are  associated  with  ' 

each  section  one  or  more  sKfaeres  with  center  on  the  axis    a-whlch  are  tangent 

both  to   E    and  to  ^11  the_elements  of  the  cone.    5t-^5_OT^  first  task  to 

prove  the  existence  of  such  a  sphere  or  spheres.'"'        „  •  ■  -  .  , 

Prom  the  definition  of  a  right  Circular  cone,  it  follows  jbhat.  any.  two" 
elements  of  the  cone  fonn  congruent  acute  angles'with  the  axis.-  We  define  the' 
measure 'of  t^ese  acute  angles  to  be  the  elemental  angle  of  the  cone,  which  we 
denote  by   x  . 

^   We  recall  that  the  distance  from  a  point  to  a  line  is  the  length  of  a 
-  segment  ;Aich  is  perpendicular  to  the  line  and  of  which  the  end  points  are  the 
given  point  and  a  point  in  the  line.  .Also,  the  distance  from  a  point  to  a 
plane  is  the  length^of  a  segment  which  is  perpendicular  ,to  the  plane  and  of  / 
vhich  the  end  points  are  the  given  po/nt  and  a  point  in'the  plane.  ■.  / 

1         The  axis  of  the  cone  is  the  set  of  all  points  which  are  equidistant  from  / 
the  elements  of  the  con%.    We  say  therefore  that  each  point  of  the  axis  is  the    •  ' 
same  distance,  from  the  cone  and  thfft  this  distance  is  the  distance  between  the 
point  and  the  coile..  '      V  .  '  '  / 

Given  any  real  number  except  zero,  there  exist  two  points  on  the  axis 
which  are  this  measure  of  distance  from  the  cone,  one  on  either  side  of  the 
vertex..  For  the  real  number^ero'thgre  exists  only. one  such  p^int,  the  vertex 

^  of  the  cone.    For  each  of  the.se  points  on  the  axis",  the  points  of  the-cone  at-       -  - 
the  given  distance  lie  in  phe  same  plane  and  form  a  circle.    Since  these  are 
thtf'closest  points  of  the  ^one^  there  is  a  sphere^with  center  at  the.  given  ^  ' 

iwint  and  radiul^;^  to  the  given  distance,  which  is  tangent  to  e&ch  element 
of  the'  cone.    5br  tHis  reason  we  sayjthat  the  sphere_  is  tangent  to  the  cone.. 
The  union  of  the  points  of  tangency'is  a  circle,  called  the  circle  of  tangency.  " 

We  turn  our  attention  to  the  plane  intersecting  the, cone.  -This  plane' may 
be  parallel  to  the  axis  of  the  cone,  but  in"a]4  other  cakes  it  intersects  the 
axis,  either  in  ^e  axis  itself  or  in  a  s^t  containing .a  single  point.    We         '      '  / 

-first  consider  intersectibns  in  a  single  point. 
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'    If  the  cutting  piane  is  n©t  perpendicular  to  the  axis  of  the  cone,  then  a 
pair  of  congruent  acute  vertical^  angles  is  formed  oy  the  axis  of  the  cone  and 
its  projection  in  the  cutting' plana.    We  define  the  measure  of  these  acute  •  J 
angles  to  be  the  cutting  arqgle  of  the  .plane.    If  -the  cutting  plane  is.  perpen- 
dicular to  the  axis  of  the  cone,  we  define  the  cutting  angle  to  "be   ^  in 

radian  measure  or  90  in  degree  measure  •  If  the  cutting  plane  is  parallel  *to 
the  axis  oi  the  cone  (in  this  case  it  may  coq^ain  the^axis),  then  the  cuttinj^ 
angle  is  defined  to  be  zero.    (We  cotild  avoid  defining  these  angles  in  such  an 

unnatural  vay/were  we  to  consider  parallel  planes  containijig  the  vertex  of 
the  cone.    However,  we  are  interested  solely  in  the  measures  of  these  angles 
and  adopt  these  definitions.)^  *  ^     *  ^    '  ^ 

s 

Exercises  S7-2 

-  ^  '  ' 

1.    Prcfve.  that  any  two  elements  of  a  right  circular  cone  form  congruent  aCute 

with  the  axis  of  th^  cone.  * 


^  2.    Prove  ^that  the  axis  of  a  rj.ght  circular  cone  is  ^he  locus  of  points  equi- 
distant from  the  elements  of  the  cone. 

3«    Prove  that, ..given  any  real  number  except  zero  as  a  measure  of  distance, 
there  "exist  two  distinct  points  on  the  axis  of  a  right  circular  con^ 
which  are  this  measure  of  distance  from  the  cOne. 

h.    Prove  tHat  i;f  a  point   P    on  the  axis  of  a  right  circular  cone  is  at  a 
distance    d    from  the  cone,  then  the  locus  of  points  ctf  the  cone  at  a 
distance    d    from^  P    is  a  circle. 


S7-3»    Spheres  ,6f  a?angency  ^        {  ^  - 

Figi^e  1  is  a  schematic*  representation  of  a  plane  cutting  a  cone  fran  a 
point  of  view  parallel  to  the  cutting  plan^  V   is  the  vertex  of  the  cone, 
a   is  the  axis 'of  the  cone,     x  and         are  elements  of  the  cone,  oC  is  the 
elemental  angle,  ^  is  the  cutting  angle,  P    is  the  point  of  intersection  of.  j 
*  the  cutting  plane  and  the  axis  of,  the  cone,  and  m    Is  the  projection  of  the 
"axis  in  the  cutting  plane. 
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Figure  S7-1 


We  consider  three  different  coordinate  systems  on  line    a.  .    In  the  first 
coordinate  ^^stem   X   the  origin  is  at    V  ;  the  coordinate  of   P    is  positive 
and  is  d^oted  by  ^  x^^  .    !&e,  coordinate  ,of  an  arbitraiy  point  is  denoted  by 

•   -    ■  -  '  . 

The  second  coordinate  system   x'    is  oriented  from   V   to   P   and  assigns 
to"  eadi'  point    R   as  its  coordinate    x'    the,  distance  from   R    tb  the  cone, 
and  consequently  the  radius  of  the  sphere  tangent  to  the  cone  vlth  ^center   R  . 
This  is  the^case  to  the  right  of  -V  .    The  orfgin  is  at    V  .    To  the  left  of 
the  coordinate  ;is  the  negative  of  this  radius  •    This^  coordinate  systCT%s 
related  to 'the  first  coordinate  system  by  th^  following  linear  equation:  IR- 

x'  =  X  sino^ 

The  third  coordinate  system   x'?^*  on   a   is  oriented  from    P   to   V  and 
assigns  to  each:  point    g    a^  its  coordinate  ^  x^»    the  distance,  from'   S    to  the 
cutting  pl^e,  and  consequently  the  ralius  of  a  sphere  tangent  to  the' cutting 
plane  with  center    S  .    This  will  be  the  case  to  the  left  of   P  .  .  The  origin 
is  at   P  •    Tb  the  right  of   P    the  coordinate  is  the  negative  of  this  rafius** 
This  coordii;jiite  system  is  delated  to  the  first  coordinate  system  by  the 
following  linear*  equation;  ,  ■ 

^      '     /      (xq  ^  x)x"  =  Hnfi.    '  ' 


We  observe  that,  if/  x»  =.  x'J,  ,  -eKe  corresponding  point  on    a    is  the 
center  of  the  sphere  tangent  to  the  cone  and  the  cutting  "plane."    This  is  the 
desii-ed  sphere  mentioned  in  Section  S7-2. 
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We  equate  these  two  expressions  and  solve  for   x  :  •  ^ 

-  (Xq  -  x)x  sin<<  =  sin/S 

=  Xq  sin^  -  X  sin^ 
#x  sin  oC  +  X  sin  ^  =  x^  sin ^  « 

'     '      .    «  X  =  X  

^     ""O  sinoc-+  sin/3 

We  note  that  ve  oriented  the  first  coordinate  system  in  such  a.  way  that 
Xq   was  positive  and  that,  inasmuch  as  06    and  yS    are  measures  of  acxrte'^ 

angles,    /  ^  1 — 5^     is  between    0   and    1  .    Hence    x    is  the  coordi- 
^sinoc  +  slny^ ;  ^  '  , 

nate  of  a  point  between   V   and   P    and  the  radius  of  the  sphere  is 

^  I  sin  oL  sin/g 


4- 

•0\s 


sinoC  +  sin/3y 

If  fi^>oc  y  then  sin^  >  sino<  ,  and  we  discover  a  second  sphere  tangent 
both  to  the  oone  and  to  the  cutting  plane,  but  with  its  center  to  the  right  of 
P  .    To  the  right  of   P    the  radius  of  a  sphere  tangent  to  the  plane  is    -x"  . 

X  sinc<  =  -(xq  -  x)sin^  • 


and 


sin^ 


sinoc-  -  sin^^ 


Since  "^(3^^ ^*-^ino(.)        ^    ^  coordinate  of  a  point  to  the 

right  of   P  .    The  radius  of  the  sphere  Is    ^Q^glnV^^^sliK^)  " 

If    ^<oC  y  then    sin^  <  sinc<.  ;  we  discover  a  second  sphere  with  center 
to  the. left  of   V..    To  thfe  left  of   V    the  radius  of 'a  sphere  tangent  to  the 
90^ is    -x'^ .    If   -x>  =  x"  ,  •      •  ^ 

-X  sinoC  =  (Xq  -  x)siny5  *  % 
.    .  \  =  "^olsin'd^^^in/g)  '  ' 


in^ 


where  7—3 — f . — t-t-  >  1  •    Thus    x   is  the  coordinate  of  a  point  to  the. 
left  of    V  ,  the  center  of  the  spherai^is  more  remote  frdm^the  origin  than  was 


/  sino^  sin>8'  \ 
^0\sind<  -  sin^y  * 


that  of  the  first  sphere,  and  the  radius  is  x 

If  yS  =od  ,  sin/5  s  sinod  ,  and  the  search*  for  oth^spheres  is  in  vain. 
The  coeffic(Len^s  of   x^   are  not  defined  outside  the  segment  VF 


lastly,  we  consider  the  possibi3;Lty  that  the  cutting  plane  mayjje 
parallel  to  the  axis  of  the  cone-.    In  this  case  the  distance  from  a  point  on 
the  axis  to  the  plane  is  constant.    Thus  .,  x"  =  k  ,  and  following  the  above 

argument,  ve  discover  that    x     -  HnoT  '  ^  spheres,  one  on  either 

.  side  of    V  ,  an4  each  wijbh  radius    k  .    We  recall  tl;at  the  cutting  angle  is 
zero  in  this  case,  for  the  cutting  an^le  is  not  really^the  angle  itself,  but 
rather  a  measure  associated  with  the  angle. 


S7-^.    Degenerate  Conic  Sections  .  <         '  ' 

Before  continuing  with  oui*"  discussion  of  the  more  elaborate  cgnic  sec- 
tions, we  may  digress  £"0  consider  what  happens  if 'thje  cutting  plane  contains 
*'  <\     ,  '  '  '  ^ 

the  vertex  of  the  cone.    A  geometric  description  should  be  sufficient.  If 

0  <? 

'  j^><  ,  then  the  vertex  is  the  only  jfoint  of  the  section.    If  ^        ,  then 
the  section  is  a  single  element  of  ^the  cone,  that  is,  a  line.    If  /S  <  oC ,  the 
section  is  the 'union  of<itwo  elements  of  the  cone,  that  is,  the  union  of  two 

'  ipt.ersecting  lines. 

>^ 

Some  sectipns  of  the  surface  called  a  right  circular  cylinder  are  sec- 
tions of  right  circular  cones .    The  exceptions  are  those  sections  obtained  by 
a  cutting  plane  parallel'  to  tlyraxis  of  the  cylinder,  with  distance  from  t"he 
axis  less  than  the  radius  of  the  cylinder.    (The  plane  may  contain  the  axis.) 
•These  sectioris  are  the  union  of  two  parallel  lines.    Though  not  obtainable  as 
^  sections  of^coAes'  for  algebraic  reasons  they  arp  included  among  the  degenerate 
'  conic  sections .  ^        "  *.  / ; 


S7-:5^    G^ometaaic  Properties  o*f  the  Conic-  Sectioris 

*  oFrcan  our  consideration  of  the  ^Mic  sections  so  far  we  may  make  ^.ert^in 
general  observations.    If  /3  =  |   (in  radians.)  or    90    (in  degrees))  it  ±b[  in- 
tuitively obvious'  knd  not  difficult  to  pyove  tl}^t  this  section  is  a  circle,' 

,  2  ^  apparent  that  the  plane  quts  every  element  of  one  nappe 

and  that  the  resulting  section  is  a  closed  curve.    If      =  oC,  the  plane  cuts 
*  some,,  but  not  all  of  *the  elements  of  one  nappe.    Lastly,  if  /3  <  oC,  the  plane 
cuts  some,  but  not  all  the  elements  of  each  nappe  and  the  curv^  has  two  dis- 
tinct.  branches .  <  ' 
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But  to  continue  oxir  study  we  need  more  ix^formation.    We  ,consider  Figure' 
S?-^.    We  are  given  a  right  circular  cone  with  vertex   V  ,  axis    a  ,  and  ele- 
mental angle       .    E    is  a  cutting  plane,  not  containing  -  V  ,  with  an  acute 
,  cutting  angle       .    The  conic  'section  is  the^  curve   £  .    The  tangent  sphere 
with  center  ^   is  tangent  to  the  coaa  ixjp^^^ie    c   and  to  the  cutting  plane 
at  point   F  .  ^  ' 


Let  ,G  l)e  the  plane  containing  circle  £  .  G  is  perpendicular  to  the 
axis  a  ,  and  since  E  Is  assumed  not  to  be  perpendicular  to  a  ,  a  and  E 
must  foim     dihedral  angle  with  edge    d  •    The  plane  angle  of  the  dihedral 

,fimgle,^s  ccmplementary  to  the  cutting  angle 'and  has  mea^Jre        -^/3)  . 

.Let  'P   be  any  point  of  the  conic  section   £  .    The  plane  containing  P 
and  perpendicular  to   d    intersects  the  dihedral  angle  in  a  plane  angle  of  the 

ciihedral  angle  vhich  has  vertex    C    and  measure    (~  .    Let    A   be  the 

foot  of  the  perpendicular  from   P    to  the  other  side  of  the  plane  angle.  PA 
is  perpendicular  to   G   and   ZSPAC    is  a  right  triangle.  Since 

m  Z  PCA  =  (|       )  ,  m  ZAPC  =  ^   and      '  - 

We  observed  that   AP   vas  perpendicular  to    G  .    The.  axis    a    is  also 

perpendicular  to    G  ,  so    a   and   AP    are  parallel.    Consider  the  element  of 

the  cone   PV  vhich  intersects  the  circle  of  tangency    c    in  point    B  (vhich 
is  in    G)  .    Since  the  tangent  sphere  is  between   V   and  the  cutting  plane^  B 
is  between   V   and   P  ^.    The  elemental  angle  and   ilAPB   are  a  pair  of  alter- 
nate interior  angles  foimed  by  a  transversal  of  two  parallel  lines ^  and  conse- 
^uenljty   m  ZAPB  =oC      MPB    is  a  right  triangle  and 

.        '—m-  • 

Both   PB   and   PP   are  tangent  segments  to  the  sphere  from  the  same  point 
and  hence;  d(P,F)  =  d(P,B)  .    Substituting  in    (2)  ^  we  obtain 

Dividing    (l)    by   (3)  ^  we  obtain        '  '  ,  * 

(-4)         '  '  cos^    _  d(P,F)  .'f 

cosoc  d{P^C)"* 

Since^both  ^   and  oC   are  constant  for  a  given  conic  section^  this  quo- 
tient is  a  constant.    It  is  called  the  eccentricity  of  the  conic  section  an& 
is  'denoted  by  tflie  small  letter    e  .    Geometrically  this  means  that  for  any  > 
point  of  a  given  conic  section  the  ratio  of  its  distance"  from  a  well-defined 
point,  to  its  distance  from  a  well-defined .line  is  a  constant.   Both  the  point. 


which  is  called  the  focus  or  focal  points  £md  the  line,  which  is  called  the 
directrix,  lie  in'' the  plsiile  of  the  conic  section*    Since  we  have  taken  both 
the  eiemental  angle  £md  the  cutting  emgle  to  be  the  measures  of  acute  angles, 
the  eccentricity   le   will  be  a  positive  .reail  number.  ' 

We  have  observed  that  it  is  perfectly  possible  for  the  cutting  plane  E 
to  be  perpendicular  to  the  axis  of  the  pone.    In  this  case    E   and   G  eife 
parallel  and  the  section  has  no  directrix.    It  does  have  a  focus  which 'is  'the 
intersection  of  "the  cutting  plane  and  the  axis*    The  section  is  a  circle  atid 


the  center  is  at  the  focus;  if    U   is  the  focus,  then  the  radius  of  the  circle 
is    d(lJ,V)  •  tfimoC  .    In  this  case  the  expression  for  the  gpc^entricity  would  be*^ 

cos(^>  ^ 

,  which  is  zero.  -       •  ' 

Since  this  is  distinct  from  the  other  case^^,  we  may  accept  it  without 
inconsistency. 

We  observe  that  if   |  >)5  >c<  ,  cos  ^  <  coso<   and   e  <  1  ;  if      =  q<  , 
cos^  =  cosoc   and    e  =  1  ;  if    0  <  ^<<<,  ,  1  >  cosyS  >  coso<    and    e  >  1  . 
We  take  these  properties  to  be  definitive  for  the  conic  sections. 
♦  • 

DEFIHITIONS.    Given  a  conic  section  with  eccentricity    e  r 
The  conic  section  is  an  ellipse  if   0  <  e  <C  1  .  ^ 
a?he  conic  section  is  a  parabola  if   e  =  l' .  - 
'  5he  conic  section  ig  a  hyperbola  if    e  >  1  •  ,  .  ^  ^  - 

The  conic,  section  is  a  circle  if    e  =  0  . 

On  the  other  h^d,  we  haye  shown  they  may  be  described  by- their  geometric 
properties..   A  circle  is  the  locus  of  points  in  a  plan^  at  a  given  dis^'tance 
from  a  given  point,  qalled  the  center;  an  ellipse  is  the  locys  of  points  in  a  *  . 
plane  such  that  for  each  point  the  ratio  of  its  distance  from  a  given  point  to 
its  distance  fi-om  a  given  line  is  a  constant  which  is  less  than  one;  a,^abola 
is  the  locus  ,  of  points  in  a  plane  such  that  for  each  point  tjie  ratio  of  its 
distance         a  given  point  to  its  dlstanSe'V^om  a  given  line  is  one;  a  hyp^- 
bola  is  the  locus  of  points  in  a  plane  such^  that  fof  each  p^^int  the  ratio  of 
its  distance  from  a  given  point  to  Jts  distance  from  a  given  line  is  a^  constant . 
which  is  greater  than  one.        '  . 
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1.   Prove  that  if  a  cutting  plane  is  perpendi)cular  to  the  ap^s  of  a  right 
circular  cone,  then  the  sphere  of  tangency  is  tangent  to  the  plane  -at  a 
point  on  the  axis.    Prove  that  in  this  case  the  conic  section  is  a  circle 
which  centers  on  the  axis.     ♦  '  *   *  , 

^2.    In  Section  S7-3  we  discovered  that  If  /9  >oC  ,  there  exists  a  second  sphere 
of  tangency  such  that  its  center  is  on  the  other  side  of  the  cutting  jleuie 
from  the  vertex.   Jjet  this  sphere~be  tangent  to  the  cutting  plane  at    F'"  . 
Prov^  that  if    P    is  a  point  of  the  section,  then    d(P,P)  +  d(P,F»)    is  a 
fixed  constant ♦    In  other  words,  prove  that  an  ellipse  is  the  lo^  of 
points  in  a  plane  s\^ch  that  for  each  pointy  the  sum  of  its  distances  from 
tvo  given  points  in  the  plane  is  a  fixed  constant,    (Hint:  In  Figure  S7-8 
the  second  sphere  lies  below  the  cutting  plaiie;  let   £'  be  its  circle  of 
tangency.    Let    B'    be  the  intersection  of   VP   and  £'  .    Then  prove 
that    d(P,F)  +  d(P,F')  =  d(B,B')  .    Then  prove  that  this  distance  is  the 

^       same  for  all    P  .') 
3.,  In  Section  S7-3    we  discovered  that  if  ^  <     ,  tj^ere  exists  a  second 

sphere  of  tangency  such  that  the  vertex  lies  between  the  centers  of  the^  two 
spher^.    Let  this  sphere  be  tojigent  to  the  cutting  plane^t    F'  .    Prove  - 
that  if   P    is  a  point  of  the  section,  theh    [d(P,F)  -  d(P,F')|    is  a 
fixed  constant.    In  other  words  prove  that  a  hyperbola  is  the^  iocus  of 
points  in  a  plane  such  that  for  each  point,  the  absolute  value  of  the 
difference  between  its  distances  from  two  given  points  in  the  plane  is  a 
fixed  cons-Bant.    (Hint:  In  Figur^S7-2,  the  second  sphere  lies  within  the 
upper  nappe  of  the  cone;  let  ^  c'    be  its  circl^^of  tangency.    Let    B'  be 

*      the  intersection  of    vlp    and   _c»  .    Then  prove  that  ^  f^^ 

\Jd(P,F)  -  d(P,F')|  =  d(B,B')  .    Then  prove  that  this  distance  is  the  same 
.  for  all    P  .)  - 

^h.    Let    C    be  a  circle  contained  in  a  plane    E  .    The  union  of  the' lines 
perpendicular  to    E    which  contain  ^ints  of    C    is  a  right  circuJar 
cylinder.    The  lines  are  called  elements  of  the  cylinder;  th^  circle  is 
called  a  directrix  *of  the  cylinder.    IJrove  that  the  sections  of  a  right 
circular  cylinder  are  conic^  sections.    Show  that. ^ in  the  case  of  the  right 
circular  cylinder  there  are  also  spheres  of  tangency  (i.e.  tangent  to  the 
^cylinder  in  a  circle  and  to  the  cutting,  plane  at  a  focal  point  of  the 
conic  section).  *  •  — ^ 

**** 

In  general,  the  sections  of  any  cone  or  cylinder,  with  a  co)Sl,c 
section  as  directrix,  are  also  coN^P  sections.^  A 
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'  Part  2 

THE  GBNfERAL  SECOND-DEGREE  EQUATION  " 

S7-6.    ^  General  Second-Degree  Equation^  Rotations  and  Translations 

<    The  conl,c  sections  which  we  have  studied  have  been  represented  in 
rectangular  coordinates  by  second-degree  equations  in  two  variables.    It  seems 
nature  to  ask  ^hetfher  all  equation^  of  second 'degree  in    x   an(^   y  have'' 
loci  which  are  'conic  septions.    In  its  most  general  fonn  such  an  equation  may 
be  written  as  < 

(1)    Ax  +  Bxy  +  Cy+te  +  E;y+F=0,  where.  A  ,  B  ,  and    C    are  not  all  zqt6. 

This  general  form  may  be  difficult  to  identify,  but  some  techniques  which 
we  have  used  in  the  preceding  sections  will  permit  ul&  to  simplify  it.  ^  The 
major  stumbling  block  is  posed  by  the  :Qr-term.    The  only  previous  equation 
containing  an  xy-term,  which  we  have  considered  in  detail^  was  that  of  an 
equilateral  hyperbola.    We  also  have  another  equation  for  an  equilateral  ' 

,     •  2  2 

hyperbola*    Let  us  consider  the  graphs  of   xy  =  1    and  of   %-  -  ^  =  1  .* 


The  graphs  o'f  these  two  v^Sj^^^^^ark^ 
the  asymptotes  perpendicular  in  each-^cag^;  i^tt^^^i^  ^te  iJWkiis^erse^axes  ure 
congruent.    In  fact,  it  would  appear  that  the  graph  in  Figure  S7-6b  may  be 
obtained  from  that  in  Figure  S7^a  by  a  clockwise  rotation  of  axes  through 


angle  of  .    The  first  equation  contains    an  'xy-teihn,  while  the  second 

does  not.    The  suggestion  is  that  a  rotation  of  axes  as  described  in  Section 
U-8  mighir  result  in  the  elimination  of  the  xy-temr.    It  turns  out  that  this 
is  the  case?  but  we  are  now  faced  with  a  second  question.    What  size  rotation 
sho'uld  we  consider?    Let  ns  consider  the  effect  of  an^rotation  of  axes  o'n 
the  general  second-degree  equation.    We  recall  bhart^  the  'equations  of 
rotation  are: 

X  =  x»  cos  G  -  y».sin/e    '       '  ^  * 

-    y  =  x»  sin  e  +  y*  ctfs  8 

If  we  substitute  these  values  ^n  Equation  (l)  and  expand,  we  obtain 
A(x»^  cos^  e  -  ^x»y»  sin  G  cos  G  +  y*^  sin^  e)  ,  -     r  * 

+  B(x»    sin  a  cos  a  -  x»y»  sin    G  +  x»y»  cos    G  -         sin  G  cos  a)  * 
+  C(x»^  sin^  a  +  2x»y»  sin  G  cos  a  +  y*^  cos^  ^  +  D(x»  cos  G  -  y*  sXn  G) 
+  E(x*  siii  a-^  V*  cos'a)  +  F="0  ^ 

However,  all  we  want  to  know  is  the  coefficient  of  the ^  x*y»-term.  This 

is.. 

-2A  sin  a' cos  G  +  B(cos^  G  -  sin^  G)  +  2C  sin  a  cos  a  . 


If  this  coefficient  is  zero,  the  transformed  equation  will  not  contain  any 
x'y'^-tenn.    If  -  , 

-2A  sin  a  cos  a  +  B(cbs^  G  -  sin^  0)  +  2C^sin  a  cos  a  =  0  , 


then 

2  ^  P 


B(cos    a  -  ^in    a)  =  ^(A  -  C)  sin  a  cos  a  . 

^e  recall  that  cos  a  -  sin  a  =  cos  2G  and  that  2  sin  a  cos  a  =r  sin  2a  . 
Thus  we  may  wr^ite  (    '  ^ 


or,  if   A  ^  C, 


or 


B  cos  2a  =  (a  -  C)  sin  2a  , 


B  .  sin  2a 
A  -  C     cos  2a 

B 


A  -  C 


=  tan  2a 


If    A  =  C  ,  then 


or 


B  cos  20  :z  0 


cos  aa  =5  0  . 
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(We  recall  that  if    B  were  zero,  we  would  not  have  had  to  go  to  all  this 


trouble.)    In  either  case^  all  we  ^require  is  ^  single  mlue  of    B  which 
satisfies  the  appropriate  condition.    If    cos  20  =  0  ,  29   may  be    90^  ;  ' 

thus  9.  be    ^5°  .    If    tan  20  =  j-^^q  f  which  is  not  zero>  we  recall 

that  the  tangent  assumes  all  non-zero  real  values  once  and  only  once  between 
0°    and    l80°  ,    Thus,  there  exists  a  unique  acute  angle    0   such  that 
B 


tan  2  0 


A  -  C 


Thus  we  have  shown  that  in  every  case  in  wh^rch'the  second-degree 

equation  has  an  xy-term,  it  can  be  transformed,  by  a  rotation  of  axes  through 

a  unique  acute  angle,  to  an  equation  without  an  xy-term.    The  transformed 

^  2 '    ^      2  ' 

equation  has  the  form   A*x'    +  C*y'    +  D'x'  +  E'y'  +  F'  =  0  ,  or,  dropping  the^ 

primes,  the  form  '  .  '      I  . 

2  2 

(2)     Ax   +  Cy    +  Dx  +  Ey  +  F  =  0  .  *  (A    and    C    are  never  both  zero,) 

« 

Now  the  equation  is  in  a  •form  which  may  be  identified  more  easily.  We  have 
already  developed  techniques  for  sim(plifying  equations  of  this  form.  It  is 
proper^  to  drop  the  primes  o^  when  the  form  of  the  equation  is  being  studied. 

2 

If   AC    is  not  zero,  we  first  complete  the  squares  for  the    x  -  and  ^ 

2  ' 
x-terms  and  y  -  and  y- terms  to  obtain 

or  *  \  '  '  ' 

A^x  +  +  ^^2cj    =   5aC  '  °  « 

Now  a  translation  of  axes,  as  ijitrlfduced  in  Section  10-2  and  described  by  the 
equations  *  \  * 


y  '  y    *"  2C 


gives  the  transformed -equation 


^  in  which  the  primes  have  beeii  omitted  for  simplicity. 


We  recognize  that  if   AC    is  negative  and  —  — ^^^^   isy  not  zero, 

\.                   '      CD^  +  AE^  -  UACF  ^  / ' 

'  \f   A,  C,    and   ^   are  all  positive  or  HI  negative,  the  / 


or  \f  A, 

transSiMn 


transSiMned  equation  is  the  equation  of  a  conic  section.    If   A    equals  C, 
the^conic  section  is  a  circle;  if  "AC    is  positive  and   A    is  not  equal  to 
C,  the  conic  section  is  an  ellipse;  if    AC    is  negative,  the  conic  section 
is  an  hyperbola.  ^ 

We  must  also  consider  the  case  in  which   AC  =  0    in  Equation  (2).^ 

•Suppose  A    is  zero.    Then    C    is  not  zero,  and  we  may  complete  the  square 
2 

for  the  y  -  and  y-terms.    Equation  (2)  is  now 


which  becomes 


or 


or 


2 

Cy  +Dx+ey+F=0, 


2 

Cy    +  Ey  =  -Dx  -  F 


A  translation  of  axes,  described  by  the  equations 

*  .  C 

y    =   yf  .A 

2C  ^ 

gives  the  transformed  equation 


We  recognize  this  as  the  equation  of  a  parabola,  with  the  vertex  at 
the  origin  and  the  axis  on  .the  x-axis . 

If   C    is  zero,  a*  similar  development  may  be  made.    The < resulting!..  .  . 
\  equation  will  again  be  of  >  parabola  Vi1;h  the  verteif  at  the  origin,  but  the 
'  a^iis  Trtli  be  c£"the  y-a:;is.  '  '  '  "       .  * 
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Exercises 

Through  what  angle  must  the  axes  be  rotated  to  eliminate  the  xy-t^pn 
from  each  of  the  following  equations  ? 

(a)  x^     lixy  +  Ivyf  -  l^x  -  7.  =  0 

(b)  X    +  73  xy  +  ay""  -  3  =  0 

2  2  *  * 

(c)  '   X    -  3xy  +  Uy    -  9  =  0 

(d)  x^  +  3xy  -  X  ils^y  -  1  =  0  ,  -  - 


(e)    3x    +  2^3  xy  +  y    -  2x  -  2^3  -  I6  =  0 

Cf )    12xy  +  9y^  -  2x  -  3y  -  10  =  0 

2.    For  each  of  the  following,  simplify  the  equation,  identify  the  conic 
section,  and  draw  its  graph: 

(a)  5x^  -  6xy  +  5y^  -  8  =  0 

2  ^  ' 

(b)  .  5x    -  6xy  +  5y  "^<J+x  +  Uy  -  U  =:  0 

•    ^  (c)    7x^  +  2^3  xy  +  5y^  -  16  =  0      '  *  *  .  > 

(d^   3x.^  +  2xy  +  3y^  +       +  Uy  f"o   ^  .     '     -  ^ 

2  2    '  ^  '      >  * 

(e)  ,x    -  6xy  +  y    +  lUx  +  lOy  +  lU  =^  >  ^ 

(f )  llx^  +  2U5cy  +  %^  -  Ul^x  T  i+8y  +  2U  =  0 


0^ 


(g)  2xy  +  Ux  -  Uy'  -  9  =  0         /'        "  ^  C  ^     '  ^  \ 

(h)  9x^  -  2Uxy  +  l6y^  +  90:j  -+  13Qjr  =  b'   '  \  V.  .  '    '^^^  .  1 

This  treatment  of  the  quadratic  equations  wiich""  (fescrlbe  coniq  sections 
has  been  solely  concemed^^with  techniques  empi^ed^H^'siraplify^g^^Jhe    ,  ' 
equations.    It  is  ^ortant  tliat  we  also  consi|ler  what:  ve  have  done  .from  a  *' 
geometric  point  of  view..        '  -        ^  u'  ;^  * 

■     -    V  ■     ■     •  • 

In  SectJ.on  6-2  we  have  stressed  the  ^importance  of  recognizing  sy^nme-^ries 
in  figures,  both -as aid  ia  the  fetching  of  graphs  of  equa-Cions  and.  ^s  a. 
guide  in  the'  selection  gnd  orientation  of     coordinate  system  to  describe  "a 
:graph  by  an  Equation.    In^rticiilar  we  have  considere'd  axes^  of  symmetry  and 
points  of  symmetry.    We  have  observed  that  in  rectangular  xioordinat'el  the  ' 
y-axis  is  an  axis  pf  symmetry  for  a  locus  described  by    f(x,y)  =  0  JLf 
f  (x,y)  =  f(-x,y)  .  and  tljat-the  x-axis  is  an  axis  of  symmetr/  if 
f(x,y)  =  f(x,-y)  .    The  origin  is  a  pointy  of  syrameiyry  if    f(x,y)  =  f(-x,-y)  . 


The  orifi^in  ,is  sdways  a  point  of  symmetry  if  both  the  x-axis  ^n^he  y-axis 
are  axes  of  symmetry.    However,  the  ..converse  of  this  last  statement  is  not 

true.    (Consider   y  =  x^  .) 

It  was  in  Section  10-2  that  ye  first  overtly  considered  translations 
of  axes  as  a  means  to  simplify  the  analysis  of  the  graph  of  an  equation. 
However,  we  have  really  used  this  technique  before.    Do  you  recall  that  in 
thapter  2  in  our  discussion  of  direction  angles  and  direction  cosines  for  a 
line  we  founS  it  convenient  to  consider  a  parallel  line  through  the  origin? 

In  our  rather  mechanical" treatment  of  quadratic  equations  in  this 
section  we  have  been  guided  by  symmetries  in  the  graphs  pf  the  equations. 
The  rotations  of  axes  which  we  jrerf ormed^in  Sectio^  10-3  made  an  axis  of  sym- 
metry parallel  to  a  coordinate  axis.    The  translations, of  axes  made  a  point  of 
symmetry  also  be  the  orig'in.    (In  the  case  of  the  peirabola  there  is.no  point  of 
symmetry.    The  translation  of  axes  made  the  vertex  be  the  origin  as  well.) 

ift  is  possible  to  describe  points  emd -axes  of  symmetry  quite  generally. 

V 

DEFINITIONS .    Let    S    be  a  set  of  points.    The  segments  joining 
points  of    S    ai^  chords^  of  the  set.    If  there  exists  a  point 
P    such  that,  for  each  point    X   of    S  ,  the  segment  jdth  end- 
point    X   and  mid-point    P    is  a  chord  of  the  set,  then    P    is  a 
point  of  symmetry  or  center  of  S. 

Let    S    be  a  set  x>f  points  in  a  plane"  and  let    L   be  a  line  in 
the  plane.    If,  for  every  point    X    of    S  ,  the  segment  which 

(i)    has  end-point    X  ,  >  ' 

(ii)    is  perpendicular  to  ^L  , 

and    (iii)    has  its  mid-point  on   L  ,      ,  "  ^  * 

ft  ' 
is  a  chord  of    S  ,  then    L  ^.is  an > axis  of  symmetry  of    S  . 


S7-7.  GeneraJ-^^econd-Degree  ^quation^  Translation  and  Rotation 

In,  simplifying  second-degree  equations,  it  is  in  some  cases  more  con- 
venie;it'  to  translate  the  axes  first  to  eliminate  the  x-  and  y-tems.,  Then 
we  rotate  the  new  axeq  to  eliminate  the  xy-term.  '  .  ' 


If  we  start  again  with  Equation  (l)  of  Section  S7-6  and  use  the  equations 
of  translation  ,  • 

'    '  X  =      +  h 

we*obtain 

^A(x'^  +  2hx»  +  h^|)  +  B(x»y»  +        +  hy»  +  hk)  +  c(y'?  +  2ky»  '+  k^) 
+  J)(x»*^+  h)  +  E(y»  +  k)  '+  F  =  0^.  - 

If  we^  collect  t^hns,  this  becomes 

(1)    Ax'    +  Bx'y'  +  Cy'"^  +  (2Ah  +  Bk  +  D)x»  +  (Bh  +  2Ck  +  E)y' 

/ti  2  2  '  ' 

+  (Ah    +  Bhk'  +  Ck    +  Dh  +  Ek  +  cF)  =  0  . 

We  note  tha-Uthe  coefficients  of  the  second-degree  terms  will  not  be  changed 
by  a  translation  of  axes.    If  we  can  find  values  of    h   and   k    such  that 

2Ah  +  Bk  +  D  =  0  ^ 
Bh  +  2Ck  +  E  =  0 


it-^he  c 


and 


we  shall  be  able  to  substitute  these' values  in  Equation  (l)  to  obtain  a 
transformed- equation  free  of  first-degree  terms,    We^ian  solve  -fi^is  pair  of 
equations  to  obtain  "        ^  ^ 


h  ±: 


if 


6  = 


B 

-E 

2C 

2A 

B 

^B 

2C 

2A 

B 

B 

2C 

etnd 


k  = 


It/lC  -  B^  0 


2A 

-D 

B 

-E 

2A 

B| 

B 

2C 

\ 

The  determinant  6  is  of  some  interest,  in  the  analysis  of  the  ^second-degree 
eqi^^ti^and,  is  sometimes  called  the  characteristic .  » 

You  should  sense  that,  when  *t  is  possible,  it  is  easier  to  translate 
the  axes*first  and  then  perform >a  rotation  of  the  new  axes.    The  fewer  terms 
there  are  in  an  eqxiation,  the  easier  it'iB  to  perform  a  rotation*  However, 
if  the  characteristic  is  zero,  Ve  cannot  find  the  appropriate  values  of  h 
and  k  •  'We  have  no  choice  but  to  fo±low  the'^procedure  of  Section  6-8 •  ^  ^ 


If  the  characteristic  is  not  zero,  the  tr^sformed  equation  is 

Ax»^  +  Bx»y»  +  Cy'^  +       »  0 

-where,  F»  =  Ah^  +  Bhk  +  Ck^  +  Dh  +  Ek  +  F  •  i 

It  is  easy  to  remember  what  F'  is  if  you  notice  that  when  we  represeirtr^he 
original  equation  by    f(x,y)  =  0  ,  then   F»  =  f(h,k)  .  '       '  • 


Exercises  ST-Ta 

Fin^    h  And   k    such  that  a  traaislation  of  €Oces  described  by 

x'  =  X  +-h  '         ,  ' 
^     '        ^    y'  =  y +;k 

will  eliminate  the  first-degree  terms  of  ^ 

ifx^  +  y^  -  8x     Uy  +  U  =  0  •  '  . 

Verify  for  this  case  that  the  cjpnstant  term  in  the  transformed  equation 
is  equal  to    f(h,k)  ^  •  ' 

Transform  each  of  the  following  equations  by  first  translating  the  axes 
so  as^to  eliminate  the  first-degree  terms.    Th^  rotate  the  axes  to 
remove  thi^  xy-term»    Sketch  the  curves,  showing  old  and  new  axes  4 


(a)  8x^  -  hxy  +  5y^  -  2Ux  +  2%  :/  0    •  ^ 

(b)  Sx^^-'^XOxy  +  -  6x  +  22y  -  53  =  Q 

(c)  .  7x^  -  2Uxy  +.120x  +  lUl*^  =  0            -iy  ' 

(d)  hx^  -  8xy  +  Uy^  -  9^  X  +  7^  y  +  1^  =  0 


Once  again  it's  in^KDrtant  that  we  consider  this  method  of  simplifying 
the  seconcC-degree  from  a  geomfetric  pqint  of  viei;^.    Why  can't  we  find  an 
appropriate  tregislation  of  axes  when  the  characteristic  is  zero?  *  You  should 
recall  that  in  the  previous  Section  we  observed  that  the  translation  of  axes 
makes ^the  new  origin  a  poini?  of.  symmetry.    Oyfi*  search  tor  yaliies  of  ^  h  and 
k,  is  In  fact  a  jJearch  for  the  .coordinates  6f"^  point  of  symmetry.    Since  the 
parabola  has  no  point  of  symmetry,  the  characteristic  of  Its  equation  turas 
o\xt  'to  be  zero.    The  converse 'of  this  statement  is  not  nece8fla2?4lytrue,  but 
we  shall  defer  the  cons  idere^t ion      thi^  question.  ^  » 
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If  we, approach  the  analysis  of  the  second-degree  equation  from  a  geometric 
point  of  view,  we  can  develop  mejthpds  which  may  be  applied  to  more  complicated 
problems . 

First  we  observe'' that  if  a  set  of  points  in  a  plane  has  an  axis  of  sym- 
metry, then  the  axis  of  symmetry  is  the  perpendicular  bisector  of  chords 
joiniilg  pairs  of  points  of  the  set.    In  fact,  every  point  of  the  set  is  an 
endpoint  of  such  a  chord.    We  have  already  noted  that  the  equation  of  a  locus 
is  frequently  simplified  if  an  axis  ^of  symmetry  of  the  locus  is  parallel  to 
one  of  the  .coordinate  axes.    We  shall  first  find  an  axis  of  symmetry -tf^  the 
graph  of  the  second-degree  equation  and  then  rotate  the  axes  to  make  one  of 
them  parallel  to  this  axis  of  symmetry.    Since,  the  chords  in  the  definition 
of  an  axis  of  symmetry  are  all  perpendicular  to  the  axis  of  symmetry,  they' 
are  parallel  t^Jpch  other.    Then  the  lines  detemined  by.  the  chords  have 
parametric  representations  in  terms  of. a  fixed  p^ir  of  direction  cosines 
(7v,iD.    Let    (x»,y»)    be  the  midpoint  of  a  chord.    Then  the  parametric  ^ 
representation  of  the  line  containing  the  chord  is  '    •  ' 

X  =  X*  +  Xt  '  •  ^ 

*  y  =  y'  +  tit  . 

When    (x,y)    is  an  endpoint  of  the  chord,  the  coordinates  shoxild  satisfy 
the  second-degree  equation.  ;lf  we  substitute  the  jJarametric  representation 
of  the  endpoint  in  the  second-degree  equation,  we  obtain 

A(x'^  +  2'>tx'  +  ^V)  +  B(x'y'''  +  (Xtx'  +  \ty'  +  m^) 

.   +  C(y»^  +  2p,ty»  t  ^t^y  +  D(x»  +  -t)  +  Ef(y»  +  pt)  +  F  =  0  . 

'If  we  collect  terms  in  't?/,  ^Xt    and   ^fjt  ,  we  obtain     ^  - 

(2)    (AA^  +  B\[x  +  C^)t^  +  (2Ax*  +  By*  +  D)>vt  +  (Bx»  +  2Cy»  ^+  E)p.t 

^     '       ^  +  (Ax*^  +  Bx*y*  +  Cy*^  +  Dx*  +  Ey»  +:  F)  =  Q  . 

Now  we  observe  that  both  endpoints  of  the  chord  must  .^tisfy  the  equa;tion. 

Furthermore,  if  is  the  yalue  of  the  parameter  at  one  endpoint,    ^t.  is- 

X  •  1 

the  value  of  the  parameter  at  the  other  endpoint.    This  must  be^the  case  for 

any  chord  ana  any  equation.    This  implies  that  the  form  of  the  equation  in 

t    must  always  ^  ^  ^       *  ^       ^  .  . 

t    -  t.    =  0  .  . 
1  * 
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Thus  in  Equation  ,(2)  the  c^fficient  of    t  ,  or  ^  c 

^    (3)     *  -(2Ax»  +'^»  +  D)X  +  (Bx'  +  2Cy'  +  E)m.",^ 

must  be  zero.    Now    X   and   [i  are  fixed  for  any  particular  second-degree 
equation,  but    x*    and         are  variables,  designating  the  coordiiij^tes  of 
the  midpoints  of  the  chords  perpendicular  lo  the  axis  of  symmetry.    But  the 
midpoints  of  the  chords  arje  on* the  axis  of  symmetry.    Thus  the  condition  on 
Expression  (3)  written  as  a  linear  equation  in    x*    and    y'    is  the  equation 
of  the  axis  of  siomietry:  '  *. 

(k)  '  (2A>s  +  BM.)x»  +  (B^  +  2CM.)y'  +  (DX  +  EM.)  =  0  . 

This  equation  is  in  the  general  form.    Hence,    (2A>v  +  Bp.,B>v  +  2C[i)    is  a 
pair  of  directif>n  numbers  for  normals  to  the  axis  of  symmetry.    But  so  Is 
{^[i)  '    Therefo/e,  for  some  non-zero  real  nimiber  k 

(5)      *  '        ^  2A>  +  Bp.  =  k>v 

*    and  •    ^  '    B>,  +  2Cp.  =  kp.  .  * 

If  we  solve  4ihe  second  equation  for    [i  ,  we  obtain'  '  ^ 


2C  -  k  ^  •  > 
We  substitute  in  the  first  equation,  which  becomes 

(2A  .  k)>s  -  2c^^  =  ^ 
or  ^  (4AC  -  2Ak  -  2Ck     k  )>v  -  B    =  0 

or  [k^^  -  2(A  +  c)k  +  (4AC  -  B^)]>y  =  0  •  ^ 

Now  either    X   or  the  coefficient  must  be  zero.    But  if    "K    were  zero,  p. 
would  also  be  zero,  which  is  impossible,  since    (>V)p.)  is  a  pair  of  direction 

cosines  and'  '\   +  pi  '=  1  .    Therefore,        *       '  -  '  ' 

(6)  k^  -  2(A  +  C)k  +  (4AC  -  B^)  ^  a  • 

Equation  (6)  is  called  the  characteristic  equation  for  the  given  second-  ^ 
degree  equation  and  its  roots  are  called  .characteristic  valuer  for  the 
"  quadratic  equation.    We  note  that  the  sum  of  the  roots  i§    2(A  +  C)  while 

C     .  '  2 

.  the  product  of  the  roots  is    iiAC  -  B     or    6  ,  the  characteristic  of  the 
■quadratic  equation.  ^  '       ,  ,       .  ,  ' 


We  may  then  solve  Equation  (6)  for    k    and  substitute  these  values  in 
Equations  (5)  to  determine  the  pairs  of  direction  cosines    (A,P')  .  These 
pairs  of  values  may  then  be  substituted  in    (k)    to  obtain  the  equations  of 
J  axes  of  syinmetry^.    We  note  that  if  the  characteristic  is  zero,  Equation  (6) 
has  only  one  non-zero  root.    In  Equation'  (5)    k   must  be  non-zero;  hence, 
only  one  pair  of  direction  cosines  may  be  obtained,  and  the  graph  of  the  » 
quadratic-  equation  will  hav^  only  one  axis  of  symmetry.    This  is  consistent 
with  our  previous  observations  that  the  parabola  has  only  one  axis  of* 
symmetry  knd  that  the  characteristic  of  its  equation  is  zero.    We  also  note 
that  the  cfiaracteristic  equation  will  have  equal  roots  on?y  if  -  . 

.      '  (A  +  C)^  =  4AC  - 

'  • +  2AC  +       =  4AC  - 

.  ,              A^  -  2AC  +       =  -B^         .  ^ 

°^    .         ■           _  (A  -  C)^  =■  -B^  .  .  1        .  • 

This  may  only  be  true  if    B    is  zero  and  ^  A    equals*  C  T  When  this  is  the 
caselVou  will  recall  that  the  graph  of  the  quadratic  equation  is  a  circle. 
Equations  (5)  are  satj.sfied  by  any  pair  of  direction  cosines,  and  t)fef4  are  ^ 
iTifinitely  many  equations  (k) .    This  is  not  surprising  inasmuch  as  every  "  ^ 
diameter  of  a  circle  determines  an  axis  of  symmetry.    It  is  a  fact  that  the 
characteristic  equation  of  a  quadratic  equation  always  has^real  roots. 
Furthermore,  if  these  roots  determine  two  axes  of  symmetry,  axes  are 

perpendicular.  "'We  are  familiar  with  the  fact  that  the  inter sectior)  of  two 
perpendicular  spces  of  symmetry  is  a  point  of  symmetry.    This  suggests  one 
way  to  find  a  point  of  syrmnetry.  . 

ii 

Me  may  also  discover  points  of  symmetry  fr<^  the  defrhition  of  pointy  of 
symn^ry  given  in  Section  6-8  and  from  the  conditions  on  Expression  (3)  abovef 

(7)  (2Ax»  >+  By*  +  D)>,  +  (Bx^  +.2Cy*  +  E)^i  =  0  . 

You  should  recall  that  (x^,y»).  is  the  midpoint  of  a -chocd  of  the  graph 
while  is  a  pair  of  direction  cosines  in  the  parametric  represen- 

tation of  the  chord.    Whe^  we  .^wanted  to  find  an  axis  of  pmrnetry,  >^and 
|X'  were  fixed  while    (x^,y»)     was  variable.    However,  here  w^  want  to  find  a 
fixed  point    (x^y^)    which  will  satisfy  Equation  (7).  for  all  pairs  7^ 
This  will  be  the  case  only  if  the  coefficients  of    7,   and  :      are  both  zeroj 
that  is,  if*  '  j "  >  .  _ 


(8)  .  2Ax*  +  By»  -t  D  =  0 

and  Bx''+  adjy*  +  E  =  0 


A  solution  of  this  pair  of  equations  will  be  a  po^i^  of  synmetry  or  center* 
of  the  graph  of  the  second-degree  equation.    The  pair  of  equations  Vill  have 
a  unique  solution  if  "...  * 


2A  B 
B  2C 


UAC  -  B"^  =  6  ?^  0  • 


Example  1.    Find  the  axe?*  of-  syiranetiy  and  center  pf  the  graph  of 
^  '  8x^  .  l^xy  +        -  36x  +  l8y  +  9  -  0  . 


Solution.    The  characteristic  equation  [Equation  (6)]  becomes 


or 
or 


,         -  2(8  +  5)  +  m)<r^)  -  {hf  =  0 

k^^^^  26k  +  lifU  =  0  *  '  _ 
'(k  -  8)(k  -  18)  =  o\ 


The  characteristic  values  are    8    and    l8  .    Nov  Eqi^ajions  (5)  become  : 


or 


2(8)x  +  i-k)^  =  8X 
{-hU  +  2(5)|i  =•  8n 

Q\-  k^  =  0  ■  '• 


and 


and 


2(8)7^  +.(A)(Ji'  ^  18^ 
(-U)a  +  2(5)n  =0.6^1 

,    2^  +  U[X  =  .0 
U\  +  8ji  =  0  . 


These  pairs  df  equations  are  dependent,  but  since   *X   >  [Ji    =  0     we  may 
obtain  the  solutions    ( —  ,  — l    and    f—  ,  ^*  V 

^  If  we  substitute  these  values  in  Equation^p(l4.) ,  we  obtain  the^  equations 

of  the  axes  of  symme^tiy:    •  ^     '  \^ 

-    *  [2(8)^  +  +  [(-1^)-  +  2(5)-^]y  +  [(.3§)i:-  +a8.  ^]  =  0 


^or" 
or 
and. 


or 
or 


8x  +  l6y  =  0  ; 
X  +  2y  =  0  , 


[2(8)(^)  4>  {A)^]x  +  [(.liy(^)  +  2(5A-]yV  (-36)(^)  +  18. 'i]  =  0 

.36X  +  l8y  +  90  =  0     .      '       ^     '  \ 
2x-y-5  =  o'  '  ^ 


Equations  (8)  will*  enable  us  to  find  the  center.    The  pair  of  equations 

^'  2(8)x  +  (-l^)y  +  (-36)  =  0 

-  ^  '  (-nx  +  2(5)y  +  18  =  0  • 

'    4x  -  y  =  9        *    ■  ..c-  

i  -  •  ♦  . 

-l*x  +  lOy  =  -18 

has  the  unique  solutidlh    (2,-li^  .  The  point  is  the  center  or  point  of  sym- 
metry for  the  graph.    We  note  that  Xi^^  point  is  also  the  intersection  of  the 
axes**of  symmetry*. 

'  ^     •    c  Elxercises  S7-7b ,  * 

Find  the  axes  of  symmetry  and  centers,  if  any,  of  the  graphs: 

1.  xy  >'5x  -  2y  -  10  =  0 

2.  2x  ^+  xy-^-  6y   '^7x-7y  +  3  =  0 


Degenerate  and  Imaginary  Conic s  and  tlte^- Discriminant'  A 

In  our  treatment  of  the  second-degree  or  quadratic  equation  in  the 
previous  two, sections,  wa  have  restricted  our  discussion  to  equations  with 
graphs  wl^ich  are*  propel  conic  sectiohs.    We  have  made  certain  restrictions 
on  the  constants  of  the  equp-tion.    In  J:his  sect'ipn  we  shall  relax  these 
restrictions  alhd  consider  the  loci,  if  any,  of  the  resulting  .equations .  We 
^hall  also  develop  means  of  identifying  ati^i  classifying  the  various 
possibilities .    We  have  already  encountered  'the  degenerate  conic' sections 
whose  graphs  are  single  points,  or  pairs  of  lines  which  may  be  parallel, 
concurrent,  or  coincident.    We  have  also  considered  equations ^whose  loci  are- 
empty.,  but  which  are  called  imaginary  circles  and  Imaginary  ellipses  because 
of' the  form  of  their  equations.    «         *  -  ,  * 

In  Seqtion  6-3  we  have  considered  the  problem  of  factoring  functions.  I: 
we  can.  factor  the  left  member  of  the  equatioii  ^  ^     ^  *^ 

(iV  A5c^  ^Bxy+ Cy^+ f)x+ Ey+'F  =  0.  ,  whei'e  A  ,  B,,  and        are  not  all*  zero, 

inio.two  line'ar  factors,  we  would  know  that  the 'graph  is 'the  union  of  two 
lines.    Under  wTi^t  cg>nditions  is  this  expression  factorable?    You  should 
recall  tj;^t  quad3?atiQ  equa"^ions  in  a'jingle  variable  often  may  be  solved  by  ^ 


factoring  the  quadi|tic  expression  into  linear  factors.    Such  an  equation 
'may  always  be  Solved  by  completing  the  square  or  by  using  the  quadratic 
formula,  wfiich  is  equivalent  to  completing  the  square.    In  all  likelihood  on 
some^ occasion  you  have  failed  to  detect  the  linear  factors  in  the  quadratic 
member  of  an  equation  and  have  resorted  to  the  quadratic  formula,  only  t'o 
discover  that  the  equation  really  could  have  been  solved  by  factoring.  This 
suggests  that  thfe  quadratic  formula  may  be  an  aid  in  finlii^  linear  factors. 
In  fact,  the  quadratic  expression  +  bx  +  c   may  always  be  expressed  as 

•the  product  of  linear  factors  as 


ax^  ^  bx  +  c  ^  a  X  -  ('^  "        '  ^^^^))(x  -  { 


Jtac^j 


is 


2a      y  2r 

if  we. allow  tfie  use  of  complex  nvmibers  when  necessary, 

.  •  Now  Equation  (l)  may  be  considered  to  be  a  quadratic  equation  in  x 
if  A  is  not  zero,  or  in  y ,  if  C  is  not  aero.  Let  us  assume  that  C 
not  zero  e^d  write  Equation  (l)  as  , 

^(2)  Cy^  +  (Bx  +  E)y  +  (Ax^  +  Dx  +  F)=0,C?fO. 

Then  ^  ^. 

(3)        ;  y  ^  -(Bx     E)  ^-  /(Bx  -f  E)^  -  Uc(Ax^  ^  Dx  ^  F) 

,  '  2c 

The  ^discriminant  involves  terms  in    x     and    x  ,  but  if  ^it  is  a  perfect 
^square,  we* jnay  eliminate  Mihe .radical  to  obtain  two  expression^  for^  y  ,  day* 
"a  ^and   3  ,  which  are  linear  in    x  .  (i.e;    a,    and   3'  involve  only    x  to 
th6  first  ^o^er  and  various  constants).    Then  Equation  t?)  and,  if    C  is 
noj;  zero.  Equation  ^(l)  may  be  written  as*        ^  ;  . 

•  (^)      •     -      '         ^   '    C(y  .  a)(y  -  6)  =  0  ,  ' 

whe^e  the  factors  of  the  left  member  are  linear  in    x    and    y  .    The  gra-oh 
of  Equation  (k) ,  and  consequently  of  Equation  (2),  is  the  union  of  the  . 
graphs  of  *         .  . :         ,  . 


y    ot  =  0 


which  are  lines*    However,  the  conclusion  of  thfs  argument  does  .not  hold 

-  /  - 

unless  the  discriminant  of  Equation  (2)  is>  perfect  square.    The  ,discrim.% 
v»>»  dnant  is-  -S'*-  \:   'J    /       '   v      ^         *:\^r  ^' 7  ^ ^> v 'f^-^ 


V 


\ 


ErJc        •   ■       ••  i^S9 


as  seen  in  Expression  (3),  or,  ^  ^ 

(5)  .  (B^  -  hAC)x^  +  2(BE  •  2CI>)x  +  '{^^     kCF)  . 

Agai^  we  make  use  of  the  qxiadratic  fonnula  as  an  aid  in  factoring. 
Expression  (5)  will  be  a  perfect  square  if  andf  only  if  the  roots  of  the  ' 
equation 

(6) 


,(B^^-  hAC)x^  +  2(BE  -  2CD)x  +  (E^  -  hCF) 


0' 


are  equal?  These  roots  will  be  equal  if  and  only  if  the  discriminant  of. 
Equation  (6)  is  zero.    This  discriminant  is  _ 


\(BE  -  2CD)^  -  h{B^  -  UAC)(E^ 
Which  will  be  zero' if  and  only  if 

B^^      kBCm  +  kC^B^  +  kB^CF  +  UACE' 


hCF)  , 

^    i6acS^  =  0 


or 

or  (7) 

or 
or 


-2C(2BDE;  -  2CD^  -  2bS'  -  2AE^  +  8ACF)  =  0 
8ACF  -  2AE^  -  2B^  +  BDE  +  BDE  -  2CD^  =  0 
2A(UCFx-  E^)  -  B(2BF  -  DE)  +  D(BE  ^  2CD)  =  0 


2C  E 

B 

D 

2A 

-  B 

+  D 

E,  ^ 

E 

2F 

2C  E 

or 


2A 

-  B 

D 

B 

2C 

E 

D 

E 

2F 

=  A' 


A ' 


This  determinant   A   is  cal^d  the  disct'iminant  of  ,the  second-degr<le  equation. 
If   A  is  zero,  the  roots  of  Equation /6)  are  equal. sind  the  Expression  (5),^.. 
which  is  the  discriminant  in  Equation  (2),  is  a  perfect  square Thus  the 
graph  o^  Equation  (2)  is  the  union  of  .twoTines;  if".  C    is  not  zero,  this  set 
is  also  the  graph  ofjEquation  (l).  ^  ^  Z*^  . 

If    C    is  zero  and   A    is  not  zero,  we  could  go  through  a  similar 
argument,  treating  the  second-degree^.equation  as  a  quadratic  eqxiation  in"*  x. 
Eventually  we  sjhould  discover  that  if  Eqxiation  (?)  holds  and  A    is  not  zero, 
then  the  graph  of  Equation  ^l)  is  the  union  of  two  lines.    But  Equation  (?) 
is'  equivalent  to   A  =  0  .  ,  ,  sv 

If  both   A  And   C    are  zero,  then   B  'cannot  be  zero  (or  else  the 
equation  would  no  longer  be  of  second  degree),  an(i. Equa^on  (l)  reduces  tb 

.     ;  B:or  +  Dx  +  Ey  +  F  =  0  ,  B  ^  0  ♦  '  . 


The  graph  will  be  the  union  of  twt>  lines  if 

may  be,  expressed  as  the  product  of  linear  factors,  or  as  B(x  +  a)(y  +,  b)  . 
Now 


or 


Bxy  +  Dx  +  Eiy  +  r  =  B(x  +  a){y  +  b)  '  for  all    x    and   y"^  ' 

« 

Bxy  +  Dx  +  I^r  -4  F  =  Bxy  +  Bbx  +  Bay  +  Bab    for  all    x '  and  y 


if  :and  only  If  '  Q  zr-Bb  ,  E  =  Ba>-,  and  .  F'^  Bab  In  this  case 
DE=BForBF-DE=0. 


A  ,  C  ,  and 

BF  - 

DE 

are 

all 

zero,' 

.2A 

B 

•  D 

0 

B  D 

A  = 

B 

2C 

E 

B 

0  E 

D 

E 

2F 

D 

E  2P 

-B 


B 

D 

B 

D 

+  D 

'E 

2P 

0 

E 

-B(2BF.-  DE)  +  D{BE) 


-2B 


+  BDE  +  BDE  S3  -2B(BF j>J)E)  =  0 


In  summary,  if  tWgrjaph  of  a  second-degree,  equation  is  the  union  of 
-  two  lines,  then  the  discriminant  is  zero.    The  arguments  which  we  have 

reversible,  although  we  have  not  attempted  to  show  this  here, 
'^^"^^i^^  conWse  of  the  above  is  also  true.  -  If  the, discriminant  of  the 
general  second-degree  equation  is  zero,  the  le^member  of  the  equation  may 
be  expressed  as  the  product  of  linear  factors.  ^ 

*  ^ 
We  have  not  considered  carefully  what  lines,  if  ^any,  the;^ factors  might  - 

represent.    If  Expression  (5^s  a  perfect  square,  the  factojj^are  linear, 

but  suppose  that    B^  -  kA^ ,  the  xoefn^ient  of    x^.,'is  negative?.   We -note 
that  this  is  the  condition  when  the'^JSa:act6ristic'~  6    is' positive.    In  this 
case  the  coefficients  in  the  square  root  are  complex  niambers,  as  are  the 
coefficients  in  the  linear  factors.    V^hat  sort  of  "lines"  could  these  factors  ' 
possibly  represent?    We  shall  not  atterapt*|to  explore  this  question  in, detail. 
It  is  sufficient  for  our  needs  to  observ^4^that>..eyen  though  the  coefficients  > 
are  complex  numbers,  there  still  are  real  values  which  satisfy  th^  corresponding 
^uat:^ons».    For  exaijple,  the  pair  of  equations  '  - 

•    y  +  (2  +  i)x  -  i.  =  0 .        .      ,  ^ 
.   y  -  (h  -  2i)x  +  6  -  2i  =  0       ^         ^  . 


has  the  solution    (1,-2)  .    This  is  always  the  case  for  the.  linear  factors 
which  we  encounter  here.    The  value *6f    x    which  satisfies  Equation  (jS)  is 
real,  as  is  the  corresponding  value  of    y  \    Tj^.ese  real  values  are  the 
coordinates  of  the  point  of  intersection  of  t'Re  t^a^hs  of  the  corresponding 
linear  equations.    Thus,  when  thfe  discriminant  is  zero  aod  the  characteristic 
is  positive,  the  of  a  quadratic  equation  is,  a  point.    It  is  not 

possilDle  that  the  linear  factors  repr^ent  dependent  or  inconsistent 
equations,  for  the  coefficients  °^  ^    cannot  "be  proportional.  (Why?) 

If  both  the  discriminant  and  the  characteristic  are  zero,  il^cpression,  (5)  ^ 
'  '  2  '     -  '  ^ 

is  a  perfect  square  only  if  it  reduces  to    E    -  kGF  .     (Why?)    The  locus  of 

the  equation  will  be  empty,  two  coincident  lines,  or  tv/o  "parallel  lines 

2  ,  * 

accordin'g  as    E    -  hCF    is  negative,  zero,  or  positi^/e. 

If  the  discriminant*  Is  zero  and  the  characteristic  is  negative,  we  note 
that    E"  -  kCF    must  be  non-negative.    Other;/ise,  Expression  (5)  would  only 
•  be  a  perfect  square  if  the  coefficient  of    x    were  complex,  which  is 
impossible.    The  linear  factcfrs  cannot  represent  dependent  or  inconsistent 
equations  (Why?),  and  the  locus  of  the  second-degree  equation  is  two  inter- 
secting lines.  '  ^ 

Example.    Find  the  locus  of    2x^  +  xy  -  6y"  +  7x  -  7y     5  =  0  . 

Solution.^  We  determine  that    A  =  0  ',  and  seek  to  factor"  the  left 
member  of  the  equation  by  grouping" the  second-decree  terms.  •  ^* 

2 

^    "        ^     ^      2x-  +  ::y  -  6y    +  7x  -  7y  +^ 
'  '        "    "  (2x  -  3y)(x  +  5y)  '+ j7x     7y)  +  3  • 

By  inspectio/i  and  trial  we  discover  the  factors'^ 

(2x  -  3y  -H  lV(x  +  2y  +  3)  .    o  . 

-^>4!ence  the-^quadra"tic-.equation. may  be  :/Tritten  -  -  -  , 

•(2x  r  3y.+  i)(x  +  2y  +  f)  .  ^, 

The  locus  of  the  equation  is  two  intersecting  lines.    If  v;e  had  not  been  able 

to  find  factors  in  tjiis  way,  we  could  have -considered  the  equation  to  be  a 

f 

^quadratic  equation  in  one  variable,  say    y  ^as  above,  and  could  have  used  the 
quadratic  formxila  to  determine  the  faetors. 


Tf  so,  fi^the  linear  factors  of  the  left  member  and  the 


Exercj-ses  ST^S 

1.    Determine  whether  the  following  equations  represent  degenerate  conic 
sections, 
graph. 

(a)  6xy  +  3x  -  8y  -  li  =  0 

(b)  2x    +  8xy  -  X  +  ify  -  1  =  0 

(c)  l4x^  -  5xy  +  9y^  -  1  =  0      .       .   ,  -  - 


(d) 


2x^  -  xy 6y^  =-0 


2.  If  the  discriminant  of  a  second-degree  equation  is  zero,  but  the 
characteristic  is  not  zero,  why  cannot  the  linear  factors  of  the  left 
member  of  the  equation  represent  dependent  or  i^onsistent  linear 
equations? 

3.  If  bpth  the"  discriminant  and  the  characteristic  of  a  quadratic  equation 
are  zero,  shbw  why  Expression  (5)  must  r4duce  to        -  4CF  .  .  Why  must 
the  linear  factors  represent  dependent  or  inconsistent  equations? 


17-9  •    Invariants  of  the  Second-Decree  Equation 

We  have  made  many  observations  and  devised  several  tests  for  the  seco»d- 
degree  equation.    We  haVe  obtained  these  results  with  the  equation  writtpn 
in- special  forms.    We  shall  show  that  the  values  of  the  characteristic  6 
and  the-discriMnant    A  ,  as  well  as  .certain  other  algebraic  expressions,  are 
not  chajnged^by  the' transformations  which  ve  have  used.    We  shall  say  that 
thes.e' values  are* invariant  under  translation  and  rotation  of  axes. 

We  consider  a  translation  of  axes  as  described  in  Section  S7-7.^   If  we 
denote  the  new  coefficients  by  primes,  we  have 


A»  =  A  * 
B»  =  B 
C»  =  C 

Dj  =  .2Aii'  +  Bk  +  D 

E»^  =  Bh  +  2Ck  +  E  | 

2  p     ,  ' 

=  Ah    +  Bhk  +  Ck    +  Dh  +  Ek  +  F 


-We, note  l^hat"  A~7*  B  ,  C  ,  A  +  C  ,  and  consequently    6   are  invariant. 


JJ^ow  that  the  discriminant  ^s  unchanged,  we  consider* 


5A» 

B' 

D' 

2A 

B 

2Ah  +  Bk  -f  D  ; 

B» 

B 

•20 

Bh  +  ^Gk  +  E  ! 

D» 

2F' 

2Ah  +  Bk  +  D 

Bh  +  2Ck  +  E 

2(Ah^  +  Bhk+Ck^+  Dh+  Ek  +  F) 

We  recall  that  adding  a  linear  combination  of  several  rows  or  columns  to^  yet. 
another  row  or  column  does  not  change  the  value  of  the  determinant.    We  first 
try  to  make  the  upper  right  element  be    D  .  We  multiply  the  elements  of  the 
first  column  by    -h^,  those  of  the  second  column  by    -k^  and  add  the  ^Um  to 
the  third  column  to  obtain 


2A  .B      ,  D 

B  2C  E  ^ 

2Ah  +  Bk  +  D   Bh  +  2Ck  +  E    Dh  +  Ek'  +  2F 


To  make  the  lower  left  element  be  .  D  ,  we  multiply  the  elements  of  the  first 
row  by  *  -h  ,  those  cjf  the  second  row  by    -k  ,  and  add* the  sum  to  the  thfrd 
row\  Thus 

At 


2A  B  D 
B  2C  E 
D     E  2F 


1 


and  we  have  shown  the  discriminant  to  be  invariant  under  translation  of  axes.. 

Now  we  consider  a  rotation  of  axes  as  described  in  Section.  S7-6.    If  we 

denote  the^ew  coefficients  by  primes,  we  have  *  . 

2  .  2  ■  *  ^ 

A»  =  A  cos    0  +  B  sin  0  cos  0  +  C  sin    0  •     -  • 

2  2  '  • 

B»  =_-2A  sin  0^  cos  0  t  B  cos    0  -  B  sin_  0  +  2C  sin  0  cos  0 

'   ^  '    '     P     ^      '  P^''  '  •  '      -  -  -    :  '    ^  . 

-  B(cos    0  -  sin    e)  -  2(A  -  c)§in  0  cfts  0 

=  B  cos  20  -  (A  -  C)sin  20' 

\         2  '  *  -  2 

C»  ^  A  sin    6  ^  B'  sin  0  cos*0  +  C  ^os  0 

D'  =  D  cos  0  +  E  sin  0    ^  '        -   ,  ' 

E»  =  -D  ^in  0'+  E  cos  e    .  ' 


L'or 


In  this  chse  the  coefficients  in    5*    and  A'    become  quite  conDlicated.  We 
yill  fi,rst  consider  certain  sir.pler  expressions  Involvin/ the  coefficients. 
We  shall  then  use 'these  results  to  proVe  that    -   and  it   are  invariant. 
We^not^thAt   'jF  ,is  invariaht,  -A  +       is  also  invariant,  for  ^ 

I   y        A»  +  C  =  A(ccs^  e  +  sin"  i)  +  C(£ir/^f  4-  :;os^  i)  ' 
<t  .  =  A  +  C  , 

is  invariant,  fc 

!  A''«C^  =  U  -  C)-os-  7  +  23  sin  f  cos  f  +  (c  -  A)s:/."  $ 

=  (A  -  C)(co3''  7  -  sin'  r)  +  B(2  sin  i  cos  r)  ' 
=  (A  -  C)ccs         +  B  rin  I  r 

and 

(A*  -  cO'  +  B'-  =  (A  -  cTcosr  2:     5bU  -  C)cos  i;-  sin  2^  +  B"  sin" 

+  F"  ToF"  2r  -  2B(A  -  C)20*£  27  sin  2.-  +  (A  -  C)"  'sin"  2 
-  C)''(cos'  27  +  sin'  £7)  ^  B*(sir,'  2f  +  cos'^.,2f)  .  . 
r  _     =  (A  -  0'  +  B^  . 

Also    D"  +  E^/is  invariant,  for  .  .  ^ 

D*"  +  E'^  =  D"  cos"  7  +  2DE  cos  7  sin  7  +  E"  sin"  :^    .  ^  * 

+  D"  sin"  :  -  2DE  cos  7  sin  7  +  E"  cos"  r. 


V         D"(co5"  7  +  sin'  7)  t  E"(si1i"  f      cos"  7) 

'  =  D"  +  '  ^  '     '  '       '  - 


0 


.  Noir.  ^  =  hAC  -  B""  ^  ^ 

=  (A  +  C)-  -  (A  -  C)"  -  B* 

.  =  (A  +  C)^  -  [(A  -  C)^  +  B-]  , 

-Ginc?    (A  f  C)^  Xandi   \A  -  C)"  +        are  invari^ant,  their  disfferenc,e,^  which 
is  the  characteristic,  is  invariant  under  rotation  of  axes. 

It  reAiains  to  show  that  the  discriminant   A    is  invariant  under 
rotation.    We  rscall  from  Section  S7-8,  Equation  (7)  ^hat 

A  =  '8ACF  -  2AE?_-  2B^F  +  2BDE  -.2CI^  .  § 

We  rewrite  tliis  as  '  ^ 

-A  =  8ACF  -  2B^F  +  2BDE  -  (AE^  +  AD^  +  CE^  +  CD^)  -  (AE^     AD^  -  ci^  CD^) 


5^7 
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or   A  =  2P(UC  •  B^)  +  2BDE  -  (A  +  C)(E^  +  fD^)  -  (A  -  C)CE^  -  D^)  . 

-2  2  2 

We  have  already  noted  that    F  ,  itt6  -  B    /  A  +  C  ,  and   E    +  D  are 

invariant.    Thus,  the  first  and  third  terras  are"  invariant.^  We  still  must 

show  that    2BDE  -  (A  -  C)(e^  -  D^)    is  invariant. 

Now  2B'D»E'  =  2[B  cos  28  -  (A  -  C)sin  20] cos  0  +  E  ein  a)(-D  sin  0  +  E  cos  0) 
=  2[B  cos  20  -  (A -C) sin  20]  [-D^  sin  0  cos  5+E^  sin  6  cos  0+DE(cos^  0^  sin^  0)] 
=  [B  cos  20-  (A-C)sin  20]  [(E^  -  D^)(2  sin  0  cos    0)  +2DE(cos^  0  -  sin^  O)] 

•  =  [B  cos  20  -  (A  -  C)sin  20]  [(E^^  -  D^)sin  20  +  ^fJTcos  20]  , 

E»^  -        =  (-D  sin,0  +  E  cos  0)^  -  (D  cos  0  +  E  sin  0)^  . 
=       sin^  0-2DE  sin  0  cos  0 +E^  cos^0   -D^  cos^  0    -2DE  sin  0  cos  0  -E^  sin^0 
=  (E^  -  D^)(cos^  0  -  sin^  0)  -  2DE(2  sin  0  cos  0)  . 
=  (E^  -  D^)cos  20  -  2DE  sin  20  ,  '  , 


and 


A»  .  C  =  (A  -  C)cos  20  +  B  sin  20  . 

2B*D«E'  -*(A»  -  G')(E!^-D»^)  =  [B  cos  20  -  (A  -  C)sin  20]  [(E^-  D^)sin  20+ 2DE  cos  20) 
-  [B  sin  20  +  (A  .  C)cos  20]  [(E  -  D^)cos  20  -  2DE  sin  20] 
=  cos^  20[2BDE  -  (a  -  C)(E^  -  D^)] 
,     ,  +  sin^  2  [-(A  -  C)(E^  -  D^)  +  2BDE]   .  ' 

+  sin  20  •  cos  20[B(E^  -  D^)  -  (A  -  C)(2DE)  -  B(E^  -  D^)  +(A-C)(2DE)] 
=  (sin^  20  +^os^  20)[2BDE  -  (A  -  C)(E^  -  D^)] 
^  ^   =  2BDE  -  (k  -  C)(E^  -  D^)  .     "  .  . 

Thus  the^  discriminajit^f  the  second-degree  equation  JLs  edso  invariant  under 

rotation.  ^  ' 

#  * 

'  We  note  that  if  the  gj^apl^      the  second-degree  equation  ha^  a  point  of 
symmetry, represents' a  ce/tral^conic,  then  after  a  translation  of  the 
axes  which  makes  the  new  omgin  the  point  of  symmetry,  the  new  equation  is 


for  which 


A»x    +  B'xy  +       +       =  0  , 

■  2A »  BO 
B  0 
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2A»'  B 
B  ^» 


"  25'  ' 


but  since  A  ajid    5   are  invariant  under  ti^anslation, 


F'  =^ 
25  ' 


and  the  transformed  equation  is 


Ax^  +  Bxy  +,  Cy\+  ^  =  0 


ST-'IO.  Summary 


'We  have  shown  that  if  the  locus  of  a  second-degree  equation  is  not 
empty,  then  t He  graph  is  either  a  proper  conic  see^ion  or  a  degenerate  conic 
section.    We  have  developed  many  methods  and  criteista  for  analyzing  such 
equations  and  have  found  certain'  invariants  called  the  characteristic  and 
discriminant  particularly  important.^   We  summarize  some  of  these  results 


in  the  form  of  a  table. 

• 

4  ■ 

5  <  0  .  ' 

5  =  6  . 

5  >  0 

i 

A  =  0 

intersecting 
lines 

empty,  or 
parallel  or 
coincident  lines 

point- ellipse 
or  pqint-cil^ple*. 

C 

A  ^  0 

hyperbola 

parabola  . 

circle,  ellipse, 
^  or  empty 

t 

i 

Example. 

< 

Discuss  the  locus  of. 

• 

* 

« 

8x^  -  ifxy 
< 

+  5y^  -  36x  +  l8y  + 

9=0., 

Solution.    Here    A  =  -10,568'  and    6  =  lli.li.  .  'I 

♦  JO 

Since   B  ^  0     the  locus  may  not  be  a  circle,  but  may  be  an  ellips^l 


26      ^  ' 


so  the  locus  is  a  real  ellipse 
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If  we  ^bstitute  coefficie/its  in  the  eq^^ons 
J         Bh '+  2Ck  +  E  =  0  , 

we  obtain 

l6h  -  Uk  .  36  =  0 
+  10k  +  18^  0  , 

^ich  give    (2,-1)    as  the  center  of  the  ellipse, 
chaxacteristic  equatioiw 

I       .  k^  -  2(A  +  C)k  +  (UAC  -  B^)  =  0 '  ^ 

is  k^  -  26k  +  lUU  =  0  , 

which  gives    8   and   I8    as  the  characteristid  values.  " 

These  8u:e  substituted  in  the  equations  ,  < 

2A?s.  +  B^  =  kX 
,     b\  +  20^,  =  k^jL  •  * 

to  obtain  .        -       ±  0        and        2X  +  lui  =  0 

-U>^  +  2^  =  0        ,  +  8^jL     0  ^ 

which  give   /  — and  as  pairs  of  direction  cosfiies  f&r  the  axes 


give   (  — J   and   i  — as  pal 


of  symmetry 

+  Bp)x  +.  (B?^  +  2C^l)y  +  (DX  +  Ejx)  =  0 

or  *    ^  X  +  2y  =  0  ;     .  *  1 

2x  -  y  -  5  =  0  • 

The  translation  oif  axes  gives  the  eqixation 

8x^  -  Uxy  +  5yf  -  36  =  0  , 

while  the  rotation  of  axes  through  an  angle  0  such  that  tah  20  M  j — , 
gives  the  transformed  equation  ^ 

2      2  - 

•   .  ^  '  • 

Primes  have  been  omitted  consistently  in  the  interest  of  slmplicj-tyr  ^ 


fccercises  S'^^.IO 

1 


•Identify  the  graphs  of  the  following  equalions.    Obtain  the- transformed 
^  equation  reduced  to  standard  forn^,    SketQ^.the  graph,  locating  the  center 
(if>,8*iy)  afid  indicaiJe  axea  of  symmetry.      ^  «. 

'  -         8x^    12xy  +'17y^  -  20  i  0 


'  2  .        2  / 

2.  .  3x   +  12xy  -  I3y   y^l35  =  0 


;3.    5x.  -  6xy  +  5y''  -  l6x  +  l6y  V  8  =  0 
^.    9x      aixy  +  l6y^.-^0x  -  15y  =  0"  ^   '  ' 

5.  -  2lfxy  +  16y^  +  60x  -  SOy  +  100  =  0  * 

^2  2 
j5.    3x    +  lOxy  +  3y       l6x  +  l6y  +  24  =  0  ' 

7.  53C^'  +  6xy'  +  5y^      l^x  -  ^y^  =  0 

8.  ^7x^  -  i*8:Qr  +  13y^^  i.-12x,  +  4Uy  -  77  =  0 

9.  12x^  -  7ifc^  -  1^^  -  tlx  +.38y  4v  22  =  0 

*'     •    -  •  , 

10\    13x^  +  l^^xy  ^  27y^  +  hhx^+  12y  -  7?  =  0 

2  2 
11»    9x    -  2lfxy  +  l6y    +  90x  -  12Qy  +'200  =  0 

/  ^ 
12.   lOxy  +  kk  r-15y.-  6  =  0 
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Supplement  to  Chapter  10 
GEOMETRIC  TRANSFORMATIOIfS 


SlO-1*    Isometries  of  the  Line 


In  previous  chapters  we  have  seen  examples  of  mappings  of  a  line  onto  a 
line  and  of  a  pl^e  onto  a  plane.    Some  of  these  had  the  property  of  preserv-  ' 
ing  the  distance  between  any  tvo  points^  and  are  therefore  called  "isometries," 
(^from  Greek,  tajis  meaning  same  and  txtrpeiv  meaning  to  measure).  Therefore, 
^n  isometry,  having  this  projDerty,  vill  map  any  configuration  onto  a  congruent 
configuratian.    In  fact  this  amounts  to  a  definition  Of  congignence.    In  this 
chapteft*  ve  want  to  investigate  the  isometries  of  the  lihe  and  of  the 'plane  find 
consider  other  types  of  mappings  or  trans foimtions. 
'  ^     '  '  •  J  " 

Let  us  cOJisider  in  more  generality  the  iscxnetric  trans fomations  of  a 

-•Upe .    Each  poi^t   P   with  coordinate    x   will  be  looped  onto  its  Image  point 
P*    with  coordinate    x»  =  f(x)  .    Furthenapre,  for  anjr  two  points  with  co- 
orSlnatfe  ^x^    and   x^  ,  we  have  '  \,       '  ' 

=  |f(xi)  -  f(x2)| 

We  distinguish  two  cas^  according  as  the  origin  is  a  fixed  point  or  Is  not  a 
lixed-'i)oint.  -  ,  ;  ' 


becomes 


If  zero.^s  a  fixed  point,  we  have    f(o)  -  0  ,  so  that  with    x  '  =  0  ,  (l) 

'     ^  ^      ,  fx^  -  0|  =  If (x^)  -  f(0)|'  ^         ■  . 

"  or        '       *  *      ^  •  '  -  *       .  ' 

./  •  • .  •      lx|  =  |f(x)j  .  .  °        .  : 

This  tapUes  that  either-  f(x)  =  x   or    f(x)  =  -x^.   In  the  fonner,  each  point 
is- mapped  onto  itself  and^this  is  caUed  the  identity  trans foimation.^'l  .  In 
the  latter^we  have  a  transfomation  which  c'fin  Jse  (^escrited  as  a  reflection  in 
the  point    0  ,|plause  each  point  is  mapped  ont^  its  mirror- like. image  with 
respect  to   0  .  '     ■     ^      •  f  ' 
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If  zero  is  not' a  fixed  pqint,  it  is  mapped  onto  some  i»ipt  with  a  non-' 


zero  coordinate  and  we  can  write   f{0)  =  a  j^^O  .    Thus  with-  x    =  o',  (l) 


■becomes  , 


or 


|x^/-  oi  =  if(x^)  -  f(6)| 


4x|  =  if(x)  -  ai  .  ■  *  ■  ■ 

^Th^s  implies  thaf  ^ther    f{x)  -  a^=  5c   or    f(x)  -  a  =  -x  .    !Ihe  foimer  is 
f(x)  =  X  4-  a   which  is  a  translation  and  the' latter  is    f{x)  ^  -x  +  a  .  The 
trans fonnation  represented  by    f(x)  =  -x  +  a    can  be  described  by  saying^at 
^tne  image  of  any  point  is  obtained  by  a  reflection  in  the  origin  followed  by. a 
transifition'Of   a  •    We  now  have 

THEOREM  Sl(r-1>    An  isometry  of  the  line  is  either  -  *     _  • 

(1)  the,  identity  trans fomartion  ^  ^ 

(2)  a  translation  '  • 
{3)    a  reflection  in  the  origin            ^  ^  * 

(i^-)    a  reflection  in  the  origin  followed  by  a  tfansMtion; 

and  conversely.  '        ^      -  -  '  - 

The  fourth  possibility  in  Theorem  SlO-1  raises  the  gen*eral  question  of  one 
transfoimation  followed  b^r  another.    If  the  first  trans fonnaticn  is    f  and 
thfe  second  is    g  ,  ire  define  the  product  or  composite  transformation  to  be  the 
"^'trans fonnation      ^   *  .  ' 

^  *   gf  :  :x-*  X'  =  gtf{x)]  ,    .         '  ' 

where    x— x'    means  that  the  image  of   x  .  \mder  the  mapping   gf   is    ±*  . 
As  we  have^seen,  the  trans  fonnation^  x— ^  -x  +  a   is  a  composite  of 
f(:^=  -X   followed  by   g(x)  =  x  +  a!    since    g[f(x)]  =  -x  +  a  .    Fran  the  de-^ 
^  finition  of  an  isometry,  it  seems  reasonable  to  expect  that  the  produbt  of  two 
isometries  should  be  an  iscmetry.*  We  show  this  to  be  true  in  the  following 
case.  ^  . 

Exampld>    Show  that  the  translation    f  (x)  =  x  +.  a    followed  by  the  trans- 
lation -gCx)  ='x'+  b   is  an  iscmetry.  ^  '  ^ 


Solution  ♦    We  ^ave         ,  '  .    •  " 

g[f(x)]  =  (x  +  a)  +  b  =  X  +  (a  +  b) 

vhlch  represents  a  translation.  Thus  the  CQmposite"  transfoimation  is  an 
isometiy.                    «  f . 


Exe3*cises  SlO-1 

1*    By  considering  the  ranaji^ng  possibilities  in  similar  fashion,  show  "that 
the  composite  of  any  two  isometries  of  the  line  is  again  an  isometry. 

2»    Prove  then:onverse  of  Theorem  SlO-1.  » 


In  the  first  exercise  above,  it  was  necesseiry  to  consider  a  translation 
*     followed  by     reflection*,   If   g(x)  =  x  +  a^  is  followed  by    f(x)  =  -x  ,  the' 
composite  trari&fonnation  is  - 

fg  :  f[g(x.)]  =  -(x  +  a)  =  -X  -  a  . 

This^is  certainly  an  isomgtry  since  it  is  a  reflection  followed  by  a  transla- 
tion   -a  .    We  see  that  composition  of  transfonnations  is  not  necessarily  ccm,- 
mut^ative  since;  in  tMs  case    fg  ^  gf  .    However  we  can  generate  any  isometry 
by  an  appropriate  sequence  of  compositions  xising  only  translations  and  reflec- ^ 
tions.   It  is  not  difficult  to  show  that  the  isometries  of  a  line  form  a  group' 
since  the  operation  of  composition  is  associative  and  to  each  isometry.   f  ,  • 

f  there  exists  an  inverse  isomfetry    f"^    such  thaly   f"^f  =  I  .    As  we  have 

4  t 

observied,  this  group  is  non-commutative. v  ♦ 


SlO-2.    Isometries  of  the  Plane 

In  previous  chapters  we  considered  two  changes  of  coordinate  systems  in 
the  plane  called  translation  and  rotation.    The  same  effect  can  be  produced  by 
mappings  of  the  plane  onto  itself,  which  leave  the  coordinate'axes  unchanged. 
The  contrast  to  this  is  the  previous  approach  in  which(tfe^  plane  remained' 
fixed  and  the  coordii^ate  axes  were  changed* 
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In  this  context,  a.  translation  is  a  mapping  of  the  foim 

(x,y)-*  (x',y')  =  (x  +  h  ,  y  +  k)  . 

A  rotation^  is  a  mapping  In  ;^ich  each  point  is  mapped  onto  a  point  the  same 
distance  from  the  origin.    These  points  determine  rays  from  the  origin  which 
form  an  angle  in  stand£u:xi'  position  whose  measure  is  increased  by   6  • 


y 

p. 

i 

i 

P' 
(x'.y') 

'  Figure  SlO-1  ^  ,         '  • 

Let    {t,^)    be  a  point    P    described  in  polar  coordinates  where  the  poLar  axis* 
,is  the  positive  side  of  the.  x-axig.    Hhe  rotation  mapping  can  now  be  written 
as 

In  terms  of  rectangular  coordinates,  ve  have 

3c'  =  r  COS'  ( 0  -r  S)  =  r  cos  o  cos  -  -  r  sin  o  sin  - 

=  X;  cos  9  -  y  sin  9  .  • 
y^  =:  r  sin  ( o  +  6)  =  r  sin  o  cos  ^  +  r  cos  C  sin  f 
=     sin  0  +V  cos  9  . 
The  proofs  that  these  mappings  are  i^pmetries  are  left  as  exercises. 


The  previous  discussion  of  reflection  with  respect  to  a  point  can  bq 
extended  to  the  plane.    A  reflection  in  the  origin  can  be  defined  by  the 
trans  foimt  ion  ,  °  '  . 

r  (i>y).-»^.(^SyO  =  (-x,-y)  . 


Figure  S10.2 

The  description  of  this  transformation  is  particularly  simple  in  tenns  of 
polar  coordinates  since    P(r,c)       P'(-r;i)  .    By  using  the  distance  fonaula 
for  the  appropriate  cooixiinate  system^  it-  is  easy  to  verify  that,  this  trans- 
formation is  an  isometry  of  the  plane.    However  a  rotation  of   jt    radians  is 
the  same  trans formai^ion.    This  can  be  seen  by  letting    9  =  n    in  the  rectangu 
lar^  description  of  a  rotation  to  obtain 

,    ^\  -  X  cos  n  -  y  sin  jt  =  -x  .  ' 

y'  =  X  si»"jT  +  y  cos  jt  =  -y  , 

or  by  letting  .6^  =  jt    in  the  polar  description  to  obtain 

(r,o)       (r  ,  0  +  :t)  . 

The  last  ordered  pair  represents  a  point  in  polsLr  coordinates  which  can  sllso 
be  represented  as    (-r,o)  . 
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,,We  now.  introduce  anther  trarJsformation  which  can  be  described  as  a  re- 

flection  in  a  line.    The^image  of  a  point  is  found  by  constructing  a  perpen- 

"  '         ,  '  ^       '-^  ' 

dicular  to  the  line  and  extending  it  on  the  other  side  a  distance  equal  to  the 

distance  6t  %'he  point "frm' the  line. 


Figure  SlO-3    ,         .  .  ' 

The  transformation  equations  for  reflections  in  certain  lines  can  be 
written  down  •  Immediately.    For  instance,  for  reflectioyin  the  x-axls. 


ve  have    (x,y)  — ^(ijSj*)  ='(3c,-y) 


y 


I- 
I 

I 

t 

-I  


'  I 
I 
I 
I 

Figure  SK)-it 
For  reflection  in  the  y-axls,  we  have 


,y)-*  (x',y 

')  =(-x,y)  . 

y 

 r- 

P' 

P  H 

Figure  SIO-5 


We  can  similarly  define  the  product  of  two  transformations  of  the  plane 
onto  itself,  and  again  would  expect  the  product  of  two  isometries  .to  be  an 
isometry*  ^  In  fact  we  will  show' that  any  isonetry^of  the  plane  can  be  des-  - 
cribed  solely  in  terms  of  reflections  ♦    Thus  the  group  of\sometries  of  the 
plan^'with  caaposition  can  be  generated  from  the  set  of  reflections  alone  ♦  , 


Example  •  Find  the  iscmetry  caaposed  of  reflection  in  the  line  x  =  1 
folldwed'by  reflection  in  the  line    x  =  U  ♦ 


Solution* 


P 


*  Figure  SlO-6  • 

The  first  reflexion  ma^s    P(x,y)'   onto   P'(x',y')  =  (-x  +  2  ,  y)    and  the 
^second  maps    (xSy')    onto    (x",y")  =  (-x'  +  8  ,  y>)  .    By  composition  of  the 
mappings,  we  immediately  have 

X"     -X'  +  8  =  -(-X  +  2)+8  =  x  +  6 

and  we  recognize  these  as  tlie  equations  of  a  translation  which  maps  each  p6int, 
onto  the  .point 'six  units  to  the  right.        ^      .  iSm 
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Exercises  S10"&  if 

!•   Do  the  two  mappi'njgs  in  the  example  commute  \mcLer  composition? 

2.    Find  the  equations  to  describe  thp  mapping  of  reflection  in  an  arbitrary 
vert*ical  line   x  =  h   and  in  an^arbiti^^  horizontal  line    y  =  k  . 

3*    Using  Exercise  2#find  the  composite  mapping  given  by  successive  , 
.  reflection  in  either   2   horizontal  or   2   vertical  lines. 

What  ia  the  composite  mapping  given  by  reflection  in  the  line   x  =  h 
followed  by  reflection  in  the  l\ne    y  =  k  ?  - 

5«    Do  the  mappings  in  Exercises  3  and  h  commute  mder  composition? 


SlO-3.    Reflections  and  Isometries 

The  above  exercises  illustrate  the  proposition  that  any  translation^ or 
any  reflection  in  a  point  can  be  obtained  by  a  succession  of  reflections  in 
appropriate  lines.    We  observed  previously  that  a  reflection  in    0  is 
equivalent  to  a  rotation  of   n    radians^  so  that  a  rotation  of  yjt  radians 
can  be  obtained  by  a  succession  of  reflections.    Let  us  try  to  establish  , 
furtjier  connections  between  reflections  and  rotations  by  describing  a  retlec- 
tion  in  a  line    L    in  terms  of  polar  coordinates  .J  Choose^  the  pole  of  the 
cooi^dinate  system  on  \he  line  in  which  the  reflection  is  to  be^made  and  Ifet 
the  equatl^  of  tl;e  line    L   be     0  =  k  ,  a  constant. 

i 

Frpm  Jlgur^L  SlO-7  it  can  be  s^en  that   r'  =  r    and  that  a  me^ure  <if  6^ 
is   0  +  (0  -  (t^  =  20  -  (t>    for  this  particular  diagram.    We  can  show  ttiis  in 
general  if  we  start  with  the  angle    2^  and  s^jract  the  angle    (t>   to  arrive 

at  the  tennlnai  side  of  the  angle    4)'  .    Thus  the  reflection  in  the  line  L 

*  y  ^  j 

is  the  mapping       *  i  w 

-I  ^ 

i 

(1)  .         Rj  :  (r,^)— ^  (r',<j>»)  =  (r  ,  20  -  4)) 


if 


Figure  SlO-7 


Suppose  we  nov  carry  out  successive  reflections  in  two  lines  j  L   and  M 
through    0  with  equations    ^  ~       *  ^  ~  ^2  *    ^  denote  the 

reflectioj;fs  by 

\  :  (r,(j>)-^  (rS0»)  =  (r  ,  26^  -  0) 

:  (rS0»)-.-  (r",0")  =  (r»  \  29^  -  0«)  • 

^  ^  .  *         ^    •  •  • 

Th§  composit^^^ansfonhation    R^^    followed  by  can  be  described  as 

:  (r,0)-^  tr",0")    ■    '  '  '  , 

where  r"  =  r'  =  r 

and  0"  =  29^  -  (j>»  =  20^  -  (2©^  -  -0)  =  O  +  2(0^  -  0^)  . 

We  recognize  this  as  the  description  of  a  rotation  of  -  2(02  -         ;  thus^ 
the  composite  mapping  of  two  Preelections  in  int^ecting  lines  is  a  rotation. 


Exercises  SlO-3  ^^^^ 

1.  By  reversing  the  above  argument,  prove  that  apy  rotation  is  the  product^ 
of  line  reflections.    ^      •   *  ' 

2.  Using  the  notation  of  the  preceding  dfscussion,  determine    R^^R^  • 


We  are  now  in  a  posijion  to  prove 


jggO^  S10-'2.    Any  isom^t^' of  the  plane  is  composed  of  at  most  three  line 
reflections.     *  ^ 


V 


Proof.    Assume  we  have  some  distance-preserving  tr^sformation  which  will 
therefore  map  an  arbitrary  triangle    ABC    onto  a  ia(Ki^ri\ent  triangle    A'B'C  . 
The  line  through  the  ^inis    A    and    B   may  or  may  not  intersect  the  line  * 
through    the  points    A'    and   B'  .    Hence  .we  consider  two  cases. 

^       Case  I.    The  lines   ^  •  and   A'B»  intersect. 


Figure  310-8  „  -  * 

^  From  Figure  SlO-8  we  see  there        two  possible  positiions  for  the  point  '  C  at 
points  of  intersection  of  the  circles  given  \^  the  conditions    '  - 
d(Al,cO  =  d(A^C)    and    d(BSC»)  =  d(B,C)  .  ,  For  one  position  of    C»  ,  the 
transformation  is  a  rotation   6    about    0  ,  whi^  can  be  represented  as  the* 

.  product  of  two  line  reflections  ^    For  the  other  ^position  of   C  ,  the  trans- 
f ojimatipn  is  the  sam^  .rotation  followed  bylfeirfef lection  in  the  line  throug" 


and 


f  and  therefore  is  the  product  of  three  line  reflections. 


Case  II*    The  lines   AB^^eLnd.   A'B*    are  parallel. 


Figure  SlO-9 

Once  again  there  are  two  possilSle  positions  for  the  point    C*  .  Consider 

the  line    L   midway  between  the  lines    AB   and   A'B'  •    l!hen  for  one  position 
of        ,  the  transformation  is  a  reflection  in   L  .    For-  the  other  position  of 
C*  ,  -tile  transformation  is 'a  reflection  in    L   followed  by  a  reflection  in  the 

line   A'B'  ,  which  completes  the  proof  of  the  theorem. 


SIO-J^.    Npn->isQmetric  Transformations  *  <• 

In  Section  S2-2^  in  addition  to  the  transformations  of  a  line  onto  itself 
called  translation  and  reflection,  the  transformation's  expansions  and  contrac- 
tions vefre  defined.^  An  expansion  is  a  making    x      x»  =  ax   where    a  >  1 
and  a  contraction  is  a  mapping  -x  > 


ax  Vhere    0  <  a  <  1 


it  is 


apparent  that  neither  of  these  is  an  isometiy  since  the  origin  i$  mapped  onto 

/ 

itself  and  the  point  whpse  coordinate  is    1    ip  mapped  c^to  the  point 
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whose  coordinate  is    a.,  but    |l  -  o|  ^  |a  -  0|  ,    ye  may  consider  the  ccga-  w 
positions  of  these  transformations  with  themselves  and  with  isometries  to 
obtain  a  general  class  of  .transfoimations  of  the  fcfnn  i     '  " 


known  as  the  class  ^of  linear  transforations.  As  we^  noted  in  Section  S2-€^  this 
set  of  linear  t regis foimat ions  with  the  operation  of  composition  fon^^-grgup. 


The  idea  of  a  linear  transformation  extends  naturally  to  the  plane^by 
considering  the  mapping    (x,y)  — ^  (x»,y')\  where  .  ^  ' 

X'  =  a;?c  +  by  +  h  ,  |a|.  +  |b|      0  , 

=  cx  +  dy  +  k  ,  |c|  +Jd|  /  -0  ,  * 

We  see  immediately  that  this-^ap^ping  is  the  ijiomposition  otjthe  mapping 

•  (x,y)-*/(xSyO  =  (ax  +  by  f  cx  +  dy)y 

followed  by  the  trans  la*tion  ' 

.        '  / 

(x',y')-^  (x",y")  =  (x'  +  h  ,  y  +  k)  . 

Therefore  we  consider  a  subset  of  the  set.'bf^  ^.inear  transfonaations  of. the 
plane,  namely  those  transformations  of  the  'form 

(x,y)^  (x',y')  =  (ax  +  by  ,^cx  +  dy)    which  leav6  the  6rigin  fixed.  This 
subset  includes  the  rotations  and  reflections  in  the  plane  previously  dis- 
cussed  in  this  chapter.    One  of  the  things  ,4|||lat  can  be  ddne  in  general  with 
this* subset  i^  to  investigate^whether  it  J'orms-  a  group  under  composition.  The 
identity  mapping  is  an  identity  element  for  the  operation  of  composition. 
Hence  a  givpn  mapping  will  have  an  inverse  if  it  can  be,  followed  by  a  mapping  . 
Which  will  map    (x',yO    back  Qhio    (x,y)       To  find  whether  such  a  ms^ing    .  . 
exists,  w&  consider  the  composite  mapping  (^,y)— ^  (x'',y*)  =  (ax  +  by  ,  cx  +  dy) 
followed  by  (xSy)— ^  (x",y")  =  (px*  +  qy'  ,  rx'  +Vy)  .    We  obtain  the 
mapping    (x,y)-^  (^^y")-^  ^ere      .      '  *       -       "  . 

x"  =^ptax  +  by).+  q(cx  >  dy)..-  (ap-^  C(i)x  +  (bp  +  dq.)/ 
y"  =jr(ax  +  by)  +  s(ca  +  dy)  =  (ar  +  cs)x  +  (br  +  ds)y,  , 

which  is  a  mapping  of  the  same  fona.    Thus,  given    a  ,  b"^,  c         ,  we  want.ta 
detemine    p     q  ,  r  ^  s    so  that*  the  composite  mapping  is  the  identity 
mapping;  that  is,  so  that  '     ^  *  " 

^       ^  ap"  +^  cq  =  1         '        -  ♦ ' 

bp  +  dq  =  0      '  *  ' 

'     '         _  '     ^     '        '   'ar  +  cs  =  0     *  .  ^ 

'   -      ^         •  br  +  ds,=^.l        '  .  ^ 


This  is  actually  two  linear  systems^  each  consisting  of  two  equations  in  two 
unknowns^  vhich  can  he  solved  "tq  ohfain       ,  • 


^     ac  -  he  /  ^  "  ad  -  he  '  ^  ^  "  ^  -  he  '  ^  "  ac  -  he  ^  ' 

if    ad  -  he     4  .    Thus,  a  mapping  wilj  have  an  inverse  if  and  on;Ly  if  ^ 
ad  -  he  ^  0  .    it  is  left  as  an  exercise 'to  prov^  that  this^et'of  transfbrma- 
tions  is  associative.    We  combine  these  Results  in         -  .  ,  ' 

'mEORM  Sia-3.    The  set  of  linear  transformations  of  the  form 
.  (^^y,)  ^  (xSyO  =  (ax  +  hy  ;  cx  +  dy) 
where    ad  -  he  /  0  ,  fonns  a  group  under  the  operation  of  composition. 

We  now  consider  examples  of  linear  transformations  which  are  not 
isometries • 

Example        Discuss  the  linear  transformation  ^ 

'(x,y)       (x»  ,y» )  =  (2x  +  '3y  ,  X  .  y)  . 

Discussion.    We  ^tart  hy  examinrng  what  happens  to  points  on  certaia 
lines  under  this  transformation.    For  instance,  a  ppint  on  the  x-axis,  (a,0)  , 

:  '    ^  .        '  1 

is  mapped 'onto  the  point    (2a,a)  ,  which  lies  on  the  •line    y  =  ^x  .    A  point 

on  the  y-axis,  (0,a)  ,  is  mapped  opto  the  point  ^(3a,-a)  ,  which  lies  on  l^he 
r  ' 

line   y  =  -  ^x^  .    If  a  point  lies  on  a  line  whose  equation  is 

ax  +  hy  +  c  =  0  ,  we  pan  ^ind  a  condition  on  the  coordinates       its  image  hy 
expresbing   x    and    y  In^^terms  of    x*    cind    y*    and  suhstituting  in  the 
eq^uation.    From  the  equations  of  the  transformation  we  get 

X  =i(x;  +  3y») 

(This  also  shows  that  any  point  (x',y')  is  the  image  of  some  (x^y)  •  '  Thus 
a  point  on  the  line  is  mapped  onto  a  |X)int    (x*,y*)    such' that 

a(x»  +  3yO  +  ^(x*  -  2y»)  +  5c  =  0 

or  '^'^  (a  +  h)x»  +  ('Sa  -  2h)y»  +  5c  =  0  . 

which  is  afi  equation  of  a  line.    Hence  a  line^is  mapped  onto  a  line,  and  if 
the  line  contains  the  origin    (i.e.,  c  =  O)  ,  so  does  its  image*    (Die  images 
of  other  loci  ^an  he  similarly- determined.  .  ^  ' 

^     ^     .  •  '     .565  .  ^ 
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■  Example  2.    Discuss  the  linear  transformation'  ,         '  . 

(x,y)      (x>  ,y' )  -  (x  +  y  ,  2x  +  2y) .  ,  ';~  * 

.  Discussion.    We  first  observe  that  this  transforation  does  not  belo^  to 
the  group  described  in  Theory  810-3  singe   1  •  2  -  1 .  2  =  0  .    Hence  It  does  not 
ppssess  an 'inverse, mapping  under  composition.    We  investigate  this  trans foima- ^ 
tion  geometrically.   A  point    (aj,b)    is  mapped  onto  the  point 
(a  +  b  ,*2a  +  2b)  .    This  image' lies  on  the  line    y  =  2^  ,  so  that  the^plane 
is  mapped  onto  a  single  line  in  the  plane*    Fui^hemore,  infinitely  many  .points 
in  the  plane  are  mapped  onto  each  point  on  the  line   y  =  2x  .    Thus  the 
mapping  does  not  have  an  inverse  mapping  in  the  sense  of  assigning  a  unique 
pre-image  ,to  each  image  point.  •  0   '  ^ 

"Sirice^here  is  a  one-to-one  correspondence  between  points  in  the  plane 
and  cgnple^  numbers,  it  is  not  surprising  that  mappings  of  the  plane  can  be 
related  to  complex  numbers .  "  Recall  that  if  vs  have  a  rectangular  coordinate 
system,  this  correspondence  ts  established  by  associating  the  point  (a,b) 
dnd  the  complex  number   a  +  bi  .    Thus  any  of  the  mappings  we  have  4i3cussed 
so  far  can  be  considered  as  m^pings  of  the  set  of  complex  numbers  into  itself. 

^That  is,' if    (x,y)    is  iKipped  on^    (x',y'f  >  we^ consider  the  complex  number  . 
X  +  yi  mapped  onto'  tMe  complex  number   x'  +  y'i  .    Since  functions  are  ^ 
mappings,  functions  whose  domain  and  range  are  the  set  of  complex  numbers  give^ 
a  mapping  of  the  set  of  complex  nmbfers  into  itself.    For  example  consider  the 
function  defined  by   f(z)  =  2z^,  or  the  mapping    z       z»^=:  2z,  where 
z  «  a  +  yi    and   z*  =  x»  +  y'i  .    This  function  maps    x  +  yi    onto  "  2x  +-2yi  , 
\Jhit5h  corresponds  toimapping  the  point    (x,y)    ohto  the  point 

►  (x',y*)  =  (2x,2y)  .  I  An  investigation  of  this  mapping  is  left  for  a^  exercise.. 

We  give  another  example  of  this  relationship. 

f  -2 

Example  3»    Discuss  the  mapping  defined  by  the  equation    f(z)  =  z  . 


t|ie  equj 


Discussion.^  From  the  equation  we  have  - 


z'  =  X'  +  y»i^=  z      (x  +  yi)    =  x   -  y   +  2xyi  * 
Hence,'  in  terms  of  ♦coordinates  the  mapping  is  the  non- linear  transformation 


/  )cV  a  x^**-  y^^  ^ 
'   y»  =  2xy  .  ^ 


2  2 

We  see  from  these  equations  that  the  hyperbola   x   -  y   =  k    is  mapped  onto 
the  line    x*  =3.  k   and  the  hyperbola   2xy  »  k   is  mapped  onto  the  line   y*  =  k*, 
(it*  is  convenient  to  think  of  the  functions  as  a  mapping  5f  the  z-plane,  with 
X  and  y   coordinates,  into  the  z* -plane,  with   x»    and   y'  coordinates.) 
We  also  have        ...  , 

,2  ^    ,2       h     o  2  2  ^    1*  ^     2'.2     /  2  ^  2^2 
X'    +  y'    =  X   -  2x  y   +  y  +  4x  y   =  (x    +  y  ) 

* 

2       2  2 

so  that  the  circle    x   +  y   =  r     in  the  i-plane  is  mapped  on"J;o  the  circle 


.2 


=  r 


in  the  z' -plane.    We  see  that  in  trying  to  d^elop  a  geometric 


description  of  a  mapping,  it  is  sometimes  more  fruitful  to  discuss  the  Images 
of  certain  loci  rather  than  the  Images  of  individual  points.    This  mapping  is 
an  example  of  an  important  class  of  functions  of   z   known  as  conformal 
mappings  which  have  the  property  of  preserving  the  angle  of  intersection  of 
two  curves  •    This  property  is  of  fundamental  importance  in  the  general  theory 
•of  functions  of  a  complex  variable    z  .    In  particular,  polynomials ^n    z  and 
their  quotients  will  provide  conformal  mappings.  ^  '  ~  v 


Scmetiiges  infoimation  about  a  mapping  can  be  obtained  by  using  the  polar 
representation  of  a  complex  number.  *  Thus,  if   $    is  the  angle  in  standard 
position  ^rtiich  contains    (x,y)    on  i^  ibepidnal  side,' we  can  write 


=  X  +  yi  =^r(cos  Q  sin 


/2  2 

where   r  =»  y x   +  y    •   De  Moivre's  Theorem  gives  us 

,^  ,   i  z^  =  r^(cos  28  +  i  sin  2B)  ; 

■  2 


Ohusj  in  the|mappi]g    z       z'  =  ,z    ^  the  point  l(r,9)    is  mappisd^ontt)  the 
point   (r^,2a) ;   wiiich^ gives  a  gei^eral  geometric  description  of  lihe  paapping. 
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.   ^  Exercises-  '  ~  ' 

Show  that  any  transfoimation  belonging  to  the  group  in  Theorem  SlO-3  will 
map  a  line  onto  a  line. 

Discuss  the  trans fonnations    (x^y)       (2x,2y)  ,  (x,y)       (|x,  iy)  y 


(2x,3y)    by  finding  the  linage  of   x^  +  y^ 


'2' 
1  . 


and  (x,y), 

In  Example  2,  find,  those  points  which  are  mapped  onto  the  same  pd'int  on 
-  y  ~  2x  •  " 

k 

Show  that  the  angle  betweeii  two  lines  through  the  origin  is  preserved 


under  the  mapping;  z 


kz  • 


5*    Discuss  the  mappirig    z       z*  =  —  .  " 

6 J    Find  various  equations  to  represent  the  mapping  called, "inversion  in  a 
circle,"  in  which  a  point  at  distance    d  .  frcm  the  origin  is  mapped  onto 

the  point  at^istance^  j   from  the  origin  lying  on  the  same  ray  from  tha 
origin.    The  origin  is  mapped  onto  itself.  ^ 
7.    Prove  that  the        of  linear  transformations      '       *  . 

(^,y) — ^  (x'^yO  ,=;_Jax  +  by,  cx  +  dy)    la  ;associative.     .  '  ' 


SlO-5.    Matrix  Representation  of  Transf ormatl ^ns  .  *  ' 

In  th^  previojis  section  we  saw  that  the  product  of  two  linear  transfor- 
mations is  again  a  linear, transfoimation.    It  is  convenient  to  introduce  a' 
notation  to  teprelent  a  linear 


transformation 

x'  =  ax  +  by 
y'  =  cx  +  dy  . 


Since  the  coefficients  of  x  and  y  determine  the' mAppjlng,  we  represent  the 
mappinfe  by  the  jmatrix  *  -   '  ' 

/a  b 

i  '  l^c  d 

where  a  matrix  ln'*general  is  simply  a  rectangular  array  of  numbers  arranged  in 
rows  (horizontally)  and  columns  ^vertically) ,   The  comgdsite  mappink    fg  is 
the  mapping,  g    followed  by  the  maj)ping    f  .    Thus,  as ^e  saw Vn  tlje  previous 
section^  the  mapping  whose  matrix  is''^ 
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followed  by  the  mapping  whose  matrix  is 


/p 

\  r  s|^ 


is  the  mapping  whose  matrix  is 


(pa  +  qc    pb  +  qd\ 
ra  +  sc    rb  +  sdy  ♦ 


Hence,  it  is  natural  to  define  a  binary  operation  on  these  matrices  as  follows 

DKFIMITION>    (Matrix  multiplication) 

P  "bX     /pa  +  qc    pb  +  qd^ 

r  sy\c  d/     \ra  +  sc    rb  +  sd 

Observe  that  each  entry  in  the  product  matrix  is  the  inner  product  of  a 
row  in  the  left  factor  by  a  column  in  the  right  factor.-   Because  of  this, 
matrix  muKipli cation  can  be  described  as  "row  into  colimm"  mult ipli cat ioi^. 

Example  !•    Find  the  matrix  which  represents  a  mapping  described  by 


rot^ion    9  .  - 

■Solution*    Hie  equation^  of  this  mapping  using  rectangular  coordinates 

~  x»  =  X  cos  0  -  y  sin  0 
y*  =  X  sin  0  +  y  cos  Q  . 

The  corresponding  matidx  is 


If  cos  9      -sin  0 
sin  9      / cos  9 


le        Using  matrices  find  the  mappiiig  composed  of  a  reflection  in 


the  X-axis,  followed  by  a  reflection  in  the  y-axis  • 

Solution.    As  we  have  seen,  the  equations  for  a  reflection   R     in  the 

^.   '  ^  ' 

,    X-axis  are 

x*=x  =  l*x  +  0«y 
^  /       •   y»  =  -y  =  0  .X  +  (-1)^ 


» 
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so  thA^the  -corresponding  matrix  is 


Bie, equations  for  a  reflection   R  '  in  the  y-axis  are 

y 

-< « 

x»  =  -x     (-.l)x  +  0  -  y  \ 
I  *     y  =  y  =  0  •  X  1 1 .  y 

vlth  matrix  *  ,  '  ^  ' 

■  .  ■  (o 

The  matrix  for  the'  caaposite  mapping.  R  R  is 

vhich  corresponds  to  the  mapping  (x,y>,-^  C-x,-y)  •  !Ehis,  as  Ve  have  seen, 
■  Js  a  reflection  in   0   or  a  rotation  of  n  'radians . 


,    ^  Exeineises  SlO-^a  a. 

.  .  /  \  ^  •  • 

(Ifee  Mfttrices)     '  ^  • 

1.  Using  the  notation  of  the  example  above,  find   R^R^  .  . 

2.  lind  the  matrix  for     -  *  '  .  . 

(a)   reflection  in  the  line   y  =  x  ♦  ' 

Cb)   reflection, in  the  line  y  =  -x  • 
'/  '  ♦  - 

^3.   Find  the  matrix  for,  and  inteifpret  gecm^trically,  a  reflection  in  the 

•^ 

line   y  =^x  followed  by  a  rotation  of  |-  i^ians.  ^ 

h.   Describe  the  mapping  -which  results,  from  a  rotation    9^   jfollowed  by  a 
rotation*  Q^.  ^       /  .       ^   ^   '  ' 


Shew  that  matrix  mxiltipli cation  is^socfative  ;iyut^not  ccciiutative.  ' 

*6.   ShoV'that  the  matrix  for  a  fe*f lection  in  a  line  thitough   q   with  inclina 
tion    e  *  is  /  '  •  ' 


/cos  29      8t|n  29\ 
\sin  29     -cos  29/ . 


(Hint J    While  this  can  be  done  directly  in  rectangular^oordinates  using 
trigonometry,  it  is  also  interesting  to  solve  the  pnbblem  .using  polar 
coordinates.)    Verify  that  this  matrix  includes  the /previously  discussed 


cases 


0  =  O^^,,|,  and 


3n 


radians • 


7*    Find  the  matrix  for  a  reflection  in  a  line  through    0   with  inclination 
0^    followed *by  a  reflection  in  a  line  through    0    with  inclinati6n  6^, 

Show  that  the  answer  agrees  with  previous  resvilts  • 

We  have^a  one-to-one  correspondence  between  twi)-by-two  matrices    (2  rows 
and   2    colxamns)    and  linear  transformations  oC  the  plane  which  leave  the 
origin  unchanged.    We  also  see,  by  the  definition  of  matrix  mxiltiplication,  • 
that  the  product  of  two  matrices  corresponds  to  the  mapping  compos ed^'of  the 
mappings  corresponding  to  the  matrices*    Thus,  the  two  systems  ar^  isomorphic 
in  the  sense  that  €my  operations  on  mappings  can  also  be  interpreted  in  terms 
of  operations  6n  the  corresponding  matrices,*    Hence  Theorem  SlO-3  has  an 
analogue  for  matrices  as' follows.  '  '/ 


THEOIgM  SlO-4,    The  set  of  matrices  of  the  form 


where  ad  -  be  /  0  ,  foms  a  group  under  the  operation  of  matrix  mtilti- 
plication.  .  ^  • 


-  The  number'  ad'  -  be  jis  called  ihe  deteiminant  |of  the  matrix!  and  the 
matrix  is  cailed'  non-singiitar  if   ad  ||-  be  /  0^*    IJiijL.,  the  set  J  in  the  theorem 
is  Ithe  s.et  of  ppn-singular  two-by-two  matrices. 

I  Since  we  found  the  inverse  of  a  mapping  in  the  proof  of  Theorem  SlO-3,  we 
^TDiB^  Vrite  the  inverse  of  a  tion-sihglxl^r  matrix  ujider  matrix  mtiltiplicatioix,  as 

'     d'     *     '.b  • 


(c       d)-  r 


ad  -  be   ad  -  be 

-c  '   a_ 

-  be    ad  -  be. 


We  now  cjojasider  the  matrices  of  J.scMetries' bf  the  j>lAne  T^rtiich  leave  the  ^ 

any  such  matrix  is  jbhe  product  of  at  most 


origin  fixed  •  L  ?y  Theoron 
mfl^ 


three  fflatricei,^^each;jof  irtiibi  r^pr^sents  a  ref\ecJ;ion*  By.  Problem  6  ii^  iScerdses 
S10-5a,  the  m^:lx  of  a  reflect^iori  in-  a.-Hne  ^i^^agh  the  origin  can  .be  written 
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COS  a  sin  a 
sin  a     -cos  a 

for  some'  a  By  Problan  7  in^the  same  set  of  exercises,  the  matrix  for  the 
product  of  two  line  reflections,  which  is  a  rotation,  ,can  be  written  as 

^cos  g  -sin  3^ 
^sin  3       cos  3i 

for  some  3  .  Since  matrix  multiplication  is  associative,  the  matrix  for  the 
product  of  three  line  jgflectipns  can  be  vritten  as  a  reflection  matrix  times 
a  rotation  matrix;  tha^is  ^  as 


5  V 

^       /cos  a       sin  a\/cos  g   '  -si^  3' 
\  sin  a     -cos  ttj^sin  3       cos  3 


for  appropriate   a    and   3  .    OMs  product  is 

(cos  a  cos  3  +  sin  a  sin  3  sin  a  cos  3  -  cos  a  sin  3 
sin  a    cos  3,7  cos  a    sin  3     -cos  a    cos  3  -  sin  a    sin  3 

/cos  (a  -  3)  sin  (a  -  3) 
.)^sin  (a  -  3)     -cos  (a  -  3) 

Thus  we  have  the  following  theoreh. 

^IHEORIM  S10-^>    Any  isometry  of  tffe  plane  with    0    as  a  fixed  point  can  be 
represented  by  one 'of  the  matrices^ 

- 

^  1 00s  a      sin  a\      ,^/cos  a     -sin  a 


,  or  , 

sin  a     -cos  a  /        \  sin  a  cosja: 


for  suitable  a 


Corollary  S10-^-l>    The  determinant  of  a  matrix  which  represents  an 
isometry  of ^  the  plane  with*  0   as  a  fixed  ^>oint  is  either   1    or    -1  *  , 

•Let    s„  be  t^e  set  of  matrices  which  can  be  written  in*  either  of  tl^ 
forms  '  -.^  ,  •  .  f » 

(60s  a  .    sin  a\     ^  'V  cos  a     -sin  oi\ 
siri  a.    -cps  aj  "      \  sin  a  .    cos  a/. 

'*     '  1 
for  some   a  •    We  define  two  matrices  to  be  equal  if  and  inly  if  they  are 

identical,  that,  is,  if  and  only  if  their  corresponding  entries  are  eqiial. 

^Iliug  the  same  matrix  may  arise  from  different  values  ,of   a  >  'but  we  consider 


the  matritjps  themselves  and  not  the  values  of  a  .  As  we  have  seen,  each  such 
matrix  represents  an  iscmetry  (either  a  line  reflection  or, a  rotation) >  and  " 
by  Theordtt^  SlO-5,  any  isometry  vith  0  a' fixed  point  can  be  represented  by 
such  ^a  mtrix. 


i 


The  set    s    fonns  a  group,  under  the  operatio^  of  matrix  multiplication, 
which  i?  a  ^bgroup  of  the  ^gro^i^described  in  Theorem  SIO-U, 


Exercises  SlO^^b' 
1;    Prove  that  the  set    s  ,  just  described,  is' 'a  group, 

2.  Show  that  the  deteimlnant  of  the  product  of  two  square  matrices  of  orde 
2     equals  the  product  of  their  determinants. 

3.  Show  that  there  exist  matrices  with  determinant  ^   or    -1   which  do  not 
represent  iscmetries*  , 

Prove,  using^*^e  distance  fomula,  that  an  isometry  with    0    as  a  fixed 
point  h£is  a  matrix  whose  determinant  is    1   or    -1  •  ^  ^  * 

5«~  Any  matrix  in  the  set    s  ,  in  addition  to  having  detem^nant    tl  >'J^as 
th%  property  that  the  sum  of  the  squares  of  the  elementsfein  any  row  or 
in  any  column  is    1  •    Prove  that  if  a  matrix  has*' determinant    t  1  and 
has  the  sum  of  the  squ^e^  of  elements  in  each  column  (or  in  each  row) 
•  equal  to    1  ,  then  it,  is  a  member  of   s  ,    '  *  ^ 

SlO-6,   Syroetry  .        *  "  ' 

J  The  symmetries  of*  a  geometric  figure  can  be  interpreted  very  nicely  in 
tenns  of  mappings.    If  a  figure  is  mapped  into  itself  by  a  particular  isomeiry, 
theajfjb  has  the  particular  kind  of  symmetry  described- by  the  iscxnetry.    Ihus  a 
figure,' may  havfe  symmetry  with  respect  to  ajpoint  if 'it  is  mapped 'int<i  itself 
upon  reflection  in  that  p6intj  it  may  have  symmetry  with  reispect^to  a  line  if 
it  .is  mapped  into.,itself  upon  reflection  iii  that  line*    ThL  algebraic  tests 
for  ^ynmetry  arise  from  the  equations  of  the  various  mappiLgs^. 

As  you  have  seen,  it  is  possible  to  simplify  the  equations  of  various 
^loci  by  jising  appropriate  transformations.    In  parti culat jit  is  possible  to 
eliminate  by  translation  the  teims  involving    x,  and    y   in  an  equation  for  an 
ellipse  o^  a  hyperbola.    Then  a  suitable  rotation  wi:i  eliminate  the   xy  term. 
'Geometrically,  what  this  last  step' ijivolves  is  the  d( jteimnation  of  a  fi/ultable 


I 

^tation  so  that  the   x   and   y   axes  become  axes  of 


symi^etry  of  the^gure* 
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'We  now  want  to  solve  this  problem  by  means  of  the  algebra ^of  matrices.  We 
assume  that  a  suitable  translation  has  been  laade  so  that  the  hyperbola  or 
ellipse  heis  its  center  at  the  origin  of  a  rectjangular  coordinate  system. 
Hence  its  equation  is. 


(1) 


f  (x,y)  =  'Ax^  +  Ex^r  +  Cy^  =  D  .  ' 


Wfe  want  to  deteiinine  a  rotation  so  .that  the  points  which  satisfy  ^(x^y)  =  D 
will  "be  mapped  onto  points  -vrtiich  satisfy  some^quation  not  having  an   xy  term* 
Since  the  constant  teim  is  unaffected  by  a  rotation,  we  consider  only  the  qua- 
dratic  portion    f(x,y)    of    (l)  .    If  we  extend  our  notion  of  matrix  multipli- 
cation  slightly,  we  can  ^et  a  matrix  representation  of    f(x,y)  \    We  introduce 
matrices  with  one  row  and  two  columns  or  two  rows  and  ona  column  an'd  define  a 
product  of  one  of  these  times  a. two-by-two  matrix.  «^ 


DEFINITION. 


(x  y> 


(P    q.)(s)  =(pr  +  qs)   •  * 

Notice  that  the  one-by-two  (or  two^b^*-o^e)  matrices  must  occur  in  the 

proper  position  put  that  tl^e  multiplication  is  still  row  into  colimm  multipM^r 
cation.    We  now  associate  with    f(x,y)    the?  matrix*  ^ 


and  verify  without  diffidulty  that 


•  i2) 


f(x,y)  =  (x  y)lB 


We  can  similarly  express  a  rotation    9  as 

x'\    I  /cos  9  I   -sin  0Vx\ 
V-yV     Vsin  9  '    cos  a/w 


(3) 
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By  OJieorem  SlO-l^  this,  rotation  matrix  has  an  inverse*  The  Equation  (3)  Is  a 
statement  of  equality  of  matricses  and  hence  each  m&iber  can  he  multiplied  on 
the  left  by,  the  inverse  matrix  to  obtain  equal  matrices.  ^ 


/cos  e   sin  e\  xA       1     OUx\  '/x\ 

Vsin  e   cos  ej\y'j  .  "  \o     l/\y/  "  \y/  * 

(This  assumes  associativity  of  a  matrix  product^  involving  non-square  matrices 
and'  the  proof  of  this  ^s  left  as  an  exercise.) 

From  the  definition  it  is  not  hard  to  see  that  if 


/ax  +  by\  ^  /a  b\/x\ 
\cx  +  dy/     \c  <y\y/ 


then 


(ax  +  by   cx  +  dy)  =  ( 


Thus  flxxa  A^)    ve  have 


'  .    '  ,       ,      ,         \7cos  0  -^sin  0\ 

.   (x   y)  =  (x'  y') 

\sin  e      cos  9/  '  r' 

Substituting  {k)  and  (5)  into  (2)  ve  see  that  %he *  rotation  vill  trans-  ' 
form   f(x,y)  into 

& 


B' 


6(xSyO  =  (x'yO 


cos  9     -sin  9\/A  cos  6      sin  9\/x,^ 

sin  0      cos,  9/(|     cy\-sin  9      cos  0]\y^l 


B  B 

/A  cos  9    -  ^  sin  9    ^  cos  9     -tC  sin  9\  /  cos  9  ^  sin  9\/x'\ 


sin  9   +  ^cos  9    ^  sin  9     +C^<fps  9/ ^sin  9   cos  ^Vy*/ 


B 


=  A»x'^  +»B»x»y'  +.ry'^ 


^We  noy  vant  tcf  determine    9    so  that    6(x',yf)*'  remains  unchanged  vhen 
x'    is  replaced  sby   -x*    ^!nd  also  when  /y»    is  replaced  by   -y*  ,    This  will 
occur' if    g(x^,yV)    dc3es  not  haye  an   x'y*  term'. 


The  cpefficient  of   :c*y'    in    g(x«,y»)    is  ^' 


9  -|(sin^'9- 


B'  =  2{(A  -  C)  sin  9  cos 

=  (A  -  C)  sin  2  9  +  B  COS  2  9  . 


^•^  -  cos^""©)) 
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.Thus 


B'  =.Q-  if 

'T   

*  ^  *  ^  radians^  when   A  =  C 


0.=  -  arc  tan  - 


■— ~r  ^  when   A  /  C  • 


In  Chapter  S7  the  latter  angle   8   vas  ^  arc  tan      ^      ,  since  there, 

the  axes  were  rotated/  whereas  ^in  this  treatment^  the  ax^  remain  fixed  and 
the  plane  is  mapped  onto  Itself.    The  calculations  here  do  not  differ  from 
those  in  Chapter  S7/hut  it  is  of}  interest  to  see  them  carri-ed  out  .in  a 
different  framework. '  .  ' 

We  may  also  use^  this  approach  to  prove  that  "6ie  de.temlnant  of    f  (x^y)  ,  o 


which  is^  "  .IJ"  #  is  invariant  not  only  under  a  rotation,  but  also  i:qider  any 
isometry  which  leaves    0    fixed.    For  this  we  use  the  fact  that 


which  was  shown  in  Problem  2,  Exercises  S10-5b,  Thus  if  M  is  the  matrlx'^of 
such  an  ispmetry,  wfe  have  '  ,  .        ,  .       ^        ^  ,    '       -  . 


A»C» 


B'^ 


=  AC 


since   ad  -  be 


+.1 


!•    Describe  (in  tenns 


Exercis^  SlO-6  \ 
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alone)  the  isonieti|ies^of  the -plane 
carry  the  outline 


which  in  addition 


of  reflections 


of  a  given  rectangle*  into  itself, 


r  \  ■ 

I-l.    reflecl^n  in   y   axis  :  (3^,y)— ^  (-x>y) 
-1-2.    reflection  in-  x   axis  :  (x,y)— ^  (x,^y)'' 
1-3*    reflection  iii  the  origin  (x,y)— (-^x/'-y)/^ 


identity  Cx,y) 


(x,yX 


m 


ii 


I-l   followed   1-2 f  h?,s  the  same  35^gult  as  'l*r3- 


2i    Describe  (in  terms  of  reflections 
alone)  the  isometries  di  the  plane 
vhich  in  addition- carry^e  outline 
o^a  given  square  into*  itself, 


^  I-l.    reflection  in  the  i-axis    {x,y) —  (-x,y) 
1-2.    reflection  in^t^^/y-axis    Tx,y) —  (x,-y) 
1-3 •    reflection  in  the  origin    (x,y) —  (-x,-y) 
I-U.    identity    (x,y)  '(x,y) 

and  in  addition  '  •  '  . 

1-5-    reflection  in  the    ^5°    linq    (x,y) — (y,x) 

1-6.  '  reflection  in  the    135°    line    (x,y) —  (-y,-x) 

Describe  the  isanetries  of  3- space  vhich  in  addition  cairy  a  given  cube 
into  itself.  ^ 


i  - 


\  (■>        /  /     ■•  ! 
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